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ON SOz

Kitub muaallifm 1999-cu ilds nasr ohmmus «Ali riya-
ivvni» nclh dars vasaitinda verilan nazari materiallari tam
iinU) edir (xotti cabrin elementlsri, analitik handasa, dife-
f. iimiil vi) inlcqral hesabmm elementlari, diferensial tanliklar,
lomplcks duyisanli funksiyalar, ehtimal nazariyyasinin ele-
mnitlitri vi) s.). Bundan basqa kitaba ali texniki universi-
hil-.nl.» todris olunan ali riyaziyyatm xUsusi kurslarmi da
il)I> bn materiallar daxil edilmisdir. Kitabm sommdaki
Snv. k> bélmaesinda elementar ve ali riyaziyyatm asas distur-
Iinl. liorcmlori va bir sira anlayislari yigcam sakilda veril-
tin>1ln  liunlar da talsbalarin dars vasaitindan istifada etmak
mii. inliurmi dalia daartira bilsr.

Ali riyaziyyat fanni texniki universitetlarin birinci va
i uwm | kurslarmda tadris olundugu Gg¢lin omi uygun olaraq bir
wm - liissayu bolurler (xatti cabr, vektorlar cabri, analitik
[11inlusk), riyazi analiz ve ali riyaziyyata aid kurslar). Biz bu
Il.N1Lul.in farqli olaraq ali riyaziyyat kursunun biitin bélmale-
Inm .(halo edon materiallari bir kitabda yerlasdirmisik.

Muollifin flkrinca ali riyaziyyat kursundan mihazirs
anmyhil vi) ya masgals aparan musllim, kollokvium iigln
i.nhsinalnr scgcands, yoxlama yazi islari G¢iin masalalarin vari-

...... tortib cdanda va s. bu kimi hallarda go6starilan dars
uMiiiindtm istifads eds bilarlar.

16 fasildan ibarst olan bu dars vasaitina onun butin
IH.lliirini tam shats edsn 2650-dan ¢ox yoxlama suallari,
ninniKtvi hallar va galismalar daxil edilmisdir.

Tuklif olunan calismalarm muayyan hissasi maallif
I yuinulun tartib olunmus, bir sira calismalar iss muxtalif dars
\ n.miKirindon gétirilmuasdur. Bela ki, bazi fasillorda calxs-
m.il.n d.1 se¢ilmisdir ki, onlardan sonraki ¢alismalarm hallin-
(L1 1sitladi) olunsun.



Bu da kitabm daha da kompakt sekilda olmasi Uclnj
vacib amilisrdan biridir. Bu dars vasaiti ali texniki universi-
tetlarin talabolari Ucln yazilmasma baxmayarag, ondan digar
ali maktablarin, texnikumlarm va kolleclarin uygun fakults-
larinin talabalari da istifads eda bilarlar.

Kitabm elyazmasinm miuzakirasi zamani Azarbaycan
Milli Elmler Akademiyasmin haqiqi tzvl, prof. A.Haciyev,
Baki Ddvlat Universitetinin professorlari M.Yaqubov, M.Rae-
himov, K. Mansimov, Azarbaycan Texniki Universitetinin
professoru M.Duinyamaliyev, Azarbaycan Me’marlq va insaal
Universitetinin professoru R.9liyev, dos. Z.Nuriyev, Azarbay-
can Dovlat Neft Akademiyasmm dosenti V.Mehdiyev 6z de-
yarli maslahatlari ile musllifs yaxindan kdémak etmislar.
M usllif hamin yoldaslara 6z ssmimi minnatdarhigmi bildirir.

Masllifin fikrinca bu kitab yaqin ki, négsansiz deyil.
Buna gora da kitabm galacak nasrinin daha da keyfiyyatli
olmasi Ug¢ln arzu, taklif va raylarini biza-Azarbaycan Mel
marliq va insaat Universitetinin «Ali riyaziyyat» kafedrasma
gondaran oxuculara gabagcadan 6z minnatdarhigimi bildiril
rom.

oli Sliyev

Ikinci nasra 6n soz

Birinci nasrdan sonra aldigimiz ¢cox sayl arzu va taklifler,
kitabin yeni nasrina bir sira alavalar etmak zarlrati yaratdi.
Bels ki, bltln tapsiriglarm eavablari va 450-dan ¢ox misal va
masalanin izahli hallini vermayi lazim bildik. Bu arzu va
takliflora go6ra oxucularimiza, kitabin ikinci nasrinds
musalliflara yaxindan kémaklik gostardiyina géra AzMiU-nun
kompyuter  markazinin  riyaziyyatci-programcgisi  Rafiq
9sadullayeva ssmimi tasakkirimuzl bildiririk.

Musliflar



I FoSIiL

Xatti cabr

<'alisma 1. Matrislarin camini, fargini va hasilini tapm.
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3 -1 5, 17 0,
1 5 -5 /
5 2 4 3
'n-A 4 3 0 ., B 3 2 -1
12 5 -8 0 4 13

h)y A 3 -2 5 . g=2 3 3
J -2 -1y 4 -1 11
13 14 o I5 4 177
>A 4 2 g 5= -3 1
4 3 0 8,
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A 2 3 0 5=3 2 9.
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<-in’nn 2. I-ci c¢alismadaki matrislarin determinantlarmi
W 1Miyin Me tors matrislarini  tapin.

< { Xotti tonliklar sistemini iki Gsulla hall edin:
n) | Inmrr dusturlari ile; b) Matris tsulu ils;



1)

3)

2x+ 4y +6z =3
Jjc+y-z—1
X+2y +3z=4

3x+2y+2z=1
X+y+z=2 ,
4x+3j+3z2=4
3x-,y+2z=0

5) <2x + 3>>--5z = (,

X+>+2=0

n- y+2z=-5

7) *4x- 6y +2 =3,

7x+j-8z =14
2X+ >+ 32 =13

9) lX+_y+Z:6 ,

3X+y+2=28
2X+y+2=18

11) 5x- 3y«+2z=3,

Kx+ y+3z=20
5X- 4y +7 =3
y 3X+y-2z =31,
8x-3y-z=1
10x-8j;+ 6z=8
y< 4X+ 2y + 2\z = 21,

X+y+z=3

4x +y -32=-4
2)- 2x-3y +1Z

1 1l
! N
ol

X+5y—4z
2x+y+3z=13
4)- X+ >+z2=6
3X+y+2z=38
2x+3y-2=3
6)- X-2>+1z=4,
4x— +z=1
4x- ~+62=0
8). 3X- Sy + 5z= -2,
TX+18>+ 7 =12
6X-y + 72=12
10) 5x+6j+z= -8,
X+ly +52=16
oX- 4y - 3z=4
12) <4x —3y + 2z = 8,
X+ 2j+z=14
2x-y-z =12
14)- 6x-3j-3z = 36,
Mx- 2y - 2z =24
2X-y+2=2
16) 33X+ 2y+2z= -2,

X-2j +z=1



Xx+2y+z=1

1/) m2x+y 1z —4

<ulujma 4. Xotti tanliklar sistemini Qauss Usulu ils hall edin.

7)

X+3y+z-2

5x+1ly 4z~6t=3
3x- 4y bz +3t=5 |
3x- 5y 12z2+4/ =2

Xx+2y |l *2=J34
+2z+3/=20
3x+z+2/=10"
2x+3y I/ —12
X+y-z+1=4
2x-y+3z-21=1
j;—2+2/=6
3x- y+z-/=0
X+y-(y 41=6
6z m4/ =2
2x+3y192+2t=6
3x+2y 132+8f =-7
12z /=0
v+5j' i4z+3/ =1,
5x+3VI18z+1=1

3x —y

2X - j

2)

4)

10)

X-~2_y+/=-3
3x-_y-2z =1
2x+j-2z-f =4
X+3y-2z ~2t=1
x-3y+5z-1t =12
3x-5.y+7z-f=0
5x- 7y +z-3/=4"
Ix~y+3z-5t =16
y-3z+4?=-5
x—2z+3f=-4
3x+2y-572 =-12
4x+3r -5/=5

5x + 3>+ 1=12
3x+z+2/=10
X+2y+3z =14
>+2z2+3/=20
4x-j+5z+/=1I
X+ >»-2z + 4/' = 10,

3x-2y+6z-1=8



2Xx+7y +3z+1=6 3x-y +3z+\4t=-8

11) 3jc+5j+ 2z +2t = 4, 12) «9x - 3y +5z+6/ =4 ,
OX+4y +z+ 1t - 2 6x —2y +3z+\4t =5
5x+y-3z- -6 X+5>+z+9t=1
2X-5y +7z2=9 3x+1ly +4z+8"=2

13) 14) <
Adx +2y-4z=-7" X+3y+3z+5t=-1
5x- 2n+2z=1 2Xx +6y +52+6/ =1
Sx~3y+6z+t=12 X-y+2z=5
4x-12>>-27+9/=0 X+ Iz =6

15) = 16) )

X +15>- 2z + 4t = 18 3x- 6jy+5z2=06
21x+16j+2z-19/ =-13 2x-y+z=3

2x+5»- 82=8
2X +3_y-5z=7
X+8j-7z =12
4x +3”N-9z2=9

17)

Niimunavi hallar

1) Matrisferm camini tapm.

1 24 "5 3"
s3 Va3 5=
3 4, 2 Ty
HaLLl:
2n / 1+5 2+3n 6 5
A+B =\ 4*
v 3+2 447 5 1
2) Matrislari vurun.
2' ‘4 3
A fl W B=
3 K J h
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Hit 11l

| 2~ 4 3) 1-4+2-1 1-3+2-1 6 5°

I 1 1 1 3-4+1-1  3-3+I-In 13 10,

4 3N M 4 1+3-3 4-2 +3-1 "3 11
m 1 3 1 1-1+1-3 1-2 +1-1 4 3

1 1 lupin, ogor

U31

11llh

3 1V3 1 10 5V 3 1 35 20
1 21 2 N 20 15

| Ib (i mimiinti hcsablaym

2 -1 0 0
1 2 -1 0
0 -1 2 -1
0 0 -1 2

it .in 1> Alibli bu determinanti birinci satir elementlérina gotB
h> ]yl



1 9 2 -1 0
A: B =2(_ \ 1+1 1 2 _1 +
0 -1 2 -1
0 -1 2
0 0 -1 2
-t -1 0
+(-D(=DHR0 2 -1 =2(8-2- 2)+1e(-4+1)
o -1 2
- 8.-3=5.
5) Matrisin tars matrisini tapm
1 2 -V
A=3 0 2
4 -2 5

Haiti: A matrisinin determinaxitim hesablayaq.

2 -1
0 2=6+16-30+4=-4"0.
-2 5

Bu matrisin elementlarimn cabri tamamlayicilarmi tapag.

0 2 2 1 2

=4, n, —38, A3l —
-2 5 -2 5 (@]

3 2 1 -1
— 7, N2 — —9, A2 -

4 4 5 3
A 3 O 1 2 o 1

» - —6, W8 — = =

4 -2 -2 2 3

12



/ \
8 4/\12 ~1
7709
7 9 -5
6 10 -6 ! Lo
i 3 5 3
2 2

*3 Mnliisin rangim ta’yin edin.
f4 3 2 21
0 2 11
w o 3 3

ialli 1)ordunci sttun elementlarindan glincl sttun elementlarini
VIHIU)

4 32 01
0 21 O
,0 03 ot

i'nMiimel siitun elementlarini nazare almayag.

43 2] 4 3 2
0 2 1, =0 2 1 24%0
0 00 3

>Muftundan A matrisinia rangi 3-s barabardir.

> Kramer dusturlan ils tanliklar sistemini hall edin.
X+2N+3z=7
Xx-3y+2z—-5

X+p+z=3

13



Holli:  A,Ax,Ay,Az determinantlanni hesablayaqg.

1 2 3
A=1 -3 2=-3+3+4-9-—2-2=9*Q
1 1 1
7 2 3
5-3 2=-21+15+12+27-10-14 =9,
3 1 1
7 3
5 2 5+14+9-15-7-6 =0,
3 1
2 7
-3

5=-9+7+10+21-6-5 =18,
1 3

ﬁ)h'aax=—9§-1,1 yz—g_'(),n Z:_l_82_0

8)  Matris metodu ils tanliklar sistemini hall edin.

X+2y+z=1
<2x+y+z--1
X+3y+z=2
Halli: Sistemi AX = B sakilinds yazaq, burada
na2r Y, (N
A=11 1, X=y, B= -1
v 3 |

Py

A determinantmi tamamlayictarmi

ve owT cabri
yaq.

14

hesabli



1

11
J 1 1 1+6+2-1-3-4 =1*0, At:31=—2,
1

t 1
) 1 2 1 2 1
> #H =5, A2 = - ]-|
11 1 3 31
11 2 1 2 1
0 c2=- = =
W 11 11
1 i I 2
9. 1 03:
; 1
Hhih liiii
-2 1 1
-1 0 1
5-1 -3
il 1hnln
* -2 1 Vi o\ 2. 1+2 fo
\ y 1 0 -1+0+2
i Aj 5 -1-3 5+1-6 VOy
\l
« L y—1L z=0.
11 . " iiKin ilo (onliklar sistemini hall edin.

\ y+4z-31=1

v 3y +3z-2t=2
-h 9y+z-8/=-3
» 16y 4z +8/ =4

15



HoH: Sistemin

-2 4 -3 1
-3 3 -2 2
-9 1 -8 -3
6 -4 8 4

N~ N P

genislanmis matrisi Uzarinde muvafig c¢evirmalar aparag. |
matrisin birinci satrini -2-ya, -4-8 va -1-8 vurub uygun olim
ikinci, G¢uncii va dordincl satrls toplayag.

\ -2 4 -3

0 8 -8 11 3
Alman matrisin ikinci satrini - 1-a va
Uclincll va dérduncl satrlarls toplayaq.

— o 8 -7
0 32 -21 3

o o o =
o

Noahayat bu matrisin Uglncu satrini zz adedina vurub dordiim
satrla toplasag, alariq
n -2 4 -3 1
0 1 -5 4 0
A~ 0 0 -20 8 -7
41 41
5)

0 0 0

16



UtttH Iwik| iiihliisino uygun tenlikler sistemini asagxdaki
4 tItH.! olltr.

* 2y H4z~1=1
v Sz+4/=0
20" 18/ =-7
41 41
5 5
ilimuHNH T luim quyda ils hall etsak, onun
! y 1 z=3—, f=1.
) 4 4
I(n[!n)IHI I

[H] t,."ir mu I in I tii misalinm halli:

fl : o> '3 1 3' '1+43 5+1 0+3"
2

AlM J 4 + 3 4 = 2+3 -1+4 4+2
1 s g ,0 5- . W+0 5+5 8_y
Ao fl 5 013 1 3N
10 AB= 2 -1 4 3 4 2 =

11 10 7/ 13 5 80 5 .x

I K*, HIM) bl+5-4+0-5 1-3+5-2+0-(-1) n
il Dh 4-0 2-1+(—42)44-4-5 2-3+(-1)-2+4(-1)
e N t MO K 3-1+5-4+8-5 3-3+5-2+8-(-I) ,

(18 21 13n
3 18 0
,24 63 11,

I Ht I<.111li. N hesablamag olar. Nozards alag ki, AB*BA ola



11) Calisma 2-nin 11-ci misalinm halli:

5 4 0
AB)= -3 7 -2  210+8+0+40+72=330%0
-14 6
7 -2 -3 -2
Bu = (-1)I+1 6 =42+ 8=50 B i2= (-1),+2 _1 6 (-18-2)=2
Bu= (_1)1+3_3 ! = .12+7= -5 B 2i= (-1)2+1 4 O:,(24,0): 24
; 4 6
0 5 4
B22= (-14+2 _s0 B 23= (-1)2+3 = - (20+4) =-2
-1 6 -1
4 0 5 @)
B3al— (-1)3+1 -8 B32= ( -1F 2 = 10
-2 -3 -2
5 4
Bas= (-1)3+3 i 7: 35+ 12=47
Onda
Bn .o 50 -24 -8
B*—a B 12 822 8 32 20 30 10
0(B) 330
BlS B 23 B 33 1_5 -24 47
"5 12
33 165 165
2 I I
33 1 33
1 4 47

v 66 55 330,

18



n n.... " nil 1 ci misalin halli:

> 1 6
A« t | | = 6+36-4-6+4-36=0.
2 3
\ 4 6
I 1 1 9+12-16-24+6-12=-25*0
I 2 3

" |mmillj’n Gglin bu sistemin halli yoxdur.

MM, ill>ma 3 Un 2-cimisahnmhalli:



Alinan martisin Gg¢unct setrini -3-a ve 4-a vurub uygdun olaraq

IHFBSSIL
ikinci va dordiincl satrls toplayaq va ikinci satrla Uglinct satril
yerini dayisak. Analitik handasa
1 -1 1 4 s 111 4 Lithjniti 1. d vektorunun a,b,c vektorlari {zra ayrilisini
o 0o 5 -7 -13 0o -1 O 1 2
o o -1 0 1 2 0o 0 5 -7 -13 oz, -1, a(2h0),  6(L-12),  ¢(2,2-1),
VO 0 4 -8 -20y k0o O 4 -8 - 20y 1o, 14),  6(1-12), b(3,2,0), c(-11D,
N <1201, 4&a(-2,3,5), 6(1-3,4), c(7,8,-1),
Axmncl Mmatrisde Uclinct satri  *—-8 vurub dordunct setrl It </(12,52), &(2,4,-6), 0(1,3,5), c(0-3,1),
Yy ./(15,-20,-1), a(0,2,1), b(0,1- 1), c(5,-3,2),
toplayaq
L1 «/(9,14,16), 4(2,1,3), b(3,2,4), c(2-3,1),
"1 -1 1 4 I .1(1,15), &a(W), Db(1-2,0), ¢(031),
0 -1 O 1 2 m ./(5,15,0), 4&(l,0,5), b(-1,3,2), c(0-1,1),
o 0 5 -7 -13 "» <I( 5,9-13), &(0,1,20), b(3,-1,1), ¢(4,1,0),
1) ,1(3,4,-3), 4(-5,5,0), b(2,1,-4), cf8,-16,17),

0O 0 O 12 48

- 1) </(21,0), &(4,3,-8), b(-6,51), €(34,5,-26),
\%

T1(,0,5), 4(3,2,1), b(509), c(-4,2-12),
Bu Ugbucag matrisine uygun tenliklar sistemini asagidaki sekilde  11</(6,11,9), 4&(l,2,4), b(-2-1,1), c(4,3,-5),
yazmag ofar. ) </(2,917),  4(2,2,6), b(-3,1-5),  c(l,-4,2),
) d(9,13-1), 4(1,2,3), b(-2-1,2), c(-1,3-5),

X+y-z+t=4

—y+t=2

5, 7t = .13 0) d(\ 1-6,5), '<.<(3—2,l), b(-1,1-2), c(2,1-3),
12 18 1)d(-19-1,1), 4&(0,1,1), b(-2,01), ¢(31,0).
~5 5

ulisina 2. a va b vektorlarina géra qurulan ¢ \qg d

Bu sistemi malum gayda ila hall etsok, onun <kiorlarmm kollinearhgini muayyan edin.
) a(54-1), b(1,2,3), c=2a-b, d=3b-64.



3) a(3,-6,1), 6(1,4,-5), c=2a-3b, d=4b+2d.
4) «(4,3-1), b(212), c=-~a +2b, d=3d-b.

5) 4(3,-7,8), ft(7,-3,2), c=34-4b, d=104a-6b.
6) 6(1,—21), b(0,3,-2), ¢ =3d+5b, d=5d-2b.
7) 4(1,0,5), 6(-1,4,2), c=d-3b, d =34&+9b.

8) M(1,-3,4), 6(2,0,-4), c=5d-2b, d=3d-6b.
9) 4(3,-7,-6), 6(5,-1,-2), c=3a-2b, d=2d-3b.
10) 4(3,2,3), b(0-2-3), c=3d +2b, d =24a-3b.
11) a(1,1,-1), K1,2-3), c=4d +2b, d =2d+2b.
12) 4(7,-7,0), 6(3,-2,-1), c=d +b, d=3d-Ib.
13) 4(-3,1,7), 6(5,0,8), c=126-96, d=3d-4b.
14) «(4,-6,-1), b(3-1,0), c=34+26, d=5d-Ib.
15) «(3,2,0), 6(8,7-3), c=6d-3b, d =b - 2d.
16) «(-1,3,8), ©6(4,2,9), c=44a-3b, d- 2d-b.
17) «(5,7,10), 1(3,-1,6), C- b-2d, d =4d~-2b.

Cahsma 3. AB va J1C vektorlari arasindaki bucagm kosin
sunu tapm.

1) N1(1,3,-2), 5(4,0,5), C(0,1,2).

2) ~4(1,-2,2), 5(1,4,0), C(-4,1,1).

3) ~(-5,-5,3), B(2,-4,4), C(3,-2,6).
4y [A-1,3,-7), 5(2,-1,5), C(0,1,-5).
5) A(6,-3,2), B(4-2,4), C(I,2,-1).
6) ~4(1,3-2), 5(4,0,5), C(04,2).

7) 4-2,4,-2), 5(0,3,1), C(0,3,-4).
8) A(2,3,-1), 5(2,-1,-6), C(1,-2,3).

24



"If(. ),
Hi, ..M. 1),
Ml 1(0,0,1),
I 1 K114),
ly 1(M>2),
mi 1(/,0,2),
I 1 K1,98),
r'e) ((».”, 3)

/1(5,3,-1), C(-4-2,0),
5(6-1-4), C(4,2,1).
5(-2,1,1), C(2,3-2).
5(-1,65), C(0,4,-1).
5(5,4,7), C(2,4,7),
5(7,1,3), C(8,-1,2).
5(3,8,4), C(5,8,0).

, 5(3,1,-4), C(4,3,-3).

1 110 2,-3), 5(3,2,-3), C(-1,0,-1).

I,ihywn 4

imllii

a,b,c vektorlarinm komplanarhgini miasyyan

I <19 11), *(2,3,4), c(l,-1,3),

) il 2,1),
1112, 3),
D ...\ 1D,
| «(>1,1),
® J/( 5-4,8
f) «(2,2,2),
M «(7,3,4),
J) «( 2,4,-1

b(3,-1,-2), ¢(2,1,2),
*(3,-4,7), ¢(2,1,2),
6(5,5,4), c(2,2,-1),
*(40,-2), ¢(6,3,-7),
), b(3,-2,5), c(1,6,4),
*(-14-1), c¢(2,3,1),
*(4,2,4), c¢(-1,-2,-1),
), *(0,-2,-1), c¢(-7,10,-5),

10) </(6,7,4), *(4,3,1), c(-2,-4,-3),

1) «(1,2,-3),

*(34,-4), c(4,3,-3),

1")«( 9,4,-9), *4,1,1), c¢(6,2,6),
1) «(1,1,1), *(4,3,2), c¢(2,3,4),

14) «(2,5,7),
13) «(1,1,4),

*(1,1-1), c(1,2,2),
*(1,3,), c(2,-1,-1),
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16) a(1,1,1), 6(1,-2,1), c(3,3,1),
17) a(5,5,0), b(8,1,6), c(5,2,-1),

Calisma 5. Tapalari A,B,C,D ndéqtalarinda yerlasan piram
damn hacmini hesablayin.

1) n0e6,1,1), 5(4,6,6), C(7,9,5), D(4,5,7).

2) /11(2,4,7),5(0-1,4), C(4,5,5), £>(2,1-1).

3) 04,6,3), 5(4,1,3), C(5,7,8), £>(0-1-5).

4) A(5,5,6),5(2,2,2), C(4,3,3), D(4,5,4).

5) /1(6,3,8), 5(-6,0,3), C(0,4,3), £>(5-2,6).

6) >1(1—,2), 5(5,3,2), CO,-2,1), £>(-3-5,6).

7) ~(2,5,-3),5(0,-3,-1), C(8,3,-1), £>(-2,3-1).
8) A(1,24),5(3,10-1), C(-2,0,3), £>(-7,2,6).
9) ~(-5,0,-2), 5(-10,0,9), C(1,9,4), D(-3,2,5).
10) ~(1,0,11), 5(2-8,12), C(7-5,6, D (I-1-1).
11) ~(-2,0-5), 5(9,2,0), C(6,3,-8), £>(3,4-5).
12) 4 4,-2,1), 5(6,6,-4), C(6,0,6), £>(8-7,9).
13) A(3,-5,4), 5(1,-7,2), C(3,-3,-3), £>(4,2-5).
14) ~(-7,1,-7), 5(3,-2,-9), C(0,-7,9), £>(2,2,2).
15) 1(1,10,-2), 5(2,1,-1), C(9,3,-2), £>(3,3-5).
16) v4(12,4,-8), 5(0,3,2), C(5,0-7), Z>(4,4,-8).
17) A(3,-7,3), 5(13,2,2), C(6,-2,-1), £>(5,0-2).

Cahsma 6. 5-ci c¢alismadaki D noéqtssinin, A,B,
noqgtalarindan keg¢an mustavidan olan masafasini tapin.

Calisma 7. Mustavilar arasmdaki bucagin kosinusunu tapin.
1) x+>+6=0,x+2>>-1=0,

2) x+.y+3z-7=0, 3'+z-1=0,
3) x+>»+2z-3=0, \\x-7y-2z—-21=0,
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i I\y-z +1=0, x+y+5z-1=0,
i) » ¢ 2z+3=0, x+3y+5z~4 =0,
\' k 1I»m6=0, 2x—y+52—-10=0,

Bl W\ \v-2z-6=0, x+y-3z-5=0,
41 I »+2z+15=0, 5x+9>>>3z+10=0,
M h- 2=0, 2y+z=0,

Il 5n 1ly+z--8=0, 2y+z-—3=0,

I »12y —2z--5=0, x+y+15=0,

I )\ 3y+6z-12=0, 2x->+2z+9
M 2y 1z+7=0, x—y +2z—1=0,
I>3\ 13v+z--16 =0, 2y+z—7=0,

Ife 1 13v-16z—7=0, 3x+>-17z=
I Ix y+3z-1=0, 5x+4>>—7—7=

< iiiymii S. 7-ci ¢alismadaki diz xatlarin kanonik tanliklarini
ym/lit,

1zinnia V. Diiz xatt va miistavinin kasisma ndqtasini tapin.

D n - Z—2=f£—2x-2>>+7z-5 =0,
» -1 5

N ot ~=— = 3x+j-5z+3=0,

- = . 3X+4v+Tz-6 = 6

£, 3x+4y +3z-5 =0,

- — 7 5x- v+4z+1=0,
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6) £ A =I1-1 m 2, 2x+3»+82-16 =0

5 4 *

7)) Ixl=yzl =121, x+2y+5Z+10 =0,
3 4 5

8) f = 2X+3"-2 +5=0

Nm =~ATT=f" x+7M+22+1=0,

10)-?~=J\ I =~'Is:~’ 5*+ Y+62-7 =0,

4
M) = = 5X +3>;-72+1=0,
12)¥ = A~ [ =£~ 7 4*+3" - +3=o,
13) A - =~ =~ 3x-3.y+22-3 =0,

2 4 3

14> N P =~T =£8~" *+2y-47z-1=0,

15)3T ~A=ZT~ =1’ 3x-Y +2r~5=0"
B)lzi.it> . £. 2*+3y+z-1=0,

1 —Z 0
a2 xv2y2z46=0

Calisma 10. Tanliklarin hansi xatlari ta’yin etdiyini miayyan
edin.

1) y2-6x + +49 =0,
2) 16j2+ 25,y2-32x +507-359 =0,
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3) x2-9y2+2x+36y-44 =0,
4y y2-\0x-2y-\9 =0,
5) 2X2+2Y2-8x +5y- 4
6) 9x2-6x-y +2=0,

7) x2+4y2+4x-16j-8 =0,

1
o

8) 5x2+ 9y2- 30x+18y+ 9 =0,
9) Yy =3-4n/x--T,

10) x = -4 + 3Ny + 5,

11) 16x2-9/-64x-18j; + 199 = 0,
12) x =2 -Tj6-2Yy,

13) j/l= -5 +V -3x-21,

14) x2- y2-6x + 10 = 0,

15) x2+Y2-10x-6>"+ 25 =0,
2 2
16) - — — =y Va 3x-3,y +4z+ 2 =0,

17)— +— =2z va 3x-,y+6z-14 =0Q
3 6

NiUmuoavi hallar

1) a=2i+3j-k, b=—+3k, c~-i +j-2k
vektorlannin camini tapin.

Halli: d =& +b +c isara edak.

d=021+3]-k) +(-/ +3k)+(-/ +]- 2k)=4]. d=4)

vektoru Oy oxu ils kollineardir.

2) a —5i —4j + 2-j2k vcktorunun uzunlugunu tapin.
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Halli:

\a\ = 0/52+ (-4)2+ (2yi2Y = n/25+16 +8 = 7.
3) & =3i —4j + 6k vcktorunun ort vektorunu tapm.
HsLLI:

W="32+(-4)2+62=n/9+ 16 + 36 = VOT-

n o 3i-4j+6K 3 1 4 - 6
&~-M n/6l "76lr~ X 7+n/61l m

4) a =20/ +30y- 60& vektorunun istigamatlendirici kosi-

nuslanni tapm.
Halli:

6] = V202+302+(-60)2 = n/200 + 900+ 3600 = 70

20 2 a 30 3 -60 6
cosor=— = —; cos/7 = cosN = —— = .
70 7 70 7 70 7
5 4=1-3]+K va b=i+]j-4k vektorlarmm skalyar
hasilini tapm.
Halli:
(d,b) =11 +(-3)-1+1e(-4)=1- 3- 4=-6.
6) a=i+j-4Kk va b =i- 2] +2k vektorlari arasindaki
bucag tapin.
Halli.
b 1-2-8 n2
cos#> = (Q.b) ; (p=135°.
\a\ VIi+1l+6n/l+4+4 2

7) a=3i+4j—« vektorunun b =r+]j vektoru Uzarinds
proyeksiyasmi tapm.
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Halli: Malumdur ki, Mpha = |a|cos(d, b). Onda
e A
V32+42+(-1)2V12+12

mn/2
26-
ni26-n/2 2
8 a=2i+3j+5K va b =i+2j+k vektorlannm vektorial

hasilini tapm.
Haiti:
/ j K
_ 35 25 _2 3 . .
axt =2 3 5=/ ~j + k =-li +3j+k.
2 1 1 1 1 2
1 2 1

9) a—2i-j-k, b=i+3j-k, c=i+]j +4k vektorlannm
gansiq hasilini tapm.

Haiti.
2 -1 -1
3 -1 1 -1 13
(a,b,c) 1 3 -1 =2 +1- -1-
1 4 1 4 1
1 1 4
=26+5+2=33.

10) Tapaleri A(2,2,2),5(4,3,3),C(4,5,'4) va Z)(5,5,6) noqtalari
olan piramidanm hacmini tapm.

Haiti: a=AB=2i+j+k, b=AC=2i+3]+2k wva
¢ = V&= 3i + 3/ + 4& oldugundan alanq:

y=6232623 P A

33 4 V J
=_1(12-2-3) =— F=1—
A 6
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11) A(2,0) va 5(0,1) ndqgtslorindan barabar masafads yerlasan
noqtalarin handasi yerinin tanliyini yazin.
Haiti: Tutag ki, M (x,y) ndqtasi axtarilan diz xattin (zarinds
yerlasir. Onda

d(A,M) =d(B,M)

V(x-2f +(y-0)2="x-0)2+(y-1)2
X2-4Xx +4+y2=x2+y2—=2y+1| vayay =2x-1,5.

12) ~™M(3,1) va 5(5,4) ndqgtslarindan kegan diz xattin tanliyini
yazm.
Halli: ki négtadan kegan diiz xattin tanliyina gdrs alanq:

P —4_1 vaya 3jc-2y-1=0.
13) A(1,1) ndgtasindan kegon va 0x oxunun misbot istigamati ils
60° bucag amala gatiran diiz xattin tanliyini yazin.

Halli: k =tg60° = n/3 oldugundan verilon ndqgtadan verilan
istigamatda kcgan diiz xsttin tenliyina gore alariq:
y-1=>/3(x-1) wvaya y =n/3x+1- n3T

14) Koordinat oxlarindan kasdiyi parcalar 5 ve -3 olan diz xattin
tanliyini yazin.

Halli: a-5, b=-3 oldugundan diiz xattin pargalarla tanliyini yazaq:

|
LI—y=1 veyax Y
5-3 5 3
15) =2x+1 wva y =-3x+5 diz xatleri arasmdaki bucagi

tapin.

Haiti: kx= 2, k2=-3 oldugundan iki diiz xatt arasmdaki bucaq
diisturuna gora alanq:

tgp= B3 2=1 <B=45°
| —o

16) Normalmin uzunlugu 3 ve Ox oxunun mdisbat istigamati ils
amala gatirdiyi bucaq 30° olan diiz xattin normal tanliyini yazin.
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Holli\' p =3, (p=30° oldugundan diz xattin normal tanliyins
gore alanq:

i ni3 1
jccos30° +>»sin300- 3 =0 vaya 2-x+—y-3 =0.

17)3x- 4y -10 = 0 diz xatt tanliyini normal sakils gatirin.

Holli: C =710<0 oldugundan normallasdiricc M vurugunu
misbat isars ile gotlirmak lazimdir.
M= . 1 =1
n9+16 5
Onda

-N(3x-4j-10) =0 veya™x —y —2=0.

18) A(—2,-3) noégtesinden Sx + 157 + 27 = Odliz xattina gadar
olan masafani tapm.
Holli: N6gtadan diiz xatts gadar olan masafa disturuna gors alariq:

J |8(-2)+15(-3)+ 271 34
>/64 + 225 17

19)A(2,3,5) noqtasindan kegan va normal vektoru £(4,3,2) olan
normal mustavinin tenliyini yazin.

Holli: Mistavinin vektorial tanliyina géro:

4(x- 2)+3>>—3)+2(z—bH)=0 vaya 4x+3y +2z- 27 =0,

20) A(2,3,0), B(2,0,-5), C(0,3,-5) noqtalarindan kegan
mustsvinin tenliyini yazin.

Holli: U¢ négtadsn kegan mistavinin tanliyina gora:

X—2 y-3 z
0 -3 -5=0 wveyalbx+10j-6z-60=0.
w0 0 -5
21) Mustavinin 2x — + 2z + 9 = 0 tanliyini normal sakils gatirin.

Halli: D =9 >0, oldujundan normallasdinct M vurugunu manfi
isara ile gotirmak lazimdir.
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M=—=}= =-

ni4+1+ 4 3

Onda
——2x-y +2z+9=0) vaya - —x + ~—z-b =0.

3 y ) vey 3 gy 3
22) x+2_y-2z+1=0 va x+j;-4 =0 mistavilari arasmdaki

bucagi tapm.
Holli: Aj=1,Br=2 Cx=-2, A2 =1, B2=1 C2=0
oldugundan iki mustavi arasindaki bucaq dusturuna gors:

cosp = 1—.1r+ Zn.%t\(—_=2) '9— -1 (= 4>
nir+4 + 401+ 1 nr2

23) "M(1,-1,2) noqtasindan 4x - 4 y+ 2z + 33 = Omistavisina
gadar olan masafani tapm.
Holli: Nogtadan mustaviys gadasr olan masafa disturuna gora:
[1-4 + (-1)(-4) +2-2+33|_45 _71
nile+16+4 6 2
24) .4(2,0,-3) nogtesindan kegib, a(2,-3,5) vektoruna normal
olan diiz xattin kanonik tenliyini yazm.
Hollii m=2,n=-b,p=5,x0=2, jj0=0, z0=-3 oldujundan
fozada diiz xattin kanonik tanliyina gora:
X22 Y- YSyZa_( 3)_ S -
2 -3 2 -3 5
25) A(1—=2,1) vs 5(3,1,—1) noqtalarindan kegan diiz xattin
kanonik tanliyini yazin.
Holit.
X =1 yr=-2, 4 =1, x2=3,y2=1, z2 = -1 oldugundan iki
noqtadan kegan diiz xsttin kanonik tanliyina gora:
x-1 v+2 z-1 x-1 _y-2 z-1

— — = - = - Veya = =
3-1  1+2 -1-1 2 3 - 2
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\x-2y +3z+\=0

[

[2x+>-4z2-8 =0

Halli: Sistemdan avvalca x-i sonraiss y-i yox edak.
y —2z—2=Q, x——-3=0

Bu tenliklarin har birini z-s nazaran hall etsak alariq:

26) diiz xatttin kanonik tanliyini yazin.

y X-3 >»-2
z - - va ya
2 1 1 2
Y+2 Z X+ 2 ;B z+5
27) V3 diiz xatlari
1 -1 nl2 1 1

arasmdaki bucagi tapin.
Holli: mx=1«, =-1,px=n/2, m2=1n2=1p2=n/2
oldugundan iki diz xatt arasindaki bucaq dusturuna gora:

M +1-(-1)+V2-v2 1

V1+1+2V1+1+2 2

28) A(1,-1,2) nogtesinden X ; 3 ; 2 ) 8 diz xattina
gadar olan masafani tapm.
Halli:

X} Y] 1, zx 2, Xq 3,y 2,29 —%,m =3,n = 2,
p --2 oldujundan néqtaden diz xattsa gadsar olan masafs

dusturuna gora:
2 2
-10 -10 4 4 1
1 + +
g P -2 -2 3 32 n/324+484+25
>Q+4+4 V17
mirs?
nr7
o2 -1 z+1
29) ) y 3 . diz xotti ile x+2y-z+3m0

mustavisi arasmdaki bucagi tapm.
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Halli: m=2n=-3,p=-1,A=1B=2,C=-1 oldugundan
diz xatla mistavi arasmdaki bucaq disturuna gora:

1e2+2¢(-3) + (-1X-1 3 f21 ~
sin (p— (3L ) — I——y 7 /4,
A+ 2 +10/4 +9+1 nle *Via 14
¢?=19°7".
30) Radiusu R=5 va markazi C(2,-3) ndqtasinda olan ¢evranin
tonliyini yazin.
Holli: R =5, a = 2,b = -3 oldugundan ccvra tanliyina gora:
(x-2)2+(y+3)2=25.

31) x2+y 2- 4x + 6y —3 = 0 ¢cvrasi verilmisdir. Onun markozini

va radiusunu tapin.
Halli: Bu tanliyi asagidaki kimi cevirak.

(x2- 4x+4)+ (y2+6j +9)-4-9-3 =0

va ya
(x-2)2+(y +3)2=16.
Dcmali,C(2,—3) va R = 4.
f rd >
32) N(3,-2) va 5 3A—n/2 noqtelarindan kegan cllipsin

kanonik tanliyini yazin.
Halli: Ellipsin kanonik tanliyi

2 2
N + N = 1
a2 b2
verilan néqtalarin koordinatlanni 6damalidir, ya’ni
9 4 27 2
—7 H—-r-—1, -Y4———1.
a2 62 2a 62
Buradan tapang ki, a2 =18, b2 = 8. Belslikls, cllipsin tanliyi
2 2
-+£-=1
8 8

soklindas olar.
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33) Ix2—9y 2 =63 hiperbolas! verilmisdir. Onun yarimoxlarim,
fokuslanni, ekssentrisitetlsrini  hesablaym, asimptotlarinm va
direktrislarinin tenliklarini yazm.

Halli: Tanliyin har tarafmi 63-a bdolak.

2

2
iL+Z =1

9 7
Buradan

a2=9, b2=7, a=3, b=J1, c=yla2+b2="29+7 =4,
Onda fokusun koordinatlart Ft(-4,0), F2(4,0) vo ekssentrisitet

c 4 . . .
£ = —= — olar. Asimptotlann tanliklari

7 fl
y=EX=—}]/——X, v=—bx= y X
a 3 a 3
va direktrislorin tanliklari isa
~a 9 _a _
f 4 e

olar.

34) y2 = 8x parabolasinin fokusunu tapin va direktrisinin tanliyini
yazin.

Aa/ll: Parabolanm kanonik tanliyi verilmisdir. Onda 2p =8,/? = 4
oldugundan parabolanm fokusu F(2,0) va dircktrisinin tenliyi
X = =2 olar.

35) x2—9y2+ 2x + 36y —44 = 0 tonliyini kanonik sakila gatirin
Vo onun névuni ta’yin edin.
lalli: Bu tenliyi asagidaki kimi cevirak.

(x2+2x+1) - 9(y2- 4>+4)-1 +36-44=0
vo ya (x+1)2—9(y—2)2=9 Burada x=x'—1, >=>"+2

X»
ovez etsak alariq: X'2-9y'2=9 vaya — y'2=1.

I)cmali, ayri hiperboladir.
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36) J2+y2+22-2x+6y-6=0 sferasinm markozini va

radiusunu tapm.
Holli: Bu tanliyi asagidaki Kimi cevirak:

(x2-2x +\)+ (y2+6y +9)+2z2-1-9-6 =0
vaya (x-1)2+(y +3)2+22=16
Dcmali, C(1,—3,0) va R=4.

37) Calisma 1-in 1-ci misalmin halli:
Torifs asasan ela a, P, y adadlari var ki, a = cm -fib +yc , Onda
(3,7,-7)= «(2,1,0)+ p(l,-1,2)+ y(2,2,-1)

2a+P +2/ =3

voya-a- [3+2y =7

2p-y =-1
Buradan, a=2, P=-3, y=1 oldugundan
4 —2a - 3b + ¢ ahnar.

38) Calisma 1-in 14-ci misalinin halli:
Tarifo asasan elo a, 3, yadadlari var ki, a = aa + fib +yc. Onda

«x=aa+ (3b +yc voya
2a-3p+y =2
2a+(3- Ay=9
6p-5p +2y =\l
Buradan, a=5, P=3, y=1 oldugundan
&=5a + 3b +c alinar.

39) Calisma 2-nin 1-ci misalmin helli:
c=2(5i-k)-(U +2]+3k)=3i-2j+\5k

vea d —3(li +2j +3k)-6(5i - k) =-9/ +67'+ 15/t
oldugundan tarifa gors alarq:
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Demali ¢ va d vektorlar kollineardir.

40) Calisma 2-nin 10-cu misalinm halli:

c=3@i+2j+3K)+2(-2] —3K)=9i+2j+3K vo
d=2(3i+2j +3k)-3(-2]-3k) =61+10]+ 15k
oldugundan terifa gbrs alanq:

9 2 3
o -

6 10 15
Demali ¢ va d vektorlan kolliniar deyil.

41) Cahisma 3-Un 1-ci misalmin halli:

AB(3—-3,1) va AC(——2,4) oldugundan iki vektorun arasin-
daki bucagin kosinusu dusturuna gors alariq:

n

. 3+6+28
cos (AB.AC) — (AB.AC)

AB AC V9+9+49V1+4+16
31 31
n/e7n/l2T Jwn

0,83.

42) Calisma 3-Un 9-ci misalinm halli:
AB(2,5—2) va AC(-1,0-1) oldugundan iki vektorun
arasindaki bucagin kosinusu disturuna gors alariq:

coll XK 1C)J XK 15)- -14+0+2 -
ABjJAC V4 + 25+ 4VA49+T
-12 12

n/33n/50 V1650
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43) Calisma 4-Un 5-ci misahnm halli:

2 3 1
dbc =4 1 -2 =-14+12-36-6+12+84=32*0
6 3-7

oldug(lan &,b,c vektorlan komplanar deyil.

44) Calisma 4-Un 13-eli misalinm halli;
11 1

dbc = 4 3 2 =12+2+4-6-6-16=28-28=0
2 3 4

oldugdan a,b,c vektorlari komplanardir

45) Calisma 5-in 2-ci misahnin halli:

Piramidanm haemi AB,AC,AD vektorlannm garisig hasilinin

no barabardir. AB(-2,—5,—b), AC (2,1,-2),
olduguna gOrs alang:

2 .5 -3
V= AB-ACAD 2 1 -2
0O -3 -8
_32|: —
6' ~ 6

46) Calisma 5-in 13-cti misalmm halli:
AB(~2,-2,-2), AC (0,2,-7), AD (1,7,-9) olduguna goéra alang:
2 -2 -2



=—136+14+4- 98l = —44i = 7—
6' 1 6 1 3

47) Cahisma 6-nin 12-ci misalmm halli:

A, B, C nogtslarindsti kegan mistavinin tanliyini yazaq:

Xx-4 y+2 z-1
2 8 40(x-4)+4(z-1)-10(y+2)-16(z-1)+10(x-4>
2 2

-10(y+2)=40x-160+4z-4-10y-20-16z + 16x-40y-20=50x-20y-12z-

-228=0.

D nogtesindan bu mistaviya gadar olan masafani tapag.

g IAX0 +BYo +Cz0 +D\ |50-8-207-7;-12-9-2238|

n-B~ +C’2 n/2500 + 400 + 144
400 +140-108 - 228| _ 204
V3044 V3044 '

48) Calisma 6-nin 15-ci misalinm halli: A,B.C ndqgtsalarindan kegan
mustavinin tanliyini yazaq:
x-1 jy-10 z+2
1 -9 1 =-7z-14+8y-80+72z+144+7x-7=
8 -7 0

=7x+8_v+65z+43=0.
D goqgtasindan bu mustaviys gadar olan masafani tapaq.
V_ JAXO +Bya +Cz0 +D\ |73+ 83+ 65f-5) +43| _
a2 +B2 +C?2 n/a9 + 64 + 4225
|21+ 24 —325 + 43| 237

n/4338 n/4338
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49) Calisma 7-nin 2-ci misalmm halli:
Ai=l, Bi=l, Ci=3, Ar=0, 82-1, Cr=1 oldugundan mustevilar
arasindaki bucaq disturuna gors alariq:

nin2 + B\B2 + C\C2 _1*0+1-1+3°'1 _
yIA? + M2+ CFfU/MN2+B2+CI  ~1+1+9~ +]
J 4
"VvTf/2 ~ n22"

4
= arccos m= =,
422

50) Calisma 7-nin 5-ci misalmn halli:
At=2, Bi1=3, Ci=-1, 12=1, Br* 1, C3-5 oldugundan miustavilar
arasmdaki bucaq dusturuna gors alariq:

2-1+3-1-1-5 0 . :
: ] —a = = 0
V4+9+W1+1+25 V14Vv27
Dcmoli, mistavilar perpendikulyardir.

Cos ¢

51) Calisma 8-in 7-ci misalmm halli: verilon tanliyi
X~Xx0"N"Y-¥Yp =2z~20
| m n

sokilina gatirmak U¢ln avvalcs y-i, sonra z-i yox etssak 4x-z+5=0
va 7x+y+7=0 olar. Bu tanliklarin har birini x-a gérs hall etsok
alariqg:

—5 ~(y+
250y 4)vaya—x

4 7 1

+7_ 75

X =

y .
-7 4

52) Calisma 8-in 9-cu misalimn halli:
Verilan tanliyi kanonik sakilina gatirmak Ucun avvalca y-i, sonra
z-i yox etsek 32x+15z+145-0 va 19x+15y+65=0 olar.
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Bu tanliklarm har birini x-a nazaran hall etsak alanq:

29 5
N415M145 70 x_-M57~65J=101
32 32 19 19
15 15
y+5— z+2—9
* = 3 3
-15 19 32

53) Calisma 9-un 1-ci misalmm halli:

X_3 _2 z 4- [ ] (1] ] ] ]
I e =/ qabul etcok x=31+37 y=-t+7; z=5%+\

olar. x, y, z-in bu giymetlarini mustavinin tenliyinds yerins yazsaq
alang:

3/+3-2(-/+2)+5/+1-5=0, 10/=5, t=~ . Demsli, diz xsttlo

mustavinin kasisma noqtasi

54) Calisma 9-yn 3-cl misalinm halli:
X-3y +l z +3 , : n ,
= — — = qobul etsak x=2/+3, v=3/-|,z-|t—1:>o|ar.
2 3 2
X,Y,z-in bu giymatlarini mustavinin tanliyinds yerina yazsaq alariq:
3(2/+3)+4(3r-1)+7(2r-3)-6=32/-22=0, /= e

Dcmali, diiz xattls mistovinin kasisma noqtosi
35 17 13
X=—,y=—,6z=—"- olar.
8 16 8

55) Cabsma 10-tn 1-ci misahnin halli:
y2-6X+14y+49=(y+7)2-6x=0 va ya (y+7)3=6X.
Morkazi 0(0,-7) noégtasinda olan parabolamn tanliyidir.
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56) Calisma 10-un 5-ci misalinin halli:
2x2+2y7-8x+5y-4=0 tanliyinin har tarafini 2-ys bolak:

x2+v2—4x+?y—2 =(x-2)2+(y +?2— 11\61=0 vaya

(| 2=

. 5 . . 1 .
Markazi 0(2,-;) noéqgtesindo ve radiusu r=Z olan ¢evranin

tonliyidir.

IHFasiL

Limitlar

Calisma 1. ©dadi ardicillxglarm limitini hesablayin.

(-9 -(@Q+9)
1>|'@'H%(j+ny -(1-nf”

(8- 2)3+(a+2)3

3)lim
«> WA+2n2+1
- 10n2 +1
5) lim 7o~ 10/

n->°° 10nJ +5«

7) Wn”3~ ("+1"
»*n+1) -1

0) lim O 72"
-»-(» +D4-(a-1)4

44

. (2-3)3
2) Dp% + +(n+1)3
4) lim (a~D3+(a+1)3
A3- 2n
6) lim (8a+2)4-(a-2)4
(A+2)4+ (a—=2)4"
g) lim (2773
k29« (8-2)3+(a + 2)3’
10) nmA”“r’|3 2



mmi~+=1.1 =1\ 12) lim 111,1121

">K2-29 49+5) ">«(a +3)(a+4)(n + 5)
SB)Wran + WL =~ 14, BwWP"*»;-(»-1);,

>m(l+2a) +44 »m»»(2n+1) +(a+1)
10—| 4ﬂ5+9ﬂ+7 392+ 5a+4

lim — ][ ————— 16) lim —

> 3rt + +]_ «>K 2+
17) I|m-

¢ +3a+4

Calisma 2. ©dadi ardicilliglarm limitini hesablaym.

I)Aﬂ*Tn(n/2M+3 —JIn+1l 2) Ini_rrgo(n/ﬂ2+ 34-2 -nin2- 3!
3) . Igom (nm3+8 (n3+2 - nlad- ill 4) VIvirrro10|(11/|/|2- A3+ 1)
5) M_Ioiorrl1(s=|—*/;|(;| +1)1 6) “TOQ”* (n/a3+1 - n/a3- 1i/
7)1ta2(a- ﬂ/ﬂ2+1l 8)I|m A(n/sd+ 3 - nlad- 21

9) lim(V(w+1)2-3(n-\)2\ 10)1Trs("5+8s3-23)

Il)linowo(ﬂ- ~a3- 2170/, 12) J,imv(“/ﬂzJ’l -n/a2- 1)
13)3.T0§ﬂ/9ﬂ2_+-|—-ﬂ/3ﬂ), 14) Iﬂir‘rgoﬂ I(\/ﬂ 2+ n/an+T - an/2

15) lim a[ n/a2 +2 - n/a2 - 2I
n—ow V

16)NT(n/A2-2a-1 -n/a2-7a+3|17) limN(a+1)(a+2) - A)



Calisma 3. ©dadi ardicilliglarm limitini hesablayin.

T
) 7
\2»-1

D IAAT

n

3)lim
|

y-n

5) lim f1+"
WH»ooV2 + nj

. 3+4n-2nz
7) lim )
1+4n—2n |j

9)JY ,, -4J

+
11) ligh SN T 22
3n-2y
\ n+l

13) lim ri-ud
2+n

/' o N3a+u

. +1
15) lim
Nn-—xo *3.1

. un2+5n +4Y'
17) lim
n2-3nm +1

46

2) lim
n»0c N+ 3
24
4 lim
y -3,
(124 8Y 222
6) lim
n2+ 2
/ 2 n
+1
8) lim

areo (2 +M+1

o am2+an-1
10) lir
,4n2+2n+3y

4 2n+1

.Y -2n +Ul
16) lim
unz2-4 « + 1y



Calisma 4. Funksiyalarin limitini hesablaym.

seen. X3+5X" +8T+4
) im r r--—-—-—
X +3x -4
"3-3x2+2
3) lim—-
X +4x+3
.. X4-3x +2
5 hm—---- ,
Xx~=>1x - 4jc+ 3
2x2- x- 1)2
lim BX2-x- 1)
X3+ 2X2- x- 2
9)Ilmf 1 3 4
>l 1 x  1-x
11) Iim4x +9x+7
H3x +x +1
13) Iin%(?’_ 6x2+ 12x -8
x3-3x2+4
15) I|n%(6' X3+ X2- 5x + 4
(x- 10
17 tim X371
>16x - bx +1

X3-2x2-4x +8

wn - r
- 8x +16
x3- 2x -1
£Japzsu-
6)l.m(UX)M 1M ;
-0 X + X
8) lim x_+2x"3
£>3x3+ 4x2+ 3x
. x2-3
lim
W 3x4+x2-12°
12) lim X% x-1
X +2X -X -2
14)Ii'mX +3x —9x-2
x=>2 X —X—6
. X3- 3x- 2

16) lim
sxy  X=2

10)

Calisma 5. Funksiyalarm limitini hesablaym.

niT+2-7

§ fim==",

2) lim- X~2
- 207 -2

4) 1|*| mllg _+7:2 _)_(______5_
yfx -2
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5) lim A ——,

Xhnx - 4
X2-n[x
7) Iim-—-[7:-_
1-V X
. nix2+1-1
9) lim
n/ix2+16- 4'
. 2-n/x-3
1) lim— --—---—--
- -49
13fim VXV X
X

15) I V8+3x+x2-2
A:% X+ X

16‘)4fiml’ﬁ“_1 ,
~'nix-1
A6x-4
12) lim 7%
*-»4 }J4 + X - n/2x
: o1+ VX
14) lim- 7=,
N-4 + VX

. nix+13 —=2n/x+1
16) lim— [
*_»3 X

Calisma 6. Funksiyalarin limitini hesablaym.

ol +2x —3
17) lim— - .
nix -2
3x2- 5
1) lim e
sin 3x
I-yl
3) lim 7P
Xsinx
4 arcsin2x
5) lim
In(e —x) —
l-cos x
7) lim
Xsin2x
9) i ms_‘f‘__?_%_:__s_i_']_?f_,
sin X

48

. 1-coslOx
2) li

jl-% 1

. 2XsinXx
4) lim

x> 1—cosx

. C0S2X-CO0SX
i

i _ N
8) r!_|>1m (1 x)/g2 ,
arcsin 2x

10) lim . .
B0 sinx



arctg(x2+3x) . n/2 - f/l +cosx

Iim ] 12) lim C s
arcsin 2x X-*° sin X
e . SINAX sinx
13) VllAm—z — 14) lim—
“nfx +1-1 -Asindx-sk ™ x
A1-cosd! /
15) lim 7005 16) lim J9X"SInX.
l-cosx L)) X
17) i 1+sz COSX .
-->£)1 SiN X - COSX
Calisma 7. Funksiyalarm limitini hesablaym.
3 fimX2:1%) jim —— t@ive 3) lim SINX
XN sinx **IX + 2 x-»0 thx
... 2X-16 In(9-2x2 X -4
4) lim—--—--- 5) lim n_(>§) 6)\\marctg —————————
44 sin 7cc’ x32 sin2Ta X2 (x -2)
7y ppinxosind g sin2n o sinx-cosx
x-1 nr-~OBT35aX X_*Z 1?2 x
10)limffif~->, . 12) lim - ...
x**1 x -1 ,t-*§23m x-1 X~>4 TC-X
t tgl ..., 1+ Int
13) lim 2219, 1) lim 00 1) lim— s—,
x#2sin In(x 1) X3 tg jee x->*4cost
1 .
ey lim 2T g7y i AN
<3 sin 29x *»*n - X

('ahsma 8. Funksiyalarm limitini hesablaym.

1) |im\_/_|_i_!p_?_)_(__'_}_, 2 | (X3 ’\3)_5_[[1__535_,
rm |+cos™x gsm x- |
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In(2 + cosx)

3) lim )
(3sin* -1)2
. -Incosx-1
5) lim )
x~>0 sin X
» - In(l- sinx)
7>1is 3--1 !

9) lim Sta3*
x->0 In(l + 2x)

2x _4
11) lim
Xx—2 . .
tgin;
eX - —2X
13) lim 97
XN X +smx
15) lim— _
sin 2x - sin X
5x X
e -
17) lim ]
MOXx-sin 9x

. In(4x -1)
4) lim
1¥1-coSTZx: -1

n ., x+5 Tx
6) lim sin tg_— .
*->-5 3 i0
In(l + 3xsin x)
X-»0 tgx

In(2x-5
10) lim ( )
x->3e*(x~3)- 1~

X
COoSs-
12) lim

je-»x d

sin\( SV’

Q

4x 2X
14) Iim— — -,
**02tgx - sinx
e5x_ -7x
16) lim
X* 2x-tgXx

Calisma 9. Funksiyalarm limitini hesablaym.

1+
1 lim
**\/1+ sin x
cv

3) linp

50

\clg2x

2) lim
x>() COSX

f
4) lim
x>0 arcsin2 4x

arcstn? x 12



X+ 2
X+4

5) lim

7) lim
2sin2x -1

9) lim (sinx/5*
71
X->-

1

n .
11) ||m I + th sin 3x

*.>0 1+ sinx

. 2 —X lIn@2-c)
13) I|mI
xX->
InGr)
rinN42-33

9

17) lim(1+ 7 2V ",

6) lim I-cos(l-cosx)

X —0

8) lim

10) lim (1+cosx)cos*,
Tt
X -

2
1

,ad0

. Nsipx”
12) lim
vsina,

Ta
cos

DG e

16) lim(l + ctgx)lgx,

X->—

Calisma 10. Funksiyalarm limitini hesablaym.

) lim (tgx)'«lIx,
n

X->—
4

1

3) lim (cosx)x ,
x—0

1

2) lim (cos2x)sin *,
x->0

4) Iimn(sin X)'E*.

X->-

ol



1

5) lim (I +x)x 6) lim(cosx + sin x)smr+,
X~»00 r-+0
I
7) limxlnx, 8) Ilim (ex +x)x,
x-»0 x->0
9) lim (arcsin x)tg7IX 10) lim xx,
x—0 X-*0
tgm x-3
11) lim 12) lim arcsin3 3 -ctg(x- 3),
X—»2 x->3
1\t
13) lim (cosx)19% 12y tim' 2V
X-»4n X—0\ Xj

N+ /gxcos2xnN'2
15) lim 9

16) lim(cosx +sinx)*,
x>0 1+ /gxcos5x )

17) *I_iﬂ (ctgx)Inx.

NUmunavi hallar

1) 8, 14, 20, 26, 28,... ardicilliginm tmumi haddini yazra.
Aydmdir ki, x,=2+6n, n=1.2,.. .

2) X, =37, n=1.2,.. ardicilhg artandir, ¢clinki,

3||+1 )
"H - - —3>1 ya'ni x,H>x,,.
n+1 . Lo
3) X, = - , n=12,..ardicilh§ azalandir, ¢iinki,
n
+2 +1 1
: : <0, ya’ni x,H <x,,.
n+1 n n(n +1)
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4) ( 1)”'1 2n cosnm, n=1,2,...ardicillhig mahduddur,

n+1
cunki.
(-1y" 1 cosT 2 (-1 M1 cosml< 20§,
n+1 n+l n+1
5 xH=(-1)"*“n, wn=12,.ardicilhg geyri-mohduddur,

clnki, istanilon M > Oadadi Ugtin elo N = N (M) adadi var
ki, n > N sartinda

[X,,| = n=n>M
barabarsizliyi 6danilir.

6) xn=-5+6u-—u2 un=12..ardicilhigmm en bdylk haddini
tapm.
Halli:

XeH ~xn=-5+6n+1)-(n+D2+5-6mn +un2=-2un +5,
Aydindir ki, n>3 oldugda xml- xn<0, ya’ni ardicillig
azalandir. Buna gors do ardicilliin an boyik haddi x3 = 4 olar.

7)  xn=n+— n=I2,..ardicilhmin an kicik haddini tapin.
n

H&li: xnH -xn=n+1+ -n 1-
n+1 n n(n +1)
Aydmdir ki, n > 2 oldugda xnf - x n> 0, yani ardicilliq artandir.

Buna gors do ardicilhgdin on kigik hoddi x2 = 4,5 olar.
K  Limitlori hesablaym.
10m

lim liml 1+
nl +\ n

\n+3
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10n 10 10 ©

Halli: lim lim 1 f - © 0]
«->C0 n
n +1 n+— lim. n+
n W->o0 I_'y
\H+3 n3

lim 1+ - lim 1+ - lim 1+ - ell =e.

f~>00 n rt->o0o0 N—00 n
9) y =il -x2 funksiyasi [-1,I] parcasinda ta’yin olunmusdur,

10)

11)

12)

13)

14)

15)

54

cunki, istanilan x e [- I,1] G¢tny mahduddur.
Tutaq ki, y - cost, t = x3, onda y = cosx3 funksiyasi x -in
mirakkab funksiyasidir.

>= 2x funksiyasi butin adad oxunda mshduddur. Cunki,
1+ x2
2X

istonilan x e (- 00,00) Uclin 0 < —1————— 7 < 2 oldugundan onun
+ X

asagl serhaddi O yuxari sartiaddi isa 2 olar.

y - ~ funksiyasi (0,1) intervalmda geyri-rashduddur. Ciinki,
X

1
istanilan x e (0,l) Ggtin < M barabarsizliyini 6dayan heg

bir M > 0 adadi yoxdur.
/(x) = x2biutin adad oxunda cut, g(t) - x3 funksiyasi isa
butln sdad oxunda tek funksiyadir,

[(-X) = (=x)2=x2=/(x)

g(-x) = (-X)3
(- 00,00) intervalmda y = x3 funksiyasinm tarsi, yena da
(-00,00) intervalmda ta’ym olunmus x = \fy funksiyasidir.

y = cos2x  fimksiyasmm en kicik doévri n adadino
barabardir.



Dogurdan da, istanilan jce (-00,00) Ugln
e0s2(x + 7r) = (cosjccos7r-sinxsin;r)2 = (-cosx)2 = c0S2X.
Cunki, cos20=1, cos2n =1 va istenilan xe(0,”) Ucln

cos2x <1, ya’ni T adadi verilan funksiyanm an kicik dévrudir.
16) Limitleri hesablaym.

. X2-9 . 2X3+x +1 I-cosx .
lim lim X 0, hm-—- =, lim 1. -
XM X2- 3x7 53- x2- X3
Holli:
. X2-9 (x-3)(x+3) . x+3 3+3
lim —: = lun- O ] Jm— SR =
X —3X X(x-3)
n 1 1
2X3+ X +1 . 2+'T+3
lim lim , x, =2,
3-x2-x3 * 51 1 -1
x* x
95%2*— smx
. l-cosx .. _ i |
lim — :Lmb 1 =1 |jm
x>0 [ X 2 G4 x 2
f 13y ( '3
1
tim [ L wim 1+ lim'1+i v =e3.
\V _y-»00 yj y—>(1\ y

17) x —1 sertinds a(x) =x2-1 funksiyasi J3(x) = x +1
funksiyasina nazaran yikssk tartibli sonsuz Kigilandir. Cuinki,

lim—— =lim* *=Ilim(x- 1)=0.
m>J3(x) x3 x+1
. 3 1
18) x —0sartinds a(x) = —va J3(X) = -—--—-—-- — funksiyalan
X In(l +

eynitartibli sonsuz Kigilan funksiyalardir. Cunki,
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lim ~ =1lim3ln(l+*) = 2limIn(l + x)* =21ne=2*0
HOP(x) *0 X

19) isbat edin ki, x — 0 sartinds,
sinxsax, tgx« X, In(l+x)»x, arcsinx « X,

arctgx » x, n/lF+x-1«"

. sinx . .
lim = 1 oldudundan sinx » x .
X

lim = lim ——-elim —— = 1 oldugundan Igx » x .
*>0 x E0 X x*cosx

lim M L tfl = Hmin(l + x)*= Ine = 1 oldugundan
x>

x>0 %

In(l +x) « x.
i I

lun&rSMNX = yn .y =1 oldug\ledan arcsmx « X.

0 X y™esiny

lim— = lim = 1 oldugundan arctgx » X.

cs0 X Y*tgy

VI+x-1 : 2X ?

lim ---mmmeeeees = hm— 7= = - = hm

X X X x(JI\ +x +1) nr+Jc +1
2

oldugundan Al +x —1» —

20) / (x) = ;( +24 funksiyasi x = 1 ndqtasinds kasilmazdir.
X

+4 1+4 1+4
lim~ = =17 —5 ve /(1)= - = 5 oldugundan
~'3-2x 3-2 3-2

o f(x) =7(1)
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21) f{x) - arctg—T funksiyasmin x = 4 ndéqtssinda kasilan
X -

oldugunu gostarin.
Halli:

1 C
[(4 -0)= I tg ---—-- = arctg(-00) = —
( ) “_LT_Oarc gX ~ arctg(-00) )
. 1
/(4+0)= lim arctg--—-—--—-- = arctg(co) = -
X+4 2
Dcmali, x = 4 noqtasi bu funksiyanin birinci név (sonlu sigrayisl)

kosilma noqgtassidir. /(4 —0)=—  va /(4 +0) = /-

oldugundan x = 4 néqtssinds funksiyanm sigrayisi

n ( ™
1 n olar.
2,
22) | (X) = - j funksiyasi G¢lin x = —ndqtssi ikinci ndv
1+x)

kasilma noqtssidir, ¢lnki,
A/ = Tz o

lim / (x)=_lim — ~1- _0°
JCALH0 *>-1+0 X) -

23) /’(x) = — fiinksiyasi (0,1) intervalmda kasilmazdir, lakin
X

mahdud deyil.
Dogrudan da, M >0 na gadar bdylk olsa da ele Kicik

x0 > 0 adadi tapmaq olar ki, / (x0) = _O > M olsun.
X

24) /(x) = x3 funksiyasi (—,1) intervalmda kssilmazdir, lalcin
hamin intervalda 6ziiniin en bodylk va an kigik giymatini ala
bilmir, ¢inki, -1 < /(x) <1

57



25) Tutaq ki, [1,2] parcasinda /(x) =x3- 2 funksiyasi

26)

verilmisdir. /(1) =-1<0 va /(2) =6 >0 oldujundan

[1,2] parcasinda ele nogte var Ki, hamin ndqgteds
[ (x) = x3—2 funksiyasi sifira cevrilir.

x = yfl giymatinda /(V 2) =0 olar.

/ (x) = x funksiyasi blitin adsad oxunda mintezam

kasilmazdir.
Dogrudan da, istanilon e > Oedadi Ugln 5> 0 adadini

8 = £ kimi gotlrsek, |x, —x2| <8 oldugda

L*1)- /.(*2) = [* - *21<* olar-

27) Calisma 1-in 4-ci misalinin halli:

2+ 62
= lim Y
n—Fw Y —? i—w n — Z0d] 2
2
2+0=2
1-0

28) Calisma 1-in 11-ci misahnm halli:

(2n+1 «+3 "7 . 2«2 +7/7 + 3



29) Calisma 2-nin 5-ci misalinm halli:

lim(,,-,/*?MN )= Ilim
"~ n+\n2+n
= |lim ., '"=- lim 1 r= —.
mM°°« +n/a2 +n P ]+A+1 2
V nu
30) Calisma 2-nin 15-ci misalinm halli:
lim =h /i b p p i8S
«=0 -*» V«2+2+V«2-2
. 4« 1 .
= lim - =r=4 lim mp , =2.

LW «2+2+an2 -2 nnee \J
+42 + :Ir
Rll |'|2 |'|2

31) Calisma 3-Un 1-ci misalmin halli:

. 2n +1 . 2+~ . o
lim ——-=1lim —y =1 va lim (u+1) = 0o oldugundan
W=D

=a02un-1 =02~

17

X->a
minasibatins asasan alariq:
nos L M@ Infe <=1 im0
lim =eJI0 n * = gn->ao2n~1 _gl _g

n->oov2/7-1

y I ~\
im (10) 08 = tim [1+£00) - 1) 190 == et OO
X->a

*
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32) Calisma 3-Un 15-ci misalmin halli:

1
30 1t— 3
iim n 7] 1 Vo lim (3n+n )=cc
N>0/7"— WN->01__1 «—=0
»3
oldugundan (*) rminasibstma asasan alariq:
[ o \3u+id Iirﬁ)(\31/|+v|3)lnv+1 "
lim 3 +1 = eﬂ) V»3-1 y
Yl—>co r') _l
24
. U
lim — e
e n-l =e nb = e2.
33) Calisma 4-Un 4-ct misalmm halli
_ -2JC-1 _ x+D(x -x-1)
lim lim
X->-1x5- 2x-1 m>3(Xx+1)(x4- x3+x2- x-1)
. -x-1
= lim -
x->-1 X +
34) Calisma 4-in 10-cu misalmm halli:
.. X2—3 X2 -3 .
fIim —r—x——= Iim -= lim

hW3  +x2—2 *-*/3(x2-3)(x2+4) x->n/3x2+4 7

35) Calisma 5-in 8-ci misalmm halli:

lim Vjc 2-1 _ - (Vx-2-1)(n/x-2+1) _
X >0 X—3 Xx—=3 (x-3)(Vx-2+1)

. X-3 . 1 1
lim = lim
x->3 (x- 3)(n/x-2 +1) x->3n/x-2 +1 2
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36) Calisma 5-in 11-ci misalmm halli:

lim 2 \/x3 lim (2- Vx"3)(2 +nl/x--3)

X->7 x -49 X~>7 (x2- 49)(2 + n/x —3)
. 7-X .
- lim - - lim
7 (X- T)(X+7)(2 +nJx-3) r—7(X +1)(2 + nJIx-3) 56

37) Calisma 6-nin 1-ci misahnm heli:
- AR By = (MEX-5) 5 g
X-»0 sin3x . = SinSX 3-1 3

lim 3
x—0 3x

38) Calismanin 6-nin 14-ct misalmm holli:

smx . smx 1. 1 1
=- lim =— |lim

X-X) _ZcosExsr'nx COS—X
2 2

lim .
x-»0 SIN6X - SIN 7X

39) Calisma 7-nm 3-cii misalmm halli:

sin5x . sinbxcos3x 1 . sin2x +sin8x
lim = lim =—Ilim - -

x->0 /g3x x>0  sin3x 2 x-»0 sin 3x
1 sin2x .. sin8X™  1( SIn2 S|n3x
:—(Iim + lim :—( lim )jll 3-

2v.x->0sin3x x->0sin3x/ 2Ix-»o 2X  x-»0  3X
8 5
38
3

+ Ita 8N *£/ lim3 ~ )-i ;

2
x—=0 8x x->0 3x 3

40) Calisma 7-nin 7-ci misalmm halli:

X+1 . X
. 2C0S sin-----
lim Y 7 1- lim 2 2
X— x 1 X— x 1
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_ il. X+1. )
:1lim cos—— lim :cos =cosl.
je—>1 2 M X -\

41) Calisma 8-in 5-ci misalmm halli:

. Incosx-1 (B (2X- Incosx-1)
lim : = lim

x->0 smx v0, Xx-»0 (sin x)*
sinx
2*In2 +
. cosx 2°In2+0
= lim - In2.
Xx—0 COSX 1

42) Calisma 8-in 10-cu misalnm holli:
\§2x 5) /ON lim (In(2x-5))"
x >3e*(x 3) C00J  x->3(e*(*-3)- 1)

2X-5

lim )
x->39e x ~ N

43) Calisma 9-un 1-ci misalmm halli:
|@saklinda geyri-muayyanlikdir.

1
1+tgx
y= g gabul edsk. Onda

1+ sinx

Al +tgx

In t.g n
1+sinx
X VI1+sinx VO,
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Lopital gaydasina asasan alang:

1
Qg x COSX
. +tex 1+sinx . 1 . COs*
I|mlnv=] = lim - lim =1-1=0.
X0 1 x-*Y(\+tg$co£X X->0l+smx
1
N +tgx A

Buradan limy =e° =1, yani lim =1.

X—»0 x—0 1+ sinx,

44) Calisma 9-un 6-ci misalmm holli:

I-cos(l-cosx)f0n lim sin(l-cosx)sinx _ 0 _
x—0 \}0. X—»0 1

0.

45) Calisma 10-un 1-ci misalmm holli: 1 sakilinds qeyri-
musyyanlikdir

y = lim (tgx)tg2x gabul edak.
n
X->-

Onda Iny = In lim (tgx)lg2x = lim tg2x In(tgx)

f 2
. Intgx . ~
= lim g = lim °¢¢ X (-2 cose022x)4 =-1.

Hﬁ_ctglx s tgx y

Buradan Iny=-1, y=— yani lim (tgx)tg2x = —.
X->-

46) Calisma 10-yn 4-ci misalmm holli: 1 sekilinde geyri-
musyyanlikdir
y = lim (sin x) 80 qgsbul edsk
x—t
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Onda Iny = In lim (sinx)tgx = lim tgxIn(sin x) =

1 N\
im0 i (ergx (- — —)= lim ctgx =0
£ CtgX v.o, X'ub sin X *_o>_
2

Budaran Iny=0, y=e°=I, yani lim (sin x)tgx = 1.

IVFBSiL

Toraina va diferensial

Calisma 1. Téramani tapm.

D>>= (x2—=2x+2)(x2+x-1), 2)y = (x3~3x +1)(x4+x

3) y=(1—)(1-x22(1-x )3, 4)y = -

5 y=xM+x2, 6) y = n1x2 +2x + 5,
7) y =\i5x2+ 6x +1,

(x- 2)n/2x +3



1+ 2x - x-1
B)y: X 14) y
2n/1+ 2x3, 3n/2 +4x

(1+ X6+ X

15 16) j = (n/x +17
)y 6x* nix
1-x3
m7 | .
1+x

Calisma 2. Térameni tapm.
) j=(2-x2)cosx+2xsinx, 2) Y =(9- x2)(sin2x + c0s2x),

xsin X sin23x
3)y:-.. _____ , 4) 'y =sin3xL. -
1+ /gx cos6x
. 1 3
5 vy -~NJIl+ 2sin2x, 6) y:cosx—3 cos X
sindx-co0s4X L£0SX-SinXx
W e 8 Y omi i
tgx - ct
9) Y gx - clgx 10) y = yjsinn/x,
tgx + ctgx
11) y =/g2n/x + Incos n/x, 12) y =sin2x,

13) j = nlsin3x%

15) y = fsin x, 16)~ = M
1+ cosx
.1
17) j =sm—+ CCbl—
X X

Calisma 3. Téramani tapm.
1) J = —arccos2x, 2) = arctg*

X X+2
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3) y = xsin xarctgx,

5) y = arcsin.
1+ x

7) 'y =arcsin(sm X - cosx),
1 s
9) vy = arctgx + —arctgx ,

. 2x + 1
11) j = arccos

xVs

13) j = x + arctgx + arcctgx,

15) j = crrccfg—,
X
17) y=arctj™-4x?+lj

Calisma 4. Téramani tapm.
14 1-Inx
o] b

1+inx’
. fl-sinx
3 vi¥sinx
5) y = In(In(In x)),
7 y =log5yflx,
9) vy =log2(logj(log4x)),

1)y =1n(x-4 + n/x2-8x + 15"

12) y = 1n(n/d+ x + Vi +xjl

66

4) y =arctg(tg x),

6) y = gl —(arccosx)2,

8) y =y xarctgx2,
o 1-x2
10) y = arcsin r-,
1+ x
12) y = arcsln Jsinx,
14) !
arccos ? x2

16) y = arcsin(2sinx),

1+ X
2) =1n

nir-+ X~
4) j =1In° cos (4x-1),
6) y =\og3l¢jx2-1)
8) y = 1n3(x3+x +1),

10) y = In(x + n/x2 +1),



1+sinx
14) y=1In
cosX

16) y - #l+1In2x,

Ca/isma 5. Téramani tapm.

1) y=x2e2x
1) y = 10bsird3%
5.y =(x2+1)2A

7) y =eacg \

9 y = edid)]

1) y = 2lap{d+xH),
13) y =2lo& X,
Insin(x + |
15)J = ( )
Incos(x +1)
17) y = Xsnx.

Calisma 6. Téramani tapm va verilmis ndqtada hesablaym.

15) y =
VX +1
17) Inx
y l+x2

2) y =excos32x,

4) y =xex(cosx + sinx),
6) y = eéinT/,q"-l

B y =% e

10) y =logx 2 +logx2 X,

12) y = x +x*,
, 2%

14) y = arctgex - In.

eX+1

16) ¥ = (sinx)c

) y =\n(ex+nle2r-1) + arcsin e~x, x=1.

3-x T,

2) y= - 11/1-'2x-x2
2

3) y =sin\figx -
y=siny

56 sin 56 x

*

+2 arcsi‘nﬁr::-,x:O.

V2

3



4) jl=nl+xe™,x=0 5)y =cos2In(x2+2)- CS — ,x-0.

3co0s 6x
+ 1l + O — .
6)v = \n(ex "l +eX) YTYTI 1 x—0
7) y-arcsmG --------- 45’—1(r12—+-zl----, x-1.

Vx+l 6 x +4
8) y = xf""2x2 + 5™n/x2 +1 + bln(x+ n/x2 +1) , x=0.

9) =x3arcsinInx + N(x2+2)n/1-x2,x=0.

10) y = In(e3* + -Je3xx-1) + arclge~ix,x=0.

11) y=arctg”™x2 +1 —\/ﬁli_rx~

12) =—-H—In("gx + ctgx)yll + x2,x—.
sin x 4
1 1,1, 1+ n
13) y = TR LR
3sin x smx 2 1-x 2

14y = 5x|A + xerxJ + 3sirl/ -, x=0.
' 8cos X

7 =n/3x2+larc/g3x - In(3x + n/3x2 +1), x=0.
16%7=¢"sinxcos® X, x=—.

l+ arct
My = X—-igx—x-O.

VI + x

Calisma 7. Diferensiali tapm.

Dy = (X +x) -pl— 2y = -L-11(1+V 7
Ynlx-x) VVX y
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sinx
Y
1+ cos x
5) y = arctg In(2x +1),
1

1+ X

ny

9y = e sinxcos® X,

1) y =sin2(cos3x),

[Y)y = e~x cose~2x,

15) y = x5Ix6-S,
17) 'y =ex(x2+x-1).

x3+1
4) Y=
x3-1

6) y = narcsinx + (arctgx)2,

gy=-1""
Vi=T
10) = In<?ncos+ e-*sin x),

x+1
12) y =arctg
X-1*

14) y = cod 1-n/x

14-n/x

16) y =x(cos Inx +sin Inx),

Calisma 8. n -tartibli téramalari tapm.

?ﬁly:si_n2 X, 2)y:~2X—+I7> 3) j =xInx,
) 3x
4) y =x sinx, 5y =In(3x +1\), 6) y =sin5xcos2x,
Ny 8 7 =5-3cos2x, 9 = 2X +2~X,
) oxd-1 ) )y
X4-1
10)7 = x2¢X,  11)7 ) 12) y = sin2x,
x(x —1)
1 .
B)y =- , 14) 7 = 15) y =exsinx,
1—x VT+x
16) y =xe*, 17)7 =sin"* +cos’x.

Calisma 9. y'’x va yd téramalarini tapm.

I) x=e‘cost,y =e'sin/, 2) x=t+sint, y =2 - cosf,



3)x =acos/, y =bsmt, 4) x=acos2t,y =asin2/,

5) x =atcost, y = a/sinf, 6) x =xI\-t2,y =,

7) x =Inctgt, y =-[ j-, 8) x=ctg2e',y = to/ge’,
cos t
9) x=JI1-t2,y =n/l+7, 10) x =Infgf, 7 = —2~»
sin I

1)x =(1+con2/)2sint, y = sin2tcost,

12)x = arcsin/,>-=v |-/2, 13)x = acos3t, y = asin3t,
14 x=In(\+t2),y =t-arctgt, 15x =/3,y =t2,
16) x =Inf,j>=/3-1, 17) x = (e', y = te~".

Calisma 10. Qeyri-askar sakilda verilan funksiyalarm ¥x va 7’
téramalarini tapm.

) y +x +arctgy =0, 2) X +>-e*~v =0,

3) x3+x2y +y2=0, 4) x2+72-4x-100r+4=0,
5) Xx2+5xy+y2-2x+y-6=0, 6) ex-ey+x-y =0,
7) X2+2xy -y 2=2x, 8) Inx+e_>’/*:0,

9) x3-2x2y2+5x+y-5 =0, 10) yfx+Jy =y][4,

Il) ey-e~x+xy =0, 12) exsiny -ey cosx = 0,
13) exy-x2+y3=0, 14) x3+y3-3xy =0,

15) arctg{x + y)- xy =0, 16) arctg—=Inyjx +y |,
X

2 2 2

17) x3+ y3=a3.
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("ahsma 11. Tagribi hesablaym (0,0001-a gadar daqiglikls).

1) arc/&1,04, 2) Inl,12, 3) 57«21°,

4) cos 32°, 5) e0'15, 6) Vc,

7) V250, 8) V30, 9) Igll,

10) In17, 11) 3/200, 12) sin39°,
13) cos39°, 14)/g10,21 15) arcsin 0,8,
16) 05,8, 17) "MOOQ.

NiUmunavi hallar

) M(2;2) noqgtasinds y =x2- 3x+ 1 ayrisina toxunanin
meyl bucagini tapm.
Holli: y'=(x2—3x+1)"'=2x- 3 oldugundan
tg<P=yx2=2«2-3 =1, (p= 45°.
Y y-3x +x*ey =0 tanliyi ila toyin olunan y - _y(X)
funksiyasimn téramasini tapin.
HI»lli: y'- 3+ 3x2y +x3yy' =0,

, 3(1-X 2y) l-x 2
= —r—"2 = 3

\%
I+ jcn | +3x-_y

>  Parametrik sokilda verilmis
Xx=/3+3t+1, 7=3%5+5/3+1

linksiyanin téramasini tapin.

lolli: X' =3f2+3 va y\ =15/4+15/2

oldugundan

X' 3t2+3

4)  x = J>3 funksiyasmm téramasini tapm.
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Holli: Verilmis funksiya y = x3 funksiyasinm tarsidir. Onda

-x-1
3
5) y =2x3+x2- 2x +1 funksiyasmm  yukssk tartibli
téramalarini hesablaym.
Halli:
y’'=6x2+2x—2, | =12x+2,yn=12,/ =/ 5H=..=0
6) ; = —funksiyasmm yiksak tartibli toramalarini hesablaym.
X
Holli:
I=--371-4 . X
7) Yy =a*, 0<0 51 funksiyasmm yiksak tortibli toremalori-
ni hesablaym.

ffoWwi:  y'-a x\na, y”=ax(bla)2,...,y{n) = ax(Ina)"

Xisusi halda a - e olarsa, onda
y=ex,y'=y’=..=y(n=ex

8) y =sinx  funksiyasmm yikssk tertibli toremalarini

hesablaym.
Halli:



Fvmi qayda ils y = cos x funksiyasi U¢tn alariq:

) Yy =xx4-x2+4arcsin—  funksiyasmm  diferensialmi

hesablaym.

2
XTOX o Jy Piesq .
n -2 7

=2nJ4-x2dx, -2<x<2.
10) y = x3funksiyasi verilmisdir. t/3 hesablaym.
lI«/ll: afj = 3x2dx, d2y = 6xdx2, d3y = 6dx3.

N) y =xcos2x funksiyasi verilmisdir. d loy hesablaym.
Hitlll: Leybnis disturuna gors alang:
d'°y =(-X m' c0s2x - C'029esin2x)d!x =

=-210(xcos2x + 5sin2x)<it10
12) cos61° hesablaym.

Holli:

3 180
61° =60° +1° =—+ oldugundan
3 180

cos(X + Axr) » cosXx + (cosx)"' «Ax

iHlusluruna gors alanq:
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c0s61° «co0s60° - sin60° -0,01745 =

1 ft

=1. 2L+.0,01745 «0,4849.
2 2

13) Calisma 1-in 1-ci misalmm halli:
Y =(X22X+2)" (X2H4X - 1)+ (x2-2 x+ 2) (x2+ x- 1) '=
= (2jc-2)(je2+x- 1)+ (X2-2X+2) (2x2+ 1)=4jc3-3x2-2x+4.,

14) Cahisma 1-in 15-ci misalmm halli:

1 + Yx10-{xw/Ja +x6)3
* 6 r 20
X 6xU
(\0 + xB)nl\+ x6
ox1

15) Calisma 2-in 8-ci misalmm halli:
(-sinx-cosx)(cosx +sinx)-(cosx-sinx)(cosx-sinx) _
(cosx +sinx)
. 2 . 2
_ -(cosx+sinx)” -(cosx-sinx) 2

(cosx+sinx)2 (cosx+sinx)2*

16) Calisma 2-nin 11-ci misalmm halli:

y' =tg*dxsec2 yfx— +—i-p (-sinjx)— =—!=tgy[x(sec2 -JIx-X)
211X COS-JX 2 -slx 2-JX

1 3
=-j=tg nlx.

2n/x
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17)  Cahlisma 3-Un 1-ci misdhnm halli:

Yy = arccos 2x + —(arccos 2x)'= - — '

Xn[\- 4xX

IK  Calisma 3-Un 10-eu misalmm halli:

1 (l— x I +x» 4x
1-V ) 1+x2 Ao +x2)2-(1-x2)2 0 +x2)2
\+x2
1+ x" —4x

2% (1+x2)2  1+x2 "

1) Cahisma 14-iin 3-cti misalmm halli:

v A(In(l-sinx)-In(l +sinx)) - ~ (7smx/ (L +sinx)
v 1—sinx 1+ sinx

1( cosx COSX N_ 1COSX +sSinXCcoSX +C0SX-Sinx cosx

2vl—sinx 1+sinxJ 2 1- sin2x
1
COSX
M) Calisma 4-tn 10-cu misalmm halli:
(X+™M2+1/ _ V*2 +1 X+1x2 +1

X+ X2 +1 X+AIx2+1 (x+0X2 4+, H x2+1

+1
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21) Calisma 5-in 1-ci misalimn halli:
y'=(x2)'e2x +x2(e2xy =2xelx +2x2e2x = 2xelx (x +\).

22) Cahsma 5-in 14-cii misalmm halli:

y' = (arctgex)'~~(Ilne2x - In(e2x +1)/=- -— -1+
2 \+eld

2x XX giedx  ex

e2x+l1 e2x+I1 e2x+\

23) Calisma 6-nm I-ci misalmm halli:
X ] 2X f
y=(In(ex +4e2x -1)" + (arcsine~x)" = — e N

e+l

2X
e+ °©
\
. (e~x)’ | +(~e N)e
ar % ex+Je2x~I e2x~\
/CO

24) Calisma 6-nm 2-ci misalmm halli:

y = 3_2)( nir ®x —x +3_2)i(i\—2x—x / +
2 1+ x nb m2x-x +(3-x)(-1-x) "
42 20/ ~Ax-xn
t ni2
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ml-2x-x2+(3-x)(-1-x) +4)

Tj\-(\ +x)2 2nj\-2x - x2
[ Y 0

y'(0) =~ =0.
M-2x-x2 n

25) Calisma 7-nin 1-ci misalmm halli:

’ r., ~Ir a-4/\>+.—/\|’ a+/\)
dy:y'dx 1+ 111:211 ------------ J£ J—
VX (\-y[x)20
dx
(I-yfx)2y[x

26) Calisma 7-nin 15-ci misalmm halli:
2
dy = y'dx =(x5ljx6 -S)'dx =(5x4l1x6 -& +}-(x6 -&) 36x{0)dx

5x4(x6-8; +2x10 7&(10-40x4
mAy=-7=UT.-y

d'x.
11(x6-S)2 1(x6- 8/
27) Calisma 8-in 10-cu misalmm holli:
U=x2va v=e* igars etsak tapariq:
u'=2x,u”=2,1/3"= =...=u(n) =0.
V' =exy =ex,...,v(n) =ex.
I cybnis disturuna gors alariq:
S (MzV ou'v(»-2) + LUV~ . u (o -
1-2 1
= M———2e* + n2xex + x2e* = (X2 +2ux+un2-n)ex.

1-2 '



28) Calisma 7-nin 12-ci misalmm halli:

y'=2c0s2x = 23in(2x+7—t),
y"=-22sin2x =-22sin(2x +2 ,
ym=-23ms2jc=~23sin(2x +3~ ) >
= 245/u2x = 24 sin(2x + oo

=2nsin(2x+n~).

29) Calisma 9-yn 1-ci misalmm halli:
xI =e{cost-e(sint=e‘(cost-sint),

yi =e*sint+elcost =el(cost+sint),
cosf + sin/
YX = e t T
cos/-sm~

f

(cost+sint\
(¥YxX)\ vcosr-sinf

Yxx . .
xt el(cost-sin/) e?(cosf-sin03

30) Calisma 9-un 3-cti misalmm halli:

Xj =-asint,x’z = -acost,

y't =bcost,yh = -bsint,
, bcost b

yX -----— = — ctgt,
-asint a

_(-asint)(-bsint)-(bcost)(-acost)
YXx — 3
(-asint)
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2

a si'nSt .

'1)  Cahsma 10-un 3-cii misalmm halli:
y in je-den asdi fimksiya oldgunu nazara alarag, hamin eyniliyi /ics
1ozoran differensiallasaq alanq

\X2 + 2xy + x2y"' + 2yy' - 0 buradan da

,_ 3X2 +2xy
Yy ~ 0

*

X +2y

12) Cahsma 10-un 11-ci misalmm halli:

e~X +
y'ey +e x+y +xy'=0 buradan y’= -------m----=- .

ey +x
11) Calisma 11-in 1-ci misalmm halli:

T

v=1 Ax=0,04, arctgl = I oldugundan
dretg(x + Ax) » arctgx + (arctgx/ Ax dlsturuna gora alang:

arctgl,04 &arctgl + 5 0,04 =- +~ 1 =0,747

1+x 4 2

14) Cahsma 1-in 2-ci misalmm halli:
\ I, Ax=0,12 In1=0 oldugundan
In(x + AX) « Inx + (Inx) "Ax dusturuna gors alanq:

012
IN1,12 « In1+ (Inx)'x=1 «0,12 = 0 + =0,12.
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VFasiL
Toéramanin tatbiqi

Calisma 1. Lopital gaydasi ile limitlari hesablaym.

VXx-n/5
w 3 *2-3» 2) lim—p:  T=,
+=2x° +3x-10 ~510%x-V5

3 IImx3-4x25+5x-2 | 2) _Iir_nsin(x—l)/gﬂx
*>1x —bx +7x-3 e 2

5) lim (ex +e~x - 2)ctgx, 6) lim (x-x2In(l+—9),
Xx—>0 X -»00 X
7) IiIeJ>6|x,r(d71 8) ml_)!_(!,n(e* +x)C
X '1 n: sin j;
o -r=x"' e
9) Ilim 10) lim
*>0 sin 2x 0 x-sm X
11) Lim(2-x) 2 12) lim, tgx
) U (2-x) ) limytox
(o \%
13) lim arcsin(2-x) 14) Iimfz—arctgx

X >2n/x2 -3x +2
- 1 1
X - arctgx 16) Iim(

15) li
P% x>0 x ex-1

17) lim (sinx)®%*.

2

Calisma 2. Funksiyanm monotonluq intervallarmi tapm.

1) j =(x-2)2x2, 2) y =(x-2)\2x +1)2,
3)j =12x2-8x3-2, 4) j =16x3-12x2-4,
5 y=2x2-Inx, 6) j/=x2 15
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7) y = X + COSX, 8" :7/\_'
nx

Wy =(x-1)2(x-3)2, 10) y =x4—2x2-5,
11)~ =-\i2x-x2, 12) >= arctgx-x,
13) y =x3+x2+1, 14) y =xn/x-x2,

15) =x3- 3x2- 9x +14, 16) j;=2-3x +Xx3,
17) j = xe“x.

Calisma 3. Funksiyalarm ekstremumlarmi tapm.

) y=2x3- 3x2, 2) y=2x -9x +12x- 9,
3x2+4x + 4 .

3)ju 4) j =2x3- 3x2- 4,

5) jJ/=Vx3- 3x2+8, 6) j =(2x+12(2x-1)2,

7 y =~x2ylox~7, 8) y = \/x(x + 2),

0) =(x-5)2AI(x+If, 10) >»=6(x-1)-97/(x-1)2,

11)>’=6\1x2+4x + 3, 12) y =8(x-2)-123J(x-2Y

13)y =Ne -1)*, 14) y =1[x(x-1)2,

1)y =(2x-1fil(x-3)2. 16) j =x2(x-6),
17) y = 3~2\f~".

Calisma 4. Funksiyalarm ekstremumlarmi tapm.

) y=xe 2) =x-In(l+x), 3)y=sw3x
Ny=x- In(l+x2), 5) y=sindx +cos4x, 6) y = exsinx,
/) y = nix Inx, 8) y =2/gx-tg2x, 9)y =x+Incosx,
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10) y =-— 11) y =dl-cosx, 12) y = excosx,

l+sin x
13) j/ = x + tgx, 14) y = y]l-tgx,
15) y = arctgx —I—iLn(I + XYi 16) y =— ,
2 Inx
17) y = x2e~x.

Calisma 5. Parcgada verilan funksiyalarm an bdyuk va an kigik
giymatlarini tapin.

1) y=x4-2x2+5,[-2,2], 2)y =-3x4+6x2,[-2,2],
3) y=2n/x- x,[04], 4)y =VATI- VAT, [01],

5)j =4-x—j, [14,  6)y=——+—+8 [-4,1],
X 2 X

7) N=8x+4--15, E—,Z], 8) y =x-4n/xT2 +8, [-1,7],
X

1—r 4-x» 10x

9) ¥=1. 2O/l 10) J

Ay t°3],

1+x
11).Y = x2+— -16, [1,4],

12)y=x +4x + —---9, [-1,2],
X+ 2
13) y = — m-8x-115, [-2,-4é], 14)~ = 2n/x—T -x + 2, [1,5],
X
15) y =2x2+— -59,[2,4], 16)y =x+2 ", [04],
X

17) y = arctg-—— [0,1].
1+X
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(uhsnta 6. ©yrilarin ayilma néqtslarini tapm.

Dy =V(x+D2+V(*-1)2, 2)y-=

2x -1
x2-1 4 x2-11
\) vy = 4) y =
x +1 4x - 3
5,(3 XZ
5)7 = ——-, 6)7 = .
X3+1’ *JsTI’
8)r (£ ¢~
X3 X 4
10)7=4 ~ |
x -1 X +1
My = -*t 12) y =— -j-y
x —4 (1-x )
2 4
M= X2 14y y= X4 1
nix +1 (x+1/
x5
15)7 = , 16) 7 = (x-2)(x + 1)2,
X -1
2 2

17) 7 = (x + 1)3 —(x —1) 3.

(uhisma 7. ©yrilarin ayilma noqtalarini tapin.

1) 7 = x +sinx, 2) y =cosx-Incosx,
. . sinx
) 7 =sinxsin3x, 4)7 =
2 + cosX
*% L= __C_(_)_§_X__, 6) y :arccos—l-:-)f--



1

7)7 = - 8) y = xarctgx,
sIn X + COSX
9) y - sinx+cosX 10) y =sinx-cosx,
11y y = arccos—--- 12) y =e~Ix sin2x,
| - 2x

x+1 smx
13) 7 =In 14)7 =

x—1
15) y - x-arctgx, 16) y = x - arcctgx,
17) = (x- 4)5+4x + 4.

Calisma 8. 9yrilarin asimptotlarim tapm.

2) y = 3x- arccos—,

N Y~ 2X2+Xx-T X
3)7 4)7=x|nfe+lﬂ
v Xy
5)7=1+smx 6) 7 = 2x - COSX
7) 7 =1In(4-x2), 8)7 =xV V
1 .
ET) 7 X+ arcctgx, 10) j =1 +4x2,
X
11)7 = xe*m 12) y =ix +1 + 2x,
’ 1
13) 7 = xex +1, 14)7
X -4x+5
Inx 2x4+x3+1
15)7 = 16) 7

1
17) 7 = 2x - arccos
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Nidmunavi hallsr

1) J'(x) =x2-1 funksiyasmm [-1,1] parcasinda Roll teoreminin
.sortlorini édadiyini yoxlaym.

munksiya [—1,1] par¢asinda kasilmazdir, (—1,1) intervalmda di-

ltu-usiallanandir ve /(—)=/(1)=0. Onda els ce (-1,1)

noifli>si var ki, f'(c) =0olar, ya’ni f\x) =2x =0, buradan

m Oe (-1,1) alarg.

) /(x) = n/3x2 + 3x funksiyasi U¢ln [0,1] parcasinda Lagranj
disturami yazin va (0,1) intervalmda hamin dusturdaki c

1nogtosini tapm.
thill:

/(0)=0, /1 )=J3 +3, fix) =2>/3x + 3
Hidiif'.undan Lagranj diisturunu

1/111g, buradan iss tapariq ki, ¢ = —e (0,1).

I /(X) =2x2+5x +1 va g(x) = x2+ 4 funksiyalan tcun [0,2]
I n .mida  Kosi disturunu yazin ve (0,2) intervalmda hamin

di iindaki ¢ négtosini tapin.
o lll:

/an 1, /(2) =19, g(0) =4, g(2)=8, /'(x)=4x +5
I"(O 2x oldugundan Kosi disturunu -----—-- = ———— V3 ya

! 4C(I > kinii yazib buradan isa tapariq ki, c = 1e (0,2) .

i Tinlitlori hesablaym.
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Halli:

"1 /nN +
<g* _iL ° =8m.<ra2* =I|m-1----9%2( =2

x*x-sinx VO) x> 1-cosx vOy cos X

. / . 1-sin x .

lim B tgx (00- 00)= lim 0]=limz ~ =0
A 0J X=- sinx
2 2

I|m xctg?c(0 +00) = lim B> lim— — limcos x=1

* *Oth{O or-*0 J x-fO
€0S2X
b Xx lim x\nx
I|m(0 )—Ilme —ex® =eT”
*->0
1
imM »'g Km_i_
*—0 1 1700 x->0_ | Clim x
- e X =2 X0 =ao=|

5 f (x) =x3—3x+1 funksiyasmm artan ve azalan oldugu
intervallan tapm.
Haiti:
fix) =3x2- 3=3(x2-1)
olmasmdan aydmdir ki, jx <1 oldugda f\x) <0 vo j}>1

oldugda iso /'(x) >0 olar. Demali, funksiya (—,1) intervalmda
azalirve (—eo,—)u (l,+00) oblastinda iso artir.

x4 2
6) / (x)=— - 2x +3 funksiyasmm ekstremumlarmi tapm.

Haiti: f'(x) =x3- 4x =x(x- 2)(x +2)
oldugundan funksiyamnx, = -2, x2 =0, x3 =2 bdhran néqtolori

olar. Bu néqtalardo ikinci téramonin f'*(x) = 3x2- 4 giymotlorini

tapaq:
/*(-2)=8>0,fX0)=-4<0,f\2) =8>0,
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nldugundan funksiyanm x, = -2, x3 = 2 ndéqgtolsrinds minimumu,

\', 0 nogtasinda iss maksimumu var.Bu ekstremal giymatlar
[(*) =1(-2) =/(2) =-1 Vo max/(x) =/(0) =3

ndudloridir.

) /(x) =3x-x3 funksiyasmm [-2,3] parcasmda an bdylk va

on Kicik giymatlarini tapm.
Hulli:

fix) =3-3x2=3(1-x2)
lldugundan funksiyanm boéhran néqtsleri x, = —,x2 =1 olar. Bu

MO(toler [-2,3] parcasma daxildir. Xj = —,x2 =1 ndqtalsrinds va

I \' | parcasmm uc négtalerindo funksiyanm giymstini tapag:
[(-2)=2,4-1)=-2,/(1)=2,/(3) =-18

lin giymatlari miqayiss edarsk alang ki, funksiyanm verilmis

ixirgada an boyuk qiymsti 2-ys ve an kicik giymsti -18-8

IHiiabordir.

K 1(x) = x 3 funksiyasmm gabariq va ¢dkik oldugu intervallan va

" 1hino noqgtssini tapm.

lolli: f**(x) = 6x ifadasindan aydindir ki, x<0 oldugda

/"(X) <0 va x >0 oldugda iss f "(x)> 0 oldugundan (-qo,0)
Inlnvalmda funksiyanm qabangligi yuxanya dogm (0,00) in-
i mitinda isa gabanghgl asadiya dogru olur. Demali, ayri (-00,0)
Hilfivalinda gabang, (0,00) intervalmda ise c¢okikdur va (0,0)
Hy| inin oyilma noqtssidir.

™M/ (X) =x4-6x2-6x +1 funksiyasmm gabariq ve ¢okik

nhingu intervallari va ayilma néqtslarini tapin.
lolli: Funksiyanm iki tortibli

fix) =12x2-12 =12(x- 1)(x +1)
I I»luosine nazaran bohran noqtalori x,= —,x2=1 olar.
\ytlindir ki, - oo<x<-1 va 1<x < oo oldugda f"(x) >0 va
I<x <1oldugdaisa f"(x) <0 olar.
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Deraali, ayri (-1,1) intervalmda gabariq,(-00—) va (1,°°)
intervalmda isa c¢okukdar. (—,2) va (1,-10)néqtaleri ayrinin
ayilma noqtslaridir.

X2—2X+3 L .
10) y = B ayrisinin asimptotlarini tapm.

Halli: lim --------nmem- = (0 oldugundan x =-2 diz xatti ayrinin

saquli asimptotudur. Maili asimptotunu tapag.

L Y [ X2-2Xx +3
k=1Im=—=lim= re=--—-= =1
X=KX X~ + 2X
: . ™Mx2-2x +3 1 -4 +3x
b=Ilim(_y- x) = lim -X = HW —-------222-= -4
X+2 xm X +2

oldugundan y = x - 4 diz xatti ayrinin maili asimptotu olar.

11) Galisma 1-in 2-ci misalmm halli:

sokilinda qgeyri-musayyanlikdir. Lopital gaydasma gora alariq:

1
lim = Hm = lim =
i->5Vx-v3 x-»5 ¥ X-+53yfx  3vbh
2y[x

12) Calisma 1-in 11-ci misalmm halli: 17 sakilinda geyri-
muayyanlikdir.
X

y=(2-x) tg'E isars edak va onun Logarifmini alaq:

Iny = tg-l—e(ln(Z -x ) Lopital gaydasma gors alariq:



") Caltsma 2-nin 5-ci misalmm halli: y' = 4x - E>O
=> (X - (—2))(XH2>0 , x>0. Buradan funksiyanm (2—, 00)

nrtan, (0, ~ ) azalan olmasi aydindir.

I 1) Calisma 2-nin 9-cu misalmm halli:
rr 2(x2-4jc+3)(2x-4) =4(x-\)(x- 2)(x-b)

Kiiradan funksiyanm (1,2) va (3,co) artan, (-<»,1) va (2,3) azalan
ulinasi aydmdir.

I ("ahisma 3-0n 1-ci misalmm halli:
llurada y'=6x —6x =6x(x—) =0, x\=0, J2=1 Onda x<0
oldugda y' =6(-)(—>0, x>0, x<\ ongyrga y' = 6(+)(—5<0.

Immoli x1=0 noqgtasindan soldan sada kegands téramanin isarosini
musbotdan manfiya cevrilir. Ona gérs x=0 néqtssinda funksiyanm

mnksimumu var: y max= ~(0) = 0, je<l oldugda y' = 6 (+)(—<0,
\ el oldugda y"' = 6(4-) (+">0.
Dfinoli, X2~ 1 noqtasindan soldan sada keganda tdramanin isarssi

muillinden musbato cevrilir. Ona gors x=1 ndqtosinda funksiyanm
minimumu var:_Wnm=7(1)=-I.

U Cahsma 3-in 6-c1 misalinin halli. Burada

V' 2(4x2-1)8x = 16x(2x +1)(2x-1) =0, x1=0, *2=~]j,

u . ikinci tdramasini tapaq:



y"=\6(\2x~-\) j4i=0=-16<0 olduguna goéro x-0

nogtesinds  funksiyanm  maksimumu  var:  ymax=y(0)=1
y" 1 =32 >0 olduguna gora x=+— ndqtasinds funksiyanm mi-
X=t— 2

nimumu var: ymin =y(+x~) =0.

17) Calisma 4-tn 2-ci misalmm holli: Burada

y' =1 — =~L_=0x=0
1+x 1+X
y* = T, ¥x=0 =1>0 olduguna goro x=0 noqtasinda
(1+jec)2

funksiyanm minimumu var: yTTyp O

18) Calisma 4-in 7-ci misalinm halli: Burada

g _In;(:+ .I?I’},)f I__: _jiz'[g__l_r_]_)f_+{l 0, nx=-2, x= ]:
2V X X nix v 2 e
sonra., X<-4r oldugda Inxe2< 0 va y'<0 olar. x>— olduqgda
e e
2 . A
Inxe“ >0 vo >0 olar. Demasli, x = — noqtasindon soldan

e
saja keganda tdramanin isarasi manfidan musbata cevrilir. Ona

gbra x = ~ ndqtasinda funksiyanm minimumu var:
e
y yFO 2
= y%) e

19) Calisma 5-in 2-ci misalmm halli. Burada
y'=-12x3+12x =12x(1-x2) =0, xi=0, xr=-\, x3=1

funksiyanm  bohran néqgtsleridir. Bu noqtslarin har biri [ 2,2]

parcasma daxildir. Onda funksiyanm [-2,2] parcasinda on boéyik vo
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im kicik giymatlari y{-2)=-24, ><-1)=3, j(0)=0, ><1)=3, y(2)=-24
i|lymatlari arasindadir va M=3, m=-24.

'O Galisma 5-in 14-ct misalmm halli:

limuda y' = —==9-1 =0, x=2 funksiyanm béhran néqtasidir va
4x-\
e 11,5]. Onda funksiyanm [1,5] parcasinda an béyik va an kicik

lliymatleri y (=1, y(5)=I, y(2)=3 qgiymatlari arasmdadir ve M=3,
m=*l.

1) Calisma 6-nm 3-ct misalinin halli. Birinci va ikinci tdramalari
lapaq:

4x . 4(1-3x2)
el --7-y =— - [
(x2+\)2 (x2 +1Y
Ikinci téramani sifira geviran giymatlari tapaq:
1 1 1
| =0,Xt=— j=,X2 —3=, x<-—7= olduqda, 7"<0, y>-
nl3 V3 V3

oldugda iss 7 >0. x1 noqgtesinden kegands y isarssini
V/\

Iinyicdiyina goéras, absisi X\ :—/ olan nogts ayrinin ayilma
n/3

J_j/

ni3 2

MJ(Usidir. Onun koordinatlari:
Ikmci ndqteni arasdiraq:

*1 4= oldugda >"">0, *>-7= olduqda isa y ”<0. Demali, absisi
n3 n/3

I)=<J=r olan ndéqta ayrinin ayilms noqgtesidir. Onun

(_
nl3’ 2

ludrdinatlan:

a



22) Cahsma 6-mn 11-ci misalmm halli. Birinci va ikinci téramalari
tapaq:

x2-4-2x2 X2 +4
y (x2-4)2 (x2-4)2
2X(X2-4)2-4x(x2-4)(x2+4) _
y =« (x2 -4/
_2X(X2-4)-4x(x2+4) _ 2x(x2+12)
(x2-4)3 (X2-4)3

Ikinci torema ancaq x=0 giymatinda sifira cevrilir. x<0 olduqgda
y <0, x>0 oldugda iss y ”>0. x=0 ndqtssindsn keconds y"
isarasini dayisdiyina goro, absisi x=0 olan néqgte syrinin ayilma
négtasidir. Onun koordinatlan: (0,0).

23) Calisma 7-nin 1-ci misalmm halli: Birinci va ikinci toramalari

tapaq:
y' = 1+ COSX,y" = —Sinx. Ikinci téroma jc=k7t, keZ néqtelarinds

sifira cevrilir. x=ks, ke Z noéqgtalarindan keconds y ” isarasini dayisdiyina
gora, absisi JEKIT, keZ olan noqgtsler eyrinin ayilma nigtslaridir.

24) Calisma 7-nin 9-cu misalmm holli. Birinci va ikinci toromelari
tapaq:

S 37t
Y =cosx-sinx,Y - -sinx-cosx, iKinci térama X =— +kn,kKe z
y . - Bre . i
nogtelarinda sifira cevrilir. x = — +kn,ke z ndqgtslarindan
4

kecanda y * isarasini dayisdiyina gora (bn + K)K,O/j\,K e Z noqtalori
ayrinin ayilma néqtslaridir.
25) Cahsma 8-ni 11-ci misalinm halli. Saquli asimptotlari

axtarag.
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lim y = lim xex = lim — = +00,
Xx—+0 X—+) 117 >+Qot
X
1
lim y = lim xex =0.
X-»-0 X—>-0

I>im>li, x=0 diz xatti saquli asimptotdur.
Muili asimptotlari axtaraq:

1
Ly .=
K= lim —= lim ex =1,
X—G0 X X—>+00
1
1
. . ~ . ex -1
b lim(,y-x) = lim(xex -x)=lim —— =
J—>+00 X->+0D X —G0 1
= Hm £—1=1.
i=z—>0 z

X
IHtnoli y=x+1 diiz xatti ayrinin maili asimptotudur.

'® Calisma 8-in 12-ci misalmm halli funksiya har yerda kasilmaz
olduguna goérs saquli asimptotu yoxdur. Maili asimptotlari
axtaraq:

, . : T,
K\ — lim  —emeeeie - = Im J-y+1+2=3,
X —A+GO X x —+00 v x

bi= lim (n/x2+\+2x- 3x)= lim (Vx2+I1-x) =
>+H0 x—>00

X —

X2 +1 —X2
X-=
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Demali, y=3x maili asimptotdur.

+1 + 2X
. \x 2 +1 +2x )
Kr= lim lim - =1
X—>-00 X X->-00
b2= lim (yIx2 +1 +2x - xj = lim n 0.
£>-80 X_>00Vx?+l—x
Demali, y=x maili asimptotdur.
VIF8SIiL

Haqiqi dayisanli vektor va kompleks funksiyalar

Calisma 1. ifadaslari hesablaym.
24

» M T -

3) {4r+, N T,

100

1-r

9

N

7) (fi-iyfe),



"4 * +/5vif,

0-0
11) (n/3+04,

15) (1-b/n/3)6,
17) @+/n/3)(17Y

(-V2+/V2)6”

12) (n/3-1)9,

14)
vl +/n/3y

16) (1+/)D

nlisma 2. Kokin bitin giymatlarini tapin.

) V-7, 2) V-4 +/V48, 3) V-1-/V3,
o) V-7, 5) VI, 6) VV3+/,
7) V- 1+i, 8) -3—9, 9) V-27,
\0)\M >4, nynrae, 12) V2V 3+2/,

13) \1~2 +i2yf3, 14) 3/P7,

15) n/2-21,

u») 17) Al - In/3.

<ulijma 3. Tanliklari taqribi hall edin.

) x’+x2- 3=0,

") Mrctgx -1 =0,

) v 10Igx =0,
Yvi-x-2=Q

'0 »1-5x+1=0Q

1) 3@+2x2—6x+2 =0,
1) r4- 4x+1 =0,

2) x4-2x-2 =0,
4) x +3x-1=0,
6) x- yfx-2 =0,
8) x4 +3x3-9x- 27 =0,
10) x+ex-2 =0,
12) x4+3x2- x-2 =0,

14) x2-ex-2=0,
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15) x-cosx = O, 16) x3-2x-2 =0,
17) xlgx-1 =0.

NiUmunavi hsllar

) f(t)=-—1+3-j - ——K vcktor  funksiyasmm
1+/ t t
t —0 sortinds limitini hesablaym.
Halli:

I|mr(0q= |'|m(l\_t_1:: quj— In(l- 1)||2N=
° Ml +f t t

=/Tlml_t + /I|mSlnt rK']|m|—r]-(-|--_--'/-)---:
1+t ot t
zi+ j—xlim——=*+/+*

2) r'(t) =isint+jcost—k vektor funksiyasmm tdramasini

tapin.
Halli:

r\t) = (/sint+jcost- k)' - icost- jsint
3) y —x2—2x+5 parabolasina (2,5) noqgtesinds toxunanm va

normalinm tanliklerini tapin.
Halli:

| =2x-2 =2(x-1), k=yxN=2(2-1)=2
oldugundan toxunanm tanliyi

y-5=2(x-2) voya 2x-y+1=0
normalin tanliyi isa

y-5--1.(x-2) wvaya x+2,y-12=0 olar.

- - - - - - . K e -
4) r (t)=/cost+jsmt + 2tk Vint ayrisina t = ~ noéqtasindo
toxunamn va normal mistavinin tenliklarini tapin.
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Holli: x = cost,y =sint, z = 2] oldugundan x' = -sint,

K .
r cos™ z'=2 olarva t —— ndoqtasinds

x=0,y=12=;rx'=-1,j'=0,2"=2
itinru|. Onda toxunamn tanliyi
x-0_v-1 _z-T X v_Z-4d
R vaya — = —= -
-1 0 2 -10 2

niiiml mustavinin tanliyi isa
(v-0)(D+(y-D-0+(z-nm)2=0vayax-2z+2n=0
ohir.
1) x=a(t-sin/), y =a(l- cos/) tsikloid ayrisi qgdvsinin
di fcrensialmi tapin.
Ihllt:
x'=a(1- cos/), y' =asint
"blngundan

dl = nj(xH2+{y'Y dt - nJa2(1- cos/)2+ a2sin2tdt =

= ciij2(1- cost)dt = 2asin eft.

3 y-x ayrisinin eé ,OfnSqtasinda oyriliyini hesablaym.

lolli:
y' =3x2, y" = 6X, /*zj_ 4 7;'_5 =3
"Idugundan
192
K =
125 125
64
v 16

7y 32 =2(x +1) parabolasmm evolyutunun tanliyini tapm.
lolli:
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2>y'=2 1 =-; (y)2+yy' =0, y”=
y y y

minasibatlarme asasan ayrilik markazinin koordinatlanm tapaq.

/
1
le + v2
Y= y+—— y+"J'—'y3
yi

Belolikls, parabolamn evolyutu
3 2 n 3
a=2y ’>~N=_,
parametrik tonliklari ile to’yin olunur, burada y pararaetr rolunu
oynayir. y parametrini yox etsak evolyutun tanliyini

P2=~ar
27

saklinds alariq.
8) z{=3+2i va z2=1— komplcks adadtari vcrilmisdir.

z .
z{+122, zx—22, zx 2, — adadlarini tapm.
z,

Halli:
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z, +z2=B+2)+(L-i)=4+/
z,-22=03+21)- 1-NH=2+F
2,22=3+2)1-0=3-3/+2/+2=5-1/

z1 3+2/ (3+2Q1+Q_1+5 1 5.

z2 1- 1- Hh@a+o 2 2.2
'Y /3 — kompleks adadini trigonometrik sakilds yazm.
lolll;
p=43+1=2, cos™ =— ,sing? =
liundaniss = —6TI' oldugundan,
\[3z r= ﬂ cosE -+ fsin£7l'11
| 6 6

10) r;B 81i kompleks adadini Ustli sekilda yazm.

lollt:
L& T (ge=--L :
64 + 64 ~ 4
""Mugundan
3 5
8 8/_4e

1) V-8 adadinin bitin giymatlerini hesablaym.
N»/ll: fV = —8 adadini triqgonometrik sakilds yazag.
W = -8 = 8(cos™ +sinit).
<hula
cos +/sip e+ 2mK k=012,

iMiladan
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z0=1+/4/3, zx=-2, z2=1- /n/3.

12) /(x) =x3—6x2+11x- 6 c¢oxhadlisini xatti vuruglarina
ayirin.

Haiti:
3 6x2+1iX-6 K2- 5X +5x+6x- 6=
=x2(x-1) - 5x(x-1) +6(x-1) = (x- I)(x2- 5x +6).
ikinci vurugun kéklari x2 = 2,x3 =3 olduguna géra:
X3- 6x2+11Ix-6=(x- D(x- 2)(x- 3)
13) / (x) = 3x4- 5x2- 2 coxhadlisini xatti vuruglarina ayirin.

Haiti: x2 =y ovoz edok. Onda

3y2-5y-2 =0, yx=2, y2=-\ va

s, =2yl2, x34 =£-j=  oldugundan

3x4- 5x2- 2 =3(x- nl2)(x + n/2) ' X+
V3 n3

14) Toxunanlar Usulu ils x3-6x +2 =0 tanliyinin koklsrinin
togribi giymatarini hesablaym.
Haiti: [(x) =x3- 6x+2 isara edak. /'(x) =3x2-6

ifadasindan aydmdir ki, x < —nJ2 va x > nJ2 oldugda f'(x) >0
va —y[2 < x <yi2 intervalmda f'(x) < 0.
Demali, (-00,-n/2) va (n/2,00) intervallarinda funksiya

artir, (-n/2,n/2) intervalmda ise azalir. Belalikls, bu intervallarm
har birinds funksiyanm bir haqiqi kokl var, ¢tinki onlarin uclarinda
funksiya muxtslif isarsli qiyinstlor alir. Hesablamalari sads-
lasdirmak Uctin homin intervallari Kicildak. Bu sartle ki, har
intervalda uygun kok galsm.
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IUinun G¢tn her bir monotonlug intervalmin daxilinds yeni
IHI interval els secilir ki, onun uclarmda funksiyanm giymatleri
yi 1" do inuxtslifisareli olsun.

/(-3)=-7<0,/(-2) =6>0,40)=2>0

/(1) =-3<0, /(2)=-2<0, 43)=11>0
‘Miir.undan koékler (-3,-2),(0,1), (2,3) intervallarinda yerlasar.

indi (0,1) intervalmda  kokun teqribi qiymatini tapag.
| ""Minanlar diisturuna gérs alang:

-3-2 5
/(0.4) -0,336 <0 va /(0) =2 >0 olduundan kok 0 ils 0,4
nll wida olar. Bu intervala yena toxunanlar disturunu totbiq etsak
I unluki yaxmlagmani alarq:
4-0)-2
x7:0—(0’ 0) 0,8

2 -0,336-2 2,336
I . ilu basga intervallardaki koklarin tegribi  giymatlarini
W MiMumeq olar.

=0,342 vas.

I el <%ilisma 1-in 2-ci misalimn halli: z néqtasi Gglinc ribs disur:

(T
f M ‘]VZ\] +{ ZJ =\tg¢> - n/3,(p=argz = — .
An Vi0
hz=ref=le 3, Lo

AN aaney
110e 3 =e 3 =-e3 =1

1_4
2 12
lit) (,'nhisma 1-ni 7-ci misalinm halli: z ndqtasi dordinci ribs

Z=A(L2) +(-yp2)2 = 2gsp=-1p=argz= "
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Onda

.In i_kc

z=reip=2e 4 ,(V2-/V2)8=2se 4 =28 iH* =28-1=256.

17) Calisma 2-nin 3-eti misalmm holli: -1-i-s/3 kompleks ododini

trigonometrik sekilds yazaq:

-1-/V3=2(cos(-~) +isin(~~)) *Onda

n
+ 2kn B—+ 2ATT
s +isin-

k=0,1,2,3 giymatlarinds alariq:

N

. J no,.n
k=0 oldugda 112" cos- Isin

\
f 5n . . 5n\
k=1 oldugda n/2 cos— +i1sin— ,
Vv 12 12/
11 B s b
k=2 oldugda n/2 cos M hisin=2
v 12 12 J
N

k=3 olduqgda -n/2 /cos—5n+ Isin

\%

12,

18) Calisma 2-nin 12-ci misalmm halli: 2-J3+2i
ododini trigonometrik sokildo yazaq:

/ 1
2n/3 +2/ = 4]c -, /D =4 cosl+ lsi'nn—]
) 6
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(OiKia ~2n/3+21 = %4 COS --—-—-——- + /'sin —--—-—-—-

I, 0,1,2,3 giymatlsrinda alang:

K=0 olduqda n/2 cov— +isin—
v 24 24y

Bar . .
K=1 oldugda /" fcws 04 + 1stn-——-—--

K=2 oldugda - n/2 cos— +isin
{ 24 24y
B3 . . 13
K=3 oldugda - n/2| Q6 g Isin- hid
V 24 24

1"y Calisma 3-Un 1-ci misalinm halli:
luiiliyi vatarlar Gsulu ils hall edsk. Tutaq ki, f(x)=x3+x2-3, y-x3va

vV 312
y va y=3-x2 funksiyalanmti grafiklerini qurmagla asanligla

innuyyan etmak olar ki, [1;1,25] par¢asmda tanliyin bir haqiqi kéku

K.
lluradaa=1, 6=1,25, f(l)=-1<0, f(1,25)=0,5156>0 oldugdan

b-a

»1=0 f(a) dusturunagoérs alang:
f (b)—f (a)
_, L2571
0,5156 +1
) b-x\
1(1,1649)=-0,0619 oldugda X2 = Xj f(x\)
f(b)-f(xx)

Iliisturuna géro

x2 =1,1649----------—-- 41,1649 (-0,0619) =1,1740
0,5156 + 0,0619
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f(1,1740)=-0,0031 oldugdan

jo3 = 14740----1>2S~ 1>1749 -(-0ft03\) = 171745
J 0,5156 + 0,0031

Belalikls, tanliyin A=HH daqiqliyi ila tagribi halli x=1,1745 olar.

20) Calisma 3-0n 4-cu misalmin halli: tenliyi vatarlar Gsulu ils hal
edsk. Tutaq ki, f(x)=x3+3x-1, y=x3va y=I-3x, y=x3va y=1-3n
funksiyalarm grafiklarin qurmagla asanligla miayyan etmak
olar ki, [0;1] parcasmda tanliyin bir haqiqi koki var.

Burada a=0, b=\, f(0)=-1<0, f(1)=3>0 oldugundan

X\ = a - — ° — f(a) ,dusturuna gors alariq:
1 f(b)-f(a)
X1=0-~~(-\) =0,25
f(0,25)=-0,234 oldugdan, x2 = TIW
f(b)-f(x\)
distunruna géra Xo = 0,25 — — 0,234™ = 0,304
2 3+0,234
f(0,304)=-0,060 oldugundan
x3 =0,304 - 4--— — f-0,060; =0,3176.
J 3+ 0,060

Nahayat alanq ki,
xj =0,3176 - 1~0,3176 f-0,0152; = 0,3211.

3+0,0152
Belaliklas, tanliyin A=10-4daqiqliyi ila tegribi halli x=0,3211 olar.
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VIl FBSIiL

integrallar

m./()e»« /. Qeyri-mlayyan inteqrallar tapin.

b f(] 2x)e~3dx, 2) J(4 —3x)e2xdx,
M Debxdx, 4) Jxcos2xche,
'Y Jarcsinyfxdx, 6) J XX ,
SIH§X
r wijc o4 rXcos Xdx
N — 3 om
\os X sin X
) c/x, 10) \(4x + l)arctgxdx,
Jcos X 3
1) j<B8x+ 4)arcctgxdx, 12) JIn(4x2 +1)dx,
M) fxurctgxdx, 14) Jxarcctgxdx,
I 1 j(5 3x)cos5xibr, 16) JIn(x2 + x)dx,
I 1 [iirclgyfxdx.

I ,1h)nm 2. Miayyan integrallart hesablaym.

[ 0
N If\ +3x+ 2,bl «xiibr 2) j(x2-9)sinxdx,
[ ~Z
il 0
Y jfv' +5x+ 6)cosxdx, 4) |fx +1)2sinxdx,
-K
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2n n

5 ~(\-%x2)cosxdx, 6) \(x 2 - bx)sinxdx,
O @]
n 2n
7) \(x2-3x-1)sinxdx, 8) j(5 - 1x2) cosxdx,
O (@]
n 0 £
9) j(3x2 +3x+1)cosxdx, 10) J(x2 +1)e2dx,
(@] ~2
| X |
11) jx2e 2dx, 12) Ix 2eixdx,
a 0
2 2
13) Ix2Inx<&, 14) IxIn2 xdx,
1 1
2 2
15) J m—dx, 16) JxIn xdx,

X ]

a

17) Jcos3xsmlixdx.

Calisma 3. Qeyri-muayyan integrallan tapm.

1-Vx
> T Inix(x +2)
c(arccos x)2 X3
3)J A 4.1
5 k + | * o 1+X2'—dx,

106



(urccos x¥Y xdx

dx, 8)f
+x +1
X + X,
10) J——-dx,
4 J<*W A° x +1
|>/ xdx 12) J COSX dx
yIx2 - x-1 2cayx + 2s7>jx
2+ 1 2
M J(X nx) dx 1) 1 ZCOSX+3SIHX3dx,
(b8inx-3cosx)
-2
dx, 16) " %x
mx + | J x-
17y [ r -dx.
Ik +1
e iihyna 4. Qeyri-muayyan inteqrallari tapm.
2X+5 -6x2 +13x-1
hf SR 0 _dy, 3 30x2+13x-10
\' 2x-2 x+2Xx-2;2
dx f(x +X +1
o th(x+1)2° Zp (X+1) &
€. N\ H d
TR O 7k Zynx + 1nfx +2)
x5+25x3+1
n | , 8)J
1 (+3 X +5X
-2X2 +4
D[ .1 3—A, 10) 1¥32%2 %% gy,
I 13+ 4 fx-2;2x3
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dx

11) ,
X -4x +3

13) f y +?2*-dx,
X +Xx +1
r2x4—~>§(2 Il|

15) dx,

X -X

w) T
(x +x-2)

r dx
12) f 2>
(x-1)2(x2+1)2

14) \ x2~ x+9 dx,
X —5Xx+6

dx
16) 5(1 3

Caltsma 5. Qeyri-muayyan integrallari tapm.

dx
1) J fr=,
XA X -4

3)J -3 -~
JV(x2-1)3

5) f
“30/(1+ x)

7 f~ L,
JVI+e7

9 f —vy-,
J1+cos X

») f
X2V2x2-2x +1

13>h Tl =r

108

Nor X 4dx

2){ :
yX +4x+5

4)
P\ +¥x X

6) jxJT™M~NX’
"1 X

8)
J X

10) \I]_//g2x + 2<ix,

12)J® ™ £5>

X

14> m- f - .



15) ,
nix +1

17) \ Y * .. .dx
1+ x4

16) jsin6xdx,

<'alisma 6. MUayyan integrallari hesablaym.

17

) jV169-x2Jx,

N INX 4 <&

o) }Ix2V 16 -x2"cft,
6}

) j—. 5 —_ .
) EEVRITT

->) )- =
Onix+1+p/(x+1)

V2
2

) | A2x+ x2Jx,

r

0
2) f
0T](4+x2)3

dx

4) J44 - x 2dx,

6)| x2425 - x2iik,
0

8) f
) i" x2

10) \-~=d x,
gnix+1

-J(x2+4x +1)5

12) 5 9
X +x3
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4n x 15
dx,
9 34y
4
17) jx3vI +x2dx.

0]

16) Ik ' \dx,

Calisma 7. Miayyan integrallari hesablaym

2r dx
(2 + rg2x)cos2x

dx
3) f2 +cosx’
0

arcsin yfxdx
o Xx(I x)
T

7) JIx3sinxdx,

0
n

| XC/X

'sin” x
=i

I
11) Jcos3 xsin'Ixdx,

0

110

JI)Jrfcost &,

2

COSXA
D)5 Enxvsm x
1
6) |x JarctgxJx,

0

I
2

8) Jsin4dxcos2xdx,
0

n

10) jex cos2 xdx,
0

12) ~tg3xdx,

’



Jt

L5 jf X sinxdx nmn 1§tg’\x - 1ltgx + 12
o\t costx 0 4-tgx
2K “
5 B dx T
W (24 cosX)(3+oesx)’ ¥L+sinx + cosx’
n
j xsin xdx
Dl+coszx

<nlisma 8. Funksiyalarm qgrafiklari ila mahdud olan fiqurlarm
NitluNini hesablaym.

) y2=2x+1, y =x-1, 2)y-x2y =4[
X3
NYy=x ,Y=~y’ 4)Y2 =-8x +16,y2=24x + 48,
1 X2
MYy=- 1Y =— B)y =-x2,y +x+2=0,
I+ x 2

) \v~472, x2-6x +y2=0, =0, x =4,

«) v a(t-sin/), y=a(l- cost), 0</<2m,
'™Mr=x+sin2x, y =x, 0<x<4r,

MmHN2=x2(1-x2), 11) 6x =y 3-16y, 24x=y3-16y,
1) x=3t2, y=3t-13, 13) y =ex, y =e-\x =1,
N)/=x2-*4, 15) 72=(1-x2)3,

10) x=acos3 7 =asin3l 0<?<—,

2
1/) />=2a(2 + cos#>), Q<(p<n.
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Calisma 9. ©yrinin uzunlugunu hesablaym.

1)7 = 2+ Incosx, 0 < x<%, 2)7 = Insinx, %< x< 2

3) x=A~ 1<.y<e, 4)7 =4-x2,-2<x<2,
5) y9 =4x, 0<x <1, 6)y=—X2,0<X<l
2
. 7C
7) x=cosbx, 7 =sin5/, 0</<y ,

8y x=y-/, j=/2+2, 0<*<3,

9) y =ex +26, 0<x<Inyfl,
( x x\

10) 7 =2ed4+e 4 0<x<4,
\% /

11)7 - arcsine %, 0<x<1,

12) x=t2,y =t+1t3,z=t-1t3,Q<t<yl3,
13) y2=(x-1)3 2<x <5 \A) y3=x2,y =J2- mx2.
I5) 99 22=x%3 3 %P2, 16) 7 = Inx, n/3 < x < n/8,
17) 7 = In(I-x2), 0<x< -

2!

Calisma 10. Sathlarle mahdud olan cismlarin hacmini
hesablaym.

B l(’g—+y2:i,z:£jj~2x, z =0,

2 2

2) z=x2+472,z2=2, 3)(z-2)2="-+"-, =0,
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U » x’+2y2, x2+2y2+22=6,
o| jc* +5y2,z =5
9 x +y +z =16x=2,x=3

) z=2jc2+1872, z =5, 8 z=4-y2,x =Af
2 2 2

o X—+2/_+-[---=1’z=—]:z—1t
9 25 100

10) z=2x2+8y 2, z =4,

11) x2+ y2=x,22=1- x,

12) x2+y2=1x2+z22=1

13) x2+y2+2z2=1 x2+y2=x,

14)4 >, ib>*2vy = " 2- +%2 =101
a

2

1 2zz=—+—, —+"N =122
4 9 4 9

Calisma 11. 9yrilsrin Ox oxu strafmda firlanmasmdan ahnan
suthin sahasini hesablaym.

) y=tgx, 0<x<—t 2) 9y 2=x(3- x)2,
2 2
3) 7=(x-2)3,2<x<8, 4) =
a 0
5) >=sin2x, O<x<n—, 6) 7 = x, 2<x<—2,
7) 4x2+ "2 =4, 8) ji2=4+x, 0"MXx <2,
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9) y-tgx,0<x<4—, 10) y =xy[x,0 <x <1

2 2 2
11) x3+73 =43, 12) y =sinx, 0<x <n,
13) y=x2,x=y2, 14) y - ayjcos2<p,
15)7 =x3,0<x<1 16) y2=4x,0<x <3,

17) y =~ x\ 0~ x<2

Calisma 12. 9yrilarin Ox oxu strafmda firlanmasindan alman
cismlarin hacmlarini tapm.

I) x=acos3ly =06sin3] 2) y2=4x,0<x<3,
3) y=xex,y=0,x=1 4) y = arcsinx,0 < x <1,
5 ¥2=(x-1)3,I<x<2, 6)y2=x, x2=y,
7y =exnlx,y=0,0<x<1 8) y=sinx,0<x<T
9)y =x2+\,y =3x-1,

10)(7 -3)2+3x=0,-3 <x<0Q

1) y =n/2x,y =2y](x- 1)3,1<x <2,
12)7 =1 x2,2x +2j>-3 =0,
13)7 =e~2x-1,7 =e~x+1,x=Q,

14) x =e*cost, y =e‘sint, 0 <t <n,

15) x-t- sint,y =1- cost, 16) 7=4-x2,y=Q
17) X =4,7=0,1<x<4

114



I It. Birinci név geyri-maxsusi inteqrallari hesablaym.

wh:-® 22145 > rie
hi “XT, 5 f J=, 6) \e~Sxcos4xdx,
J1*x I (1+x)nJ2x J
"h o idx- 8 Ig777y 9> B
dX 00 00

H) 11) Jxe~xdx, 12) je~"xdx,
1+x +x2

3 00 | @©

II{ f 7, 14) f ~rdx, 15) fe“*sinxdk
J(l+x)3° *(1 +x) |

dx
16) \xe~x2dx, 17) f-
0 " {x*+4x+9

('altsma 14. Birinci név geyri-maxsusi inteqrallarm yigilib va
yu dagiimasini arasdirin.

,v T ox2dx ,,  rdx . T xdx
)& +Xx+r Z)\rx’ \JNA ur
4) \e~xy[xdx, 5 f : 6) fx2cosxdx,

0 s * Il* 0

"1 1 4§n ®
7) J—n(x +1)6?x, 8) Jj —+— \dx, 9) Jxcosxt/x,

1X VX X j j

0/ ~
10) jx~2e~x dx, W)\e~xldx, 12) yoRdx,
. 0 0
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dx

13) [arctEx dx, 14) yfx cos xdx, 15) f-
I JxIn(Inx)
16) jxsin xdx, 17) Jx2cosxdx.
0 0

Calisma 1S. ikinci nov geyri-maxsusi inteqrallan hesablaym.

2p xdx n 2r dx . jr dx
\JIN-4x +3 IV\j&TY
e2 j 2 i
4) [-—j=, 5) fin sin xdx, 6) f
j xsjlnx 0 0€eX- COSX

nh XK 5 B EM,, Y =

gXx —sinx JIxn/x 1(X- 1)
3 i i o} |
10) f—p =, 11) fxInxdx, 12) fxVv'dr,
, VX-1 0 1
13) 14) jjfoidx, 15) f I-~L-dx,
0 n/x 0 o*'-1
16) {-~Ldx, 17) f'v' ' 2d\.
\4 N~ - 147

NUmusavi hallar

1) |(3x2-2sinx +—4x)dx integralmi hesablaym.
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lolli;

["(3x2-2sinx + 1V x)cfe =3~x2chc-2 jsinxd!x +
+—Jx*dx =x3+2cosx +IxVx +c.
2 3

i
1 -
2) f~e*dx integralmi hesablaym.

1X
i 1 dt . .
Halit: I= ,dx=—- avazlamasini aparsaq, alariq:
X t
o dt) .
f-l-exdx= 1t7e 2 . ] € +c=e X+cC
3) Jxsin xdx integralmi hesablaym.
Haiti:

n=x, du = dx, t/v =sin xcfe, v=- cosx qabul etsak alarig:

jxsin Xdx = -xcosx+ jcosxdx =-XCcOsSX +sinx +c.

a JC—'—S
4) v A dx integralmi hesablaym.
X +4x+5
HeHi:
| =x+ 2, dx = dt avazlamasini aparsaq alariq:
r x+3 . rx+2+1 , rf+l
——————————— -dx= F--—-dx= — " dt=
IJX2+4x +5 J(x+2)2+l h2+1

1 edit2+1) f dt 1
_ U =N (r +1) +arctgt +c =
2J t2+1 V + | 2

1 :
) In(x +4x +5)+arctg{x +2) +c.

5 J —-- integralmi hesablaym.
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Halli: integralalti fimksiyam sads kasrlare ayirag.
X2+4x +4 A N B C
X(x-1)2 Xx x-1 (x-1)2
sag terafl ortag maxraca gatirak va suratlari barabarlasdirak:
X2+ 4x +4 = A(x- 1)2+ Bx(x- 1)+ Cx

Eyniliyin har iki terafindaki eyni daracali x-larin amsallarini
barabarlasdimiakla

A+B=1
«-2A-B+C -4
A= 4

tanliklar sistemini alang. Buradan tapariq ki,
A=4, B=-3 C=09.

Belolikls,
\X2+4X+4—d’x: .?4 3 o dx = 41n|n
x(x -1) x x-1 (x-1)
-31n|x —1| —+C
dx . .
6) f- - integralmi hesablaym.
JB+x)VI+x
HoHi: 1+x =t2, dx = 2tdt avazlamasini aparsaq, alariq:
2tdt |
3 dx ' dr— =2 I—[11 r-=arctg—+ C
G+ x)VI+x J(@4+t2)t 4+t 2
arctg—m+x + C.

integralmi hesablaym.
c0s4x

. dx - .
Hi>lli: t = tgx, dt = dtgx avazlamasini aparsaq, alariqg:
C0S2X
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= _ +«**)\<0p* = + =
Jobs x Yol x om x  FOT«TI<%T = (142N
-.313+/+C=|3/93X+/2X+C.

K jcos2xsin 4xdx integralmi hesablaym.
Holli:

jcos 2x sin 4xdx = ?J(sin 6x + sin 2x)dx = ?|sin 6xdx +

4 ! Tsin 2xdx = ————%—cos 6 X 1 cos 2x + C.
| 12 4

9) 1f—XdC _integralmi hesablaym.

on/x2+1
Holli: Nyuton-Leybnis disturuna asasan, alariq:

f *dx f(x2+1) N (X2+1) = nix2+1 “ =n/2-1.
o n/x2 4-1 20 0
B]u2x
10) |1 dx integralmi hesablaym.
\
n

. - dx
Holli: inx — ovazlamosini aparsag, onda — = dt, x = 1 oldugda
X

/=0 va x =e oldugdaiso t = 1 olar.
Melalikls,

1
1) Jxe™N'dx integralmi hesablaym.
0
/10/1; n=x, du=dx, dv=e XX, v=—e x goabul etsak, hisss-
hisss integrallama disturuna asasan, alang:
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1 j 1
Jxe~xchc = - xe~x g+ je~xdx = —eA- e~X

=-2e4 +1=1

12) 7 =sinx ayrisi va Ox oxunun 0 < x < 1K parcasi ils shata
olunmus fiqurun sahasini hesablaym.

Haiti: 0<x <5 pargasinda sinx >0 ve n < x<2n pargcasmda
sin x < 0 olduguna gors alanq:

Jt 28 ! Cl
S = Jsinxdx - Jsinxdx =-cosx|p - cOSXjNJ=2+2=4,
(0] K

13) x =acost,y =bsint ellipsi iloe shats olunmus fiqunin
sahasini hesablaym.

Halli:
Ellipsin birinci kvadratda sahasini hesablayib sonra 4-a vurmaq
lazimdir. Burada x-dayisani O ile a arasinda dayisdikds, t

parametri I ila 0 arasinda dayiser. Beloliklo,

M
0 2

S =4 J06sint(-asint)dt = 4ab jsin2tdt =
Z sin21

= 2ab J(1 - cos2t)dt = 2ab t- -mb.

14) x = Rcost, y = Rsint cevrosinin uzunlugunu hesablaym.
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= j\/(x")2+ (y')2dt = |n/n2sin21+ R2cos2tdt =

a 0
n

R \dt = Rt\* = 2JR
0
15) y 2= x3 yanmkubik parabolasimn koordinat baslangicmdan

(1,1) négtesina gadar uzunlugunu hesablaym.

- 3 -
llolli: y =x2, y'=-—x2 olduduna gdrs alarq:

/= jo/l + (y'fd —JJI+9 d 2 1+—x
! y 9 3 4

8
-N3-1t
27 v8 >°-M’f\
16) Markazi koordinat baslangicmda ve radiusu R olan kiranin
hacmini hesablaym.

Holli: Bels kirs, tonliyi y —+dr2- x2,- R<x<R olan R

radiuslu yarimg¢evranin Ox oxu atrafmda firlanmasindan alinir.
Belalikls,

S\R

X
V —K My2dx =71 J(i?2 - x 2)dx =7 R2X -JiR
a -R -R

17) y 2 —2x parabolasmin Ox oxu atrafinda firlanmasmdan alinan

paraboloidin 0 <x <4 parcasina uygun hissasinin sahasini
hesablaym.

Holli: y =yJ2x, y' =~j= olduguna gors alariq:
V2x
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18) x = acost, y = asint c¢evrasinin birinci kvadratmda yerlasan
govsunun agirliqg markazinin koordinatlanm tapm.

Halli: Burada

1 Tox 71 X . .
1:_,0</<§,xt:-asmt, y, = acost

2
dl = yj(x’)2+ {y\)2dt = n/a2sin2l+ a2co0s2/ = adt

olduguna géra aling:

Y v
I | 2 , 2a , Il 2
X =- 2{'xdl = — ?acos/—a<# =— sinn2 =—
10 Kr' T D &
T H
. 2 . . 2a 2
jal = — 2'[’asmt-adt = costn = —.

aa e jc

19)x = acost, y =bsin/ ellipsinin birinci kvadratda yerlasan
govsu ila mahdud olan fiqurun agirlig markazinin koordinatlarmi
tapm.

Holli:
1 71 .
S=—mb, 0<t<—, X =-asint, y. =bcost
4 2

olduguna gora alinq:



v

I 4 . .
XC = - I/txydx = Ofa cost sbsint(- asin t)dt

S nab |
21 2.
. 4a
6 fsin2tcostdt = — +—sin3/12 =
mb . n 3 '« BT
i b ry 0
y =-— fy2dx = fb2sin2/(-asin/)d/
S * mb i
lab2 & 2p ( A \p
ab t17CO0S "t)dcost = — cost————CDSJt -
‘P iy 3 J b

’O jxe xdx integralmi hesablaym.

Holli:
1 I
fxe—*cbc— lim bee =- lim —
£>-»+00 £->+<» 9
lim,
2 2 2
21) f— intcgralmm yigilmasini arasdirin.
iy
llolli: a ®1oldugda f— = ——x'~a\ = - (& a-1) oldu-
\xa \-a n 1l-or ’
o i *
gundan f— = lim (b}a - I'\ Belslikls,
ixa *>El- « r
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+ 1
a > 1 olduqda Y—X = - , yo’ni integral yigihr.

*xa a-1
+D
a <1oldugda J— = +o00, ya’ni inteqral dagilr.

|X

a =1 olduqgda JE( = Inx[* = +o0o, integral dagilir.
X

i dx
22) T . integralmi hesablaym.
oVI-x
Holli.
f = lim [- - -21imVI-x
onl/l-x 0n/l-x
=-2lim(VI-1 +f - 1)=2.
23) J— integralm yigiimasini arasdirin.
a(b —x)

Holli: a @1 oldugda

f— — =lim f— ——- = - —1lim(6-x)
I(b-x)a **i(b-x)a
1 fmeda hl g ah@ Belolikio,

a <1 olduqda, g%e “ = 0 olduguna gora
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(b-a) ,ya’ni integral yigihr. a > 1 olduqgda

(h x)a 1-a
T y ; e dx s
liiw;" “ =00 olduguna gére j— — =00, ya’nj integral
Rb-xY
diinilir. a -1 oldugda iss
i -2~ limin(z> - x(t E= -lim Ins + 2>~ ) = o0
nn f— - = - - X = - + - =
i i v y &® v "
mtcqral dagihr.
24) Cahsma  1-ni  13-ed  misalmm  halli: u=arctgx,

1 X2
tin=——Y,dV —x.V = — (qabul etssk alariq:

1+ X 2
. 2 - X2
jxarctgxdx = X- arctgx - —J dx
+ X
2
S IO
-arctgx—, ' d j
> arctgx X+ > ]+x2
x2 2 47

X X X
= — arctgx — _ y4— arctgx + ¢ = ------ —arctgx — _+¢c
2 2 2 2 2

25) Calisma 1-in 15-ci misalmm halli:

n=5-3x,du =-3dx,dV =cos5x,V = ~sinbx

gobul etsek alariq:

j/5 - 3x) cos 5xdx = sinbx +y jsin 5xdx =

5-3x . *
= sm5x COS5X + ¢
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26) Calisma 2-nin 8-ci misalinin halli:
mn=5-1x ,du=-14x,dV =cosxdx,V =sinx qgabul etsak

alanq:
2n 2 n"
J(5-1x2)cosxdx =(5-1x2)sinx + 14 jxsinxdx =
0 0
2n 2Nn
=-14 jxd cosx =-14xcosx |[Ok+14 jcosxdx =-2%n +
o] o]

+14sinx lp77 = -28nr.

27) Calisma 2-nin 15-ci misalmm halli:

e2,2 e2 , 2 q
{ Fli/de: i[/l/l2xd|nx :TlnSX T

28) Calisnia 3-Un 5-ci misalmm helli2:
f X , | dx 1 2
——dx= —I— -, - —arctgx +c
V * 4 2 \+(x) 2

29) Calisma 3-Un 14-ct misalmm halli:

r 2cosx +3sinx _ jd(2sinx-3cosx)
(2sinx- 3cosx)3 (2sinx-3cosx)3
+cC

2(2sinx-3cosx)?2
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O Calisma 4-Un 11-ci misalmm halli:

r dx f dr 2]'(\X]§ ) _:Il-y:bx

x2- 4x+3 9 ~3  w

_1r dx lrdx_l’\x-3+c
_21Jjc-3~2 2 Mx-1

17) Calisma 4-tn 13-ct misalmm halli:
X2 = t,2xdx = dt.xdx = Zidt
evaz etsok alang:
(2x +3)xdx 1 g(2t+3)dt 1 r(2?+1)+2
NoAx 4l 2 M2e/+l 2 t+t 4]

.:!.I’ 2/+1 at_l_\r dt i|I’](t7+l-fl)+
9 I'L+t+1 tA+t+1 2
d(t+—

+ t +1+1;+
J- \2

(t+é)2+

1, ..n 2 ,v 2 2Xx2 +1
+c==In(x" +x +I)+—~=arctg-———= "=

2 n3 S 3

+C

32) Calisma 5-in 1-ci misalmm halli:

dx
I JYX+ n/x2 -\)dx =~ - + ldx

m-y, burada y = Jn/X2 - 1dx. y-ni hissa-hissa

integrallasaq alariq:
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y=[47?-Xdx=xa/x2-1- T Jx = jox -1
J Jx2-1

Jn/x2-1 +J —Xxy]x2 -1 - y+/mX+n/x2 -1
nix2 -1

Buradan 2 y= xn/x2 - X+Inx +y[x2 -1

Belalikls,

r dx:
+—n/x2 -1 - —nx+n/x2 -1 +c
W x21 2 2
33) Calisma 5-in 15-ci misalmm halli:
le7 +1 = tavaz etsak alariq x2 = I2 — xdx = tdt

3 /.2
bov'n =JEI_zIM =72 aw o tc=

XX2 +1 * /

*'~2Fx2+1+c.

34) Calisma 6-nm 4-ct misalmm halli:
x=sinf avaz edsk. Onda dx=2cosftif, x=0 olduqgda, t=0, X

oldugda t= 2= . Belslikls,

Jnl4 -x 2dx = jx4-~4sin2tlcostdt =4 Jcos2 tdt =
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j@ +cos2t)dt =2 (t+sin2t) |2 =2(~ +”sinT - —sinO) : :J1

19 (,"alisma 6-nm 11-ci misalimn halli:
<cost oavaz edok. Onda dx=-sintdt, x=0 oldugda

12 T
1=2 x =™ oldugda t = . Belslikls,
2 2 4

V2 n n
r n+X, fH+cost. . .J r t. .,
FVTAA = m =pi*~ u,Mm
2
n
4
= [(A+cost)dt = (L +sint) 12 =—+ 1---—- =
2 4
=£+i-"
4 2

U Calisma 7-nin 2-ci misalmm halli:

n
cosXx,0<x <
1+ cos 2Xx 2C0S X

\cos x =
cosx,-72i’<\xé\K
osasan alang:
n

no 2 X

1+ COS2x
.J. dx = Jcosxdx + J¥-cos x)dx
J ,
2
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X

=sHo +<sta*> 1 =(1~0)+(0-(4)) =2.

37) Calisma 7-nin 4-ct misalinm halli:
t=sinx avez edsk. Onda dt=cosxdx, x=0 olduqgda t=0,

oldugda z=1. Belslikls,

* 2

n

2r B cosxdx _r_dt =I’n-/-:-§-- a _ /h4—
J57A55wXx+w X ¢)6-5t+t~ t~2 3
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noy Calisma 8-ni 3-ci misalimn halli:

X2 = 3 tanliyinin hall edsrak funksiyalarm grafiklarinin

kaSisma nogtslarinin absislarini taparig: x1=0, xr=3. Onda

¥/ 2 x3 X3 3 x4 3 n 27 9
s-P ~T T T =4
(0]

39) cCalisma 8-nin 8-ci misalmm halli:
Tsikloidin bir q6vsi va Ox oxu ile hidudlanmis saho

P 2n
g - {t)(p\t)dt = Ja(l - cos/)a(l - cost)dt =
a 0
2Ir 2K
- 62 JVIl-cosnd/ =a2 JY1-2c<m7 + cos2/,)<# =
0 0

2irt -
2. - . ..vl2ar 2 f 1+ COSIt
~a(t-2smt) 0 +a | ‘- dt



1
2Xr2 +T(t+2—5in2t) \1214* =27l +ma2 =3 7T 2 olar.

40) Cahsma9-un 1-ci misalmm holli:
y'= (2 +Incosx)' = -tgx. Onda

71 71
b . [ J— 6 4
I=Jjl +(7"2dx = Jg/l +tg2xdx =J
0 CosX
71 XL | \ 7
=Intg(—+~) =Intg(—+—)" mint
4 2 4 12 g

:Intg7}—ln\ = 1In-Jb .

41) Calisma 9-un 13-ct misalxn halli:
3 1

y =xfx-1;2,7'= - 1,)2.Onda

/= jVI+ (y)2dx = jII| +—(x-1)dx = —JIn/9x-5¢c/x
] (y") rJN 4—( ) 5

o J("9x- 5;2 9x-5>=~(9x -5)2 » 7,63.

42) Calisma 10-un 6-ci misalmm holli:
Kursnin markozindan x mosafodo olan négtedon kegan va Ox

oxuna perpendikulyar mustavi ilo kasiyin radiusu r =bl -x 1

2
olan dairo olar. Daironin sahosi S(x) = 7i(16- x j olduduna
gors almq:
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b 3 3 3
V - jS(x)dx j(16-x2)dx=n (16 x) | =
a 2 3 2

=*(39-—; = —
( 3 3

43) Calisma 10-un 14-ci misahnin halli:
Ellinsoidin markazindan x masafada olan ndqtadan kecen ve
Ox oxuna perpendikulyar mdstavi ila kasdiyi yarim oxlari.

hf S va cf $
olan ellinis olar. Kasiyin sahasi

~2 2

l—+-+cJ1- — =Tthc{l- ~\-a <x<a
a2 Vv a a2
olduguna gora alarq:
a 2 3 4
V- \7ibc(\-~)dx=Tcbc(x-~-T) \a =-—nabc.
N a2 3a2 ° 3

44) Calisma 11-in 5-ci misalmin halli:
y'=2co0s2x. Onda

n
b — 2 S—
S=2rjy-yll+~'~dx =2n jsin2x\l +4cos2 2xdx
a 0]

Ovazlamas aparaq: 2cos2x = /,-4 1w 2xJx = dt,

sin 2xdx = - —dt,x = 0 olduqda, t=2, x= - olduqda t=-2.
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liclalikla,
-2 2
S=2n J41+/" -b [/ =- jVI+/2rf

il SV 1412 4 —in(t+ 0+ 12)

2yi5+1In~~\=n(2y[5+Irr(yf5+2)).

45) Calisma 11-in 15-ci misalm halli:
y'=3x2,4 +(y'j2 = Al +9x , belalikls,

X=2njx3nh+9x4clx=" 1 +9x4 \=~(10"-1).
46) Calisma 12-nin 1-ci misalmm halli:

Burada y2=a23in6t,dx=4asirtdt,x=0 oldugda t=£,x=a

oldugda t=0 oldugundan alirig:

X 2 a a
V=n jy2dx=n jy2dx -=2njy 2dx =
Xy -a 0
0 0
=-6a3n jsin6lcos2tdt =6a3n j(l- cos21)3dcost =
n n
2 2
0
=6a3n J(cos2t—3cos/4 + 3cos6 1- cos8/)d cos/
T
2
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N
=6a n\(—eos t—gcosstH—30037t—;cosgt 0 32

47) Calisma 12-nin 12-ci misalmm halli:
2X + x2 -3=0,X =-3,% = 1 olduguna gors alariq:

*2 *2 1, 2 1
K=%J —n Jy2dx= J x \ dx JIxX4EIX

X,
72(x 1 n5i o el

'3 5 U3 3 5
48) Calisma 13-un 2-ci misalmm halli:

b f \
f'dx: nm fx 5dx = lim ix_4
~ b—®

B0 4 ©
=-——Ilimb 4 ——2 4=—
4 b—m —4 64
49) Calisma 13-tn 9-cu misalmm halli:
1 /
. 1 - .
lim . lim 1+-
#_»-go q r a—>-00\ a—>-00

50) Calisma 14-in 2-ci misalmm halli:
integralalti funksiya (-1,00) araliginda kasilmazdir. Onda

m m b, n £
= lim \~j== lim fx 2dx = lim 2-Jx f? =
j VX b—o0 j /X fe—>(D_| &->00
=2 [ha fnm- i; = 2(Noo-i; = oo.
A=

=—"m
'E 165
2
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1) Galisma 14-tn 14-ci misalmm halli:
n x,du = dx,dv = cosxdx,v = sinx isara etsek hissa-hissa

nitcgrallama disturuna esasan alanq:
» b f b \

\xcosxdx = lim x \xcosxdx = lim xsinx L —|sinxdx
n>m " =00 0

lim (xsinx + cosx) |g = lim (bsinb +cosb+1).
=0 66—

Limit olmadigina gors inteqral dagilir.

52) Calisma 15-in 1-ci misalinm halli:

intcgralti ftmksiya x=1 noqgtssinda kasilir. Lakin onun ibtidai
funksiyasi F(x)=n/x -1  (1,2) parcasinda kssilmazdir. Onda
Nyuton-Leybnis disturna ssasan alariq:

2 M= 77N~ T7 =V,
2-1

53) Calisma 15-in 9-cu misalmm halli: Tarifs gors

f o odx T dx 1 ;3

~=hT m
Vb b+, &G 0 SV

1 - ifu—I = oo. integral daguir.
2 £S0fF
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VIl FBSIiL

Coxdayisanli funksiyalar

Calisma 1. Funksiyalarm xdsusi téramalarini tapm.

1) z=—, 2) z=— 3) z = arcctg—,
X X -y X
4) z=—+Yy, 5z = x-yfy + yyfx, 6) z = Xy,
X2+y2
7 z=In(x+x2+y2), 8)z = xe~yx, 9)z =In/g—,
10)z = sin—cos—, 11) z = xy\n(x +y), 12)z = (I + xy)y,
Yy X
X 1
13) z = In(x + In>0, 14)z =e vy, 15)z = arcsinxjy,
16) z=x3+5xy2-y3, 17)z = In(x2 + >2).

Calisma 2. Funksiyalarm tam diferensialmi tapm.

1) z=x2>4—x3y3+x4dy?2, 2) z = ,
X-y
X )<2+72
%3 z = arcsin—, 4) z = —r-,
Yy xI -yl
5) z = arctgxy, 6)z = x2 3,
7))z - Tjx2+y2, 8)z= x+y2,
9) z = pglnxy, 10) z -
) Aln xy ) N
X-J> X -y
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1" z- xykixy, 14) z = x2+xy +y 2,
15) z=xy3~3x2y2+2y4. 16) z=~In(x2+y2\
11) z = sin xy.

. . dz -
<ultima 3. Funksiyalarm T téramalarini tapm.
); X2+xy+y2,x=t2,y =t,

-yIx2+y 2,x = sin/,Y =cost,

Yz=—x=e‘,y=1l-e2,
X

-) z=x2y, x =sin/, y = cosr,
r= _yln2x, x=/3,7=2-t2,
(® z=arcsinxy, x =t,y = e,

7) z=tgy(3t+2x2-y), x=j-, y=4t,

Kz =arccos(x +7), x =3/, y = At3,
D)z =ex~2y, x =sin/, 7 =/3cos/,

10) z=In(e* +ey), x=1/2,y =/3,

Iy z=x2y}, x=/, y =12,

12) z=x2->"2, x =tcost, y =t2sint,
13) z=xr,x=t2,y =2-t,

4 z=—x=1-e", y —°,
Yy

15) z = xey, x=t2,y =l +e",
16) z = arcsin(x- 7), x =3/, y = At3,
17) z = ex2y, x —sin/, 7 =/3.
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d
Calisma 4. Qeyri-askar sakilda verilen funksiyalarm Y tore-

malarini tapm.

1) x2+y2- 4x+6y =0, 2) xBy-yeX=0,
3) x2+y2~\0y =0, 4) x3+3- 2axj =0,
5 £V -*4-/=fl4, 6) xy- Iny =0,
7) yx2=ey, 8) yex+ey =0,
9) ex- xy=0, 10) x2-4y2-4=0,
£

1) xy+Inxy =0, 12) >+ x = ex,
13) 2cos(x-2jl)=2j-x, 14) 2sin(x +2y) =x-2y,
15) x4+ 3x2y2- 2y2+5 =0, 16) xey+yex-e”™ =0,

2 2 2

17) x3+y3=a3.

Calisma 5. Funksiyalarm d 2z ikitartibli diferensialim tapin.

1) z = X2 y—xy2 +3, 2 z=-e*,
7
3) z =xy~—, 4) z=x- 3siny,
X
N f Vv
§§l z= 6) z= — ,
X+7 \x)
7) 2=T7n/x+-"=r, 8) z = arctg-yjxy,
ny
Y
9) z =arctg—, 10) z=¢e
X
11) z = In(x + Ax2 + j>2) 12) r =y bx,
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1y z=1-J(x2+y2f, 14) z =1In
Jx2+y?2

X2 -y*

15) z = arcsin.
X2+y?2

16) z =xsin2y,
17) z*=ev.

<'alisma 6. Taqribi hesablaym.

) (0,96)2(1,02)3, 2) (0,98)105  3) 1,03-9,98,

4) NI2+ (2,02)2tg44°, 5) V(2,01)3+ 117,1,

6) (6,03)3sin 29°, HA\n(\1T+41L ~\),
f102~

8) (1,04% 9)

10) A/sin21,55 + 8e 0015, 11) 1,024 05,

12) In((0,09)3+(0,99)3) 13) n/1,022+ 0,052,

14) y]5e0@ + (2,03)2, 15) pn/(1,04)19 + In1,02,

16) (1,08)39%, 17) " "49""[‘;/90’07
(2)

Calisma 7. Funksiyalarm ekstremumlarmi tapm.

1) z=2x3+xy2+5x2+j2, 2) z=xy2lex —

3) z=x3+Y -15xy, 4) z=4-yj(x2+y2)3,

5 z=<Zdx +y2+27), 6) z = (x ty)e~(xty),

X
7 z=2xy-4x-2y, 8)z =e2(x+72)

9) z=x3+8y3-6x7 -5 10) z="/x-y2-X+6y+3
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11) z = x3+y2- 3x + 4yfp~, 12) z=(x-yf +(y-1)2,
13) z = x3+xy2+6XYy, 14) z = (x2+y\[e™*,
15) 2:31ng+ 2Inj/+1In(12-x-y),

16) z = 2xy-3x2-2y 2+\0, 17) z=4(x-y)-x2-y 2.

Calisma 8. Funksiyalarin sarti ekstremumlarmi tapm.

1) z=i +—,x+7 =2 oldugda,
Xy

2) z

X +y, —-4—r-= — olduqda,
X y 2

Xy, 2x+3y-5=0 olduqda,

3) z

4) z=x2+y2,"-+j =1 olduqda,

5 z=—+—, -y +-7 =1 olduqda,
X y X y

6) z=2xy, x2+y2<1 olduqda,
7) z=arctg{x2-xy +7),[-2 <x<2,-3 <y < 3] olduqda,

8) z=sinx +sinj +sin(x+.y), O<x<?,0<y< 5

olduqda,
9) z=cosxcosycos(x +y), [0 <x<4,0<y<ga] olduqda,

10) z=x2+y2,(x-V2)2+(7-n/2)2<9 oldugda,
2 2

11) z =x2+y 2, + -1 olduqda,

12)r=d ~x2-y 2, x2+y 2<1 oldugda,

13) z = (x- y 2]ftj(x-1)2, y2<x <2 olduqgda,
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14) z = e~"~\2(2x2+ 3y 2), x2+y 2 < 4, olduqgda,
I'9z =x2+3y2- X+187-4, 0<x <y <4 oldugda,
<)z = Xy, x2+y 2= 8 olduqgda,

17) z=e"’, x+ =1 olduqda.

Ndmunavi hallar

1) z=yjl-x2-y2 funksiyasmm ta’yin oblastini tapm.

IMIi:

Mu funksiyanm ta’yin oblasti markozi koordinat baslangicmda
ycrlosan vahid radiuslu qgapali dairs, ya’ni x2+y 2 < lsartini
(kloyon (x,_v) nogtslari ¢oxlugudur.

?)  lim—==="Lr— limitini hesablaym.
SSi/M+i-1
Holli:
lim-, ¥ = lim +
Onjxy +1-1 (Ixy +1 - D)(a/xy +1+1)
Ixn~r ~ 10 Im(viw !l t]) 1
29 X )

I) z=x2+ 72 funksiyasmm kasilmazliyini arasdirin.
/1>, Bu fimksiya (x,_y) doyisonlorinin bitin giymstlarinda
liKilinezdir. Dogrudan da istanilan x va y, [Ax va Ay (giin

Az = ((x+AX)2+ (y + Ay)2)- (x2+y 2)= 2xAX + 2yAy +

I X2 + Ay2,
olar. Demali,
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lim Az=0.
=y
1 . . " Lo
4) z —m funksiyasmm kasilma ndqtslarini tapm.
je-y
Halli: Bu funksiya y = x diiz xatti Gizarindaki néqtolordan basqa
har yerds ta’yin olunmusdur. Buna gdra da funksiya y = x diz
xatti tzarinda kasilir.

y . - .
5) z =arctg— funksiyasmm xususi téramalarini tapm.

X
Halli:
1 'v) * r Y 2y ,
1+ryn*UA X2+y2 X +y
\1J
ryn X .
2y=- \2 X 4y X X +y?
1+
6) z=c¢e funksiyasmm tam difcrensialmi tapm.
Hiflli:
Z=¢€ (jc2 + y2)x =2xex’
zy =eXW B?g+ y2)v=2yexl
oldugundan

dz ~ zZ'xdx + z'ydy = 2xex #=dx + 2yex +y dy

= 2exl+r (xdx + ydy)

7) z =ex 2y, burada x =sint, y =t3.z\ tapin.
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thill:
X =e*-2>(X-2y)'x =e*-2y,
7y =ex2y(x- 2y)y =-2yex2y
X[ = cost, y\ = 312
nldugundan
2\ = X' + 7y o> = ex2ycost - 2yex2y «3t2 =

= ex2y(cosl - 6yt2) = esnmi~2p(cost - 6t5).

H z = x2y funksiyasmm ikitartibli diferensialini tapm.
Holli:
I'X=2xy, zn = 2", Iy = x2, '™ =0, z™ = 2X
nldugundan
d 22 = z’\-dc2 +2zX%dxdy + z’\ydy2 = 2_yd>c2 + 4xd'xdy +

+0edy2 = 2(ydx2 + 2xdxdy).

9) 11,0230 adadini tagribi hesablaym.
Holli: z =xy funksiyasina baxaq. Tam diferensialm taqgribi
lu-sablamalara tatbiqi disturuna goro
(X+AX)N » Xy +(XY)XEMC+ (XYW by = Xy +yXy>AX +
+ XM Inx « Ay
Inlag ki, x =1, y =3, onda, Ax = 0,02, Ay = 0,05 olur.
Bclolikls,
10230 * 13+ 3134 0,02 + 13+In1+0,05 = 1+ 0,06 + 0 = 1,06.
10) M (1,1) néqgtssinds z = x2- y 2 funksiyasmm  gradiyentini

tapm.
Holli:

'x =2X, Zj, =-2y, (z'x)M = 2, (z'y)M = -2
oldugundan

143



gradz = 2i- 2j =2(i - j).
11) z = je3 -bx2y + bxy2+1 funksiyasmm M (3,1) ndqtssinds,

hamin noqgtaden N (6,5) ndgtesina yonalmis istigamsat Uzra
téramani tapm.

Halli: MN vektorunu va onun yonaldici kosinuslarmi tapaq:
MN =(6- 3)7+(5-1)7 =31+47

3 3 4 4
cosa =—= = =— COSp - =—m

n9+16 5 n9+16 5
Xususi léramalarin M(3/) nogtasinda giymatlarini hesablayaq:

X = 3x2- 6xy+ 372, 2'v=-3x2+ 6xy
(ZX)M=27-6-3-1+3.1 =12,
(zy)w =-27 +6-3-1=-9
Istigamata gora térems disturunda
m= (z'x)m COSa + (z'y)M cos P

bu giymatlari yerins yazaq.

& 5 5 5
12) sin(x +y) + xy —0 verilmisdir. y' -i tapin.

Halli: F(x,y) =sin(x +y) + xy isaro edsk. Onda
Fx - cos(x+y)+y, Py- cos(x+y)+x oldujundan
,= _K_ 7+ COS(x+7)
Fv X +Cos(X +Y)
13) ez -xyz =0 verilmigdir. zx, Zy tapin.
Halli:
F(x,y,z) =ez-xyz isars edsk. Onda F' =-yx, Py =-xz,

Fz =er -xy oldujundan
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K myz yz _  Z
L K e -Xy Xyz-xy x(z-1
K -X1Z XZ z
F’ ez-Xy Xxyz-xy y(z—
14) 1+ xy-\s\(exy +e~v ) = 0 verilmisdir. y' va y" tapm.

Holli: F(x,y) = 1+ xy - \n(exy + e~¢") isaro edak. Onda

yev -ye~v 2ye~v
K =y
er+e” g*+e~*
- xen-xe-»  2xe
Y eN+en ew +e~xy
oltlugundan
2ye ™
F A ten y
y=-_ T
Fy 2xe X
exy+e”n
M)
2 z4
F o= Yy Xy'y y Xy
X. X2
1B) xyz-x-y-z-0 verilmisdir. dz -i tapm.
IfitH: F(Xx,y,z) =xyz-x -y —z isara edak. Onda
Fx=yz-1 Fy=xz-1, F’=xy-I
, Fx yz-1 ; Fv xz 1

2" =--4
f; xy-1 y FI xy- 1
oldugundan
dz = z[dx + z" dy ((yz - D<ir+ (xz - 1)dy)
1- xy
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fu vy +2=0 o
)y ~2 9 verilmisdir. y'x vo z* tapm.
[x2+y2+2z2=1

Holl: y' ve ZX tapmag Ugln bu sistemi x-s nazeran
diferensiallayaq:

(I+yx+z'x =0 \y'x+zk=-1

2X + 2yy'x+ 2z22'x = 0 iyy'x+ ZzX = -X
Buradan alariq:

N

yk=2% zi=AX
-2 z-y

y *z.

<

17) z =x3+y 3-3xy funksiyasmm maksimum va minimumunu
tapm.
Halli: Bohran nogtalarini tapag.

z; =3(x2-j) =0, z;= 3 (/-x)=o0, z; =2z;=-3
[x2-y =0
[y2-x =0

Buradan Xj =0, yx=0, X2=1, y2=1olar.
Indi bohran néqtalarinin xarakterini arasdirag:
My (0,0) néqtasi tclin

n=41 =0,B-<Ul =-3,c=r1;|n =o,

O=AC-B2=-9<0
oldugundan hamin néqtads funksiyanm ekstremumu yoxdur.
M 2(1,1) néqtesi Uglin

0=6-6-9 =27 >0
oldugundan hamin néqtads funksiyanm minimumu var:
minz =zL=1 =1+1-3 =-1,

_v=l
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IK z = x +y funksiyasmm x2+y 2 =4 sartinds ekstremumunu
tapm.
lolli: Lagranj funksiyasmi qurag.
F(x,y,N)=x+y +A(x2+y2-4)
wu onun béhran négtolorini tapaq:
F/'=1+2/1x=0, PFy=\+2Xy=0

1+ 2/ix=0
ml+2/ty =0
X2+y2=4
sistcmini Hell edsrak.
X, =-2,], =-2, N, = X2=2,y2=2,J2=—1 alariq.

N\x=2/1, Fy —0,F" = 211 oldugundan
d2F = Fdx2+ 2F/~dxdy + FAdy2 = 2A(Mc2+ ¢ 2)

1 2
4 =— oldugda d F>0 olar vo bu halda M,(-2,-2)

négtasindo funksiyanm sarti minimumu var:
minz=zL=2=-2-2=-4

N, = ——olduqgda d 2F < 0 olar vo bu halda M 2(2,2) négtasindo

linksiyanin sarti maksimumu var:

minz:zlvf_?zz2+2:4

199 z=X2+y2—-12x + 16y funksiyasmm X2+y2<25

dairasinds on bdyik vo on Kigik giymotlorini tapag.
llolli: Bohran nogtslarini tapag.
’X=2x-12=0, z; =2 +16=0

f2x-12 =0
[2y + 16 = 0
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buradan x = 6, y = -8 alang.
(6,-8) bohran noqgtesi x2+y 2 <25 dairasina daxil deyil. Bu

halda funksiya an bdylk ve an Kicgik giymatlarini x2+y2 =25

cevrasi Uizarinda alar.
Lagranj funksiyasmi qurag.

F(X,y,N)=x2+y2~12x + 16y + 1(x2+y2-25)
va onun béhran négtslarini tapag.
FX=2x-12+2x=0, Fy=2y +\p+2/ly=0
2x-12 +2x =0
-2y +16+2/ly=0

X2+y2=25
sistemini hall edsrak
X =3,y, =-4, 4 =1x2=-3, =4, N2 =-3 alariq.
Serti ekstreraum Uclrn tapdigimiz M, (3,-4) va M2(-3,4)
nogtelarinds funksiyanm giymeatlarini hesablayag.

zU =9+16-36-64 =-75

1v=-4

Z|¥x=3=9 + 16+ 36 + 64 = 125
V-4

Demali, funksiyanm en boylk giymati 125 va an kigik giymati -75
olar.

20) Calisma 1-in 6-ct misalmin halli:
Burada

'y = (xy/x =yxy~"Nzy = (xy Yy = xy Inx
21) Galisma 1-in 13-ci misalmm holli:
Burada
z' (x4yY = 4y Y
i/l -x2y -Jl~-x2y V ~ x2y
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1
z' (xn/™)' = 24y = X

4  x2Y 4 x2y 24y~x2y?2
"I (;'nlisma 2-nin 6-ci misalmm holli:
Mnmitula

12 3y 3 1 42 3 2 2
2x X y%y ~ a2y’ Ll y®) =3’y
I hula
ib Zxdx+Zydy = 2xy3dx + 3x2y2dy = xy(Zygdx + SXZyZdy)
11 (,'ahsma 2-nin 9-cli misalmm holli:

liviada
zX =(y[bixy)'x =~ j =
2-yjinxy  2ydn xy
Zy=(pnxyly = =
2-JInxy  2xdn xy
()uda
) ' - dx d xdy +ydx
it =rgdx+z'dy =— - —

+ -
2ydhnxy  2xijlnxy  2xyyJinxy

24) Calisma 3-0n 4-cl misalmm holli:
Iturada

i = Z'rxj + Z'v.y disturundan istifedo ctsok alarig:
i
dz,

2 .
dt.: x<vcost-x eysint.

25) Calisma 3-Un 12-ci misalmm holli:
Burada

d
d: = ZxXt + z2'y't disturundan istifads etsok alariq:
y
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=2x(cost-tsint)-2y(2tsint +t2c:ost) voya

dz
dt
d 1

FZ =2(x-ty )cost-2x(t+2y)sint.
t

26) Calisma 4-Un 11-ci misalmm holli:

Burada
" 1
F(x,y) = xy +Inxy,Fx =y PR *1
Xy X
Xy + |

|J_jl Xy + 1 onda dy . Px_ x . _ .y
y y dx Fy Xy +1 y

Yy

27) Calisma 4-Gin 13-ct misalmm belli:
Burada

F(x,y) = 2cos(x- 2y) +x- 2y, Fx =-2sin(x- 2y) +1
Fy =4sin(x - 2y) - 2
Onda

dy  Fx _ -2sm(x-2>)+1_ 1

dx Fy 4sin(x-2y)-2 2

28) Calisma 5-ni 3-ct misalmm belli:

Burada
2" =y n o5k T T >
X X
1 1
Axy ~ 2’y ~ T onF
Onda
2 R

d2z = zxxdx2 + 2zxydxdy+ zyydy2 =—"~dx2 +2 IH—" dxdy.

vV, + Kyl
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MI1 1h,.ma 5-in 10-ct misalmm halli:
Mill *(s 111

<
<
o
—

Yy Y Yy
R te 2 Y
\x~
A A Y
e X Y +e X J — 1 1
X2 2 VX X J
Y
J 1 1
X Jxv (L*)) 9 Onda
X X X2

zxxdx2 + lz~ydxdy +z iydy2 =

(y2- 2x y™dx2 + 2(x2 - xy)dxdy +x2dy2j .

' (,'alisma 6-rnn 9—;:[] misalmm halli. Burada x=1, y=I, Ax-

\y 0,02, z = arctg —« 0,785 .0nda z = arctg —
\y 4 X

jzlx  x4v

2 2

Az& dz m'XAX + Z'VAY = - ’ ’
XT+7 X~ +y

1-0,02 + 1-0,05 y
:0,035. Uygun olaraq
1+1
. f102n
iirctg m + Az « 0,0785 + 0,035 = 0,82

v0,95y



31) Calisma 6-nin 10-ct misalmin halli. Burada

X = Y y =0,Ax =0,021,/ly = 0,015,2 = \\Jlsin2-2 +8e° =3
Onda

z=-Jsin2x +8ey Az &dz - ZxAx+ Ay=

_sinlxAx +8eyAy 8-0,015 _

sin2 x + 8ey 6
Uygun olaraq

m\jsin2 1,55 +8e0,0 =z+1zlz=3+0,02=3,02.
32) Calisma 7-nin 9-cii misalimn halli. Burada

X =3x2 -6y =0,z'y, =24y2- 6x =0
X1=0,¥1=0,X2=1,Y2=—
NEX —6x,ZXy — 6,Zyy —48y

=o0,zxy = —$6,z2%y = o

(0,0>z7~(0,0)-(zIly)2=0-36 <0

olduguna gore (0,0) nogtssinda funksiyanm ekstremumu
yoxdur.

4d=rk,a”) =6r'x>C ¢ =24

1 1 .
z™Ma-; =6>0 olduguna goéra (1,—) ndqtasinds
funksiyanm minimumu var.

rAN = Z(">2n ~ 4
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33) Calisma 7-nin 11-ci misalmm halli. Burada
Ix =3x2-3=0,2'y =2y +2y[y™ =0
=1, yi=0, X2=-I,

(1,0) ve (-1,0) nogtelari funksiyanm va onun Zz'x,z'y Xiisusi

téromalorinin tayin oblasti (-00<x<00,0<y<00) daxilinds deyil,
onun sorhoddi Uzorino distrlar. Buna goro do (1,0) vo (-1,0)
héhran noqtalari ola bilmazler. Bu halda da funksiyanm
ckstrcmumu ola bilmoz.

34) Cahsma 8-in  3-cti misalmm holli.
u=xy+A(2n'+3y-5) Lagranj funksiyasma baxag. Onda
Zxy +21,7'y =jc+ 31 vo

X+21=0
*x+3/1=0
2x+3y-5=0
Sistemindon tapang ki,
5 5 5
n= X ==Yy = —.
12 4 6

5 5n
Aydindir ki z=xy funksiyasi f—,— noqtosindo on boyuk

. 25
giymot alar: zmax = —

35) Calisma 8-in 10-cti misalmm holli

usje2+y2+ A((x - n/2)2 + (y - n/2)2 —9) Lagranj funksiya-
sma baxag. Onda

Ux =2x + 2A(x - nf2),u'y =2y + 2A(y - n/2) vo

153



X+N(x-41)-0
y +A(y-nJ2) =0
(x-y[2)2+(y-J2)2=9

N

Sistemindan tapanq ki, x—y=2\£71 = — Ve z=25, X=y=

20=1 Ve z=I. Belslikle funksiya
2! 3 2 2

noqgtasinds en boylk giymat alar: zmex-25. Aydmdir ki,
funksiya (0,0) noqgtssinda an kicik qiymat alar: zmm=0.

IX FBSIL

Diferensial tanliklar

Calisma 1. Diferensial tonliklarin Gmumi hallini tapin.
1) (xy2+x)dx+(y - x2y)dy =0,
2) (1+2y)xdx+ (1+x2)dy=0

3) xy(l+x2y'=1+y2, 4) ev(y'+\) =\,

5) (n*Y - yfx)dy +ydx =0, 6) (L+ex)yy' =ex,

7) yegdd k- (I + e2¥af)>= 0, 8) (e* +3)j/ =yex,
9) 2xdx - ydy = yx2dy - xy2dx, 10)y(1 + Iny) + xy'=0,

11) ylny +xy'=0,
12)20x66¢ - 3ydy = >ydy - 5xy2dx,
13) gl- y2dx+yyj\-x2dy =0, 14) xyy' =1- x2,
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B)xy'+y =y 2, 16)y " = exty,
17) y'tgx = 1+y.

(;alisma 2. Diferensial tanliklarin Gmumi hallini tapm.

1) 2y'=— +2—+2, 2) y'=x+y ~\
X X x-1
QY =£+25 4) Xy'=Njx2+y2 +y,
X-y
S) xy' =3y/x2+y2 +y, 6) y' =~ -2,
X
) xy'=yin—, 8) y2 +x2y" = xjy’,
X
Jy = JZ-T3, 10) y =_3j;+3
4x-y-3 2x+y-T
1) xy'=xsin—+y, 12)y'= A~
X X -y
13) y'=- +XZ, 14) (4y-3x-5)y' +7x-3y +2 =0,
y

15) (x - 2y +5)dx + (2x - y + 4)dy =0,

) xy’-y' =JIx2+y\ 17)/ =~ N

Calisma 3. Diferensial tanliklarin iimumi hallini tapm.

) xy'+2y =x2, 2)y'- ytgx =
COSX
3)y' +x2%y =x2, 4)y'-Inx = —,
X
5) y'+—y =x3, 6) y'- —=xsinx,
X X
7) y' +ytgx = c0os2X, 8) xy' =2y - x3,
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9)/-& =%, 10) x/ +>=1nx+1

X
11) y'-y=e\ 12) xy'+ y=3,
M)y “+-2 +y2-=0, 14) dy + 2ydx = 3xdy,
1+ X
15 16 '+ 2Xy = 2Xxe~X ,
) N « )y y

17) Y + y= cosxX.

Calisma 4. Diferensial tanliklarin Gmumi hallini tapm.

1) xy'+y =2y2lInx, 2) xy’-y =y2lnx,
3) 3(xy’+y)=y2Inx, 4) xy'-4y-x2yly =0,
5)/+2"- A~ 6) /+ -T XY ,
X  COoSs X X
7) y'+ycosx =sin2x, 8) y'- 2xy=(x+Dex ,
9) / =xY -xy, 10) xy' +2y = Xsy 2,
11) x2y'=xy+y?2, 12) y'- ytgx = ctgx ,
13)y"(x2y 3+xy) =\, 14) y-/cos =y2(1l- sinx)cosx,

15) 2xy +(x2+y2)y'=0, 16) y'+ 2xy = 2x3y 3,
17) y'-ytgx +y 2cosx =0.

Calisma 5. Diferensial tanliklarin tmumi hallini tapm.

1) (x2+y)dx - xdy =0, 2) (x2+y2+2x)dx = 2ydy,

3) X1 +xy)dx - xdy, 4) (x3+ 3xy2)dx + (y3+ 3x2y)dy =0,
( X/ f 2

5) \+ey dx+eyg-—dy=0, 6) jx-Z—dy=0,
\V; ) I I X X

7) 2x3ydy + (3x2*2+1)dx =0, 8)(Iny +2x-\)dy-2ydx =0,
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9) (5xy2 - x3)dx + 5x1ydy =0,
10) eydx + (cos_y + xey)dy = 0,

/ \
11) Y ldx  , ,dy=0,
X +y X" +y7
" 3 /N :
12) PR dx-~jdy =0,
\Y / X

13) 9-Y dx+3My =0,
X

14) 3x2eydx + (x3ey - Dtfy = 0,
15) 2xcos2jdx: + (2>"-x2sm2_y)d); = 0,
16) eydx + (xey —2y)dy =0,

17) —dx + (y 3- Inx)dy = 0.
X

(alisma 6. Diferensial tanliklarin tmumi hallini tapm.

) xV +x2y =0, 2)/= _ 1 | 3) 2jll=(/)2
COS X
0 A/F +2%v = 5)(YJ2 +xy'=x2, 6)/>3=I
7) IVgx =/ +1, %)y”+4y' =0, 9)y”+4y =0,
10) / +3/-4x =0, [1)/"-4] +4n~=0,
12) xy"-y' =eX2, 13) yyjl + (y")2 = y\
14) x~N'sin/, 15) y - xsinx,
16) y":y’\'+*x l-n ...-Jnnl
X
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Calisma 7. Diferensial tanliklarin Gmumi hallini tapin.

Vy7+ly’+ =f{x\ Ox)=1-x2 f(x) =ex(bx2+x +1),
[(X) =2co0sbx + 3sin 5x olduqda,

2) [ 4] +4y =f(x), f(x) =3-4x2 f(x) =eXx(3-x2),
f(x) =e2*sin 4x, oldugda, 1
J y'+2y' +] =/(X),/(X) =2%x2- x+ 3, f(X) =xe3

f (x) =x2 xsinx, olduqgda,

4) y"-2y'+y =1 (X), f(x) =x3- x+1, Ox) =ex(I|-x),
f(x) =sinx+  cosx oldugda,

5) y"+9y' =f{x), fix) =6x2+3, / (X) = ev(6X +5),

f (x) =sin xcos2x oldugda,

) y" - 3y' +2y =f{x), f{x) =x2+2x +3,

f (x)=ed x 2+x), f (X) =2sin 2x + cosx olduqgda,

7) y"'+3y' +2y =fix), fix) =5- 4x2,/(x) = 2x2e3X,
f(x) = 24sin2x oldugda,

8) y'-3y'-10y=1f (X),fix) =x2+1f (x) =e*(x3- 2x2),
fix) =sinx+ 3cosx oldugda,

9) y'+Ty +12y =/ (X),/(X) =24x2+16x-15,

[ (X) =eX(x2+1), fix) =xcosx oldugda,

Ll y”-6y' +\3y =fix), fix) =x2-X,

fix) =exix2-5x +2),fix) =e~xsinx olduqgda,

11) y" +4y' +5y =[1x), fIx) =5x2- 32x + 5,

fix) =e~x+e~-2xf (X) =sin 2x + 2cos 2x oldugda,

12) 14 -2 1 +5y="fix), fix) =4x2+1,

[(x) =(20x +\4)ex,fix) =2cos7x + 3sin7x oldugda,
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1) y"-2y' +10y =fix), fix) =3x2,/(X) = XX,

MO =sin2x- 2e~x oldugda,

1) y"+4y'+  =fix),fix) =2ix2- 4),

[(,) =(6- 6X)e Xx,fix) =6exsin 2x +e~x oldugda,

I') y- 7y' +6y' =fix),fix) =2-5x2, fix) =5xe~2x,
| (X) - ex(3sin2x - 2cos 2x) olduqda,

10) 2y" +y'-y =fix), fix) =(x-1)2,/(x) = 2ex,

[ (X) =3x + 5sIn 2x olduqda,

17)5/ -6/ +5y =/(x), /[(x) =5(x +2)2,

3

[ (X)=4xeA | (X) = e5 CoSX oldugda.

) xdx +ydy =0 tanliyini hall edin.

IM 1i:
[xdx + jydy - °
2
ﬁ H )7 =£ Vo ya x'2+ vZ
2 2 2
)y =(@+y2)cosx tanliyi hall edin.
HitHi:
=(l+y2)cosx, m  =cosxdx, f— - - jcosxdx:
dx 1+y J\+y J

arctgy =sinx+c, y —tgisinx +c).

) —=(X+Y)2tonliyini holl edin.
X



Haiti: z =x+y avaz edsk. Onda

do=axeay, =1+ g [« faxe
dx dx \+z~ h+z2 J
arctgz =x+c, vaya z=tg(x+c).

z -in yerina X +y yazsaq, tenliyin Umumi hallini alariq:

y =tg(x +c) - x
2 2
X
Y tanliyini hall edin.
Xy
H: y = xz avaz edsk. Onda

d dz dz 1 dx
—=Z+X— , Z+X—=21—,zdz-— .
dx dx dx z X

jzdz = J— + Injxj

2
—=Inx|+Inc vaya z :Inlcx’

z -in yerino — yazsad, tanliyin imumi hallini alarq:
X
1= xJJnjcx~

5) y -2 —=x tanliyini hall edin.
X

Halli: ©vvalca y' = 0 bircinsli tanliyini hall edak.
X
dy 'y dy;y_y dy.,.dx ¢dy _ jdx
dx x dx x vy Yy

I yj = Injx| + Injcj veya y —cx
Tutag ki, ¢ = ¢(x). Onda
Y CE%, — - — xR0 Hepséh
ax

dx dx



X900 gy SO 2 80003
dx X dx

dc(x) =x2, Jcle(x) = jxdx +cx c(x) = x3 +cC,.

Mdolikls, verilmis tonliyin imumi halli
x4
4

+ C.X

olar.
® (2x - 3.y2)dc+ (3y2- 6x)p = 0 tanliyini hall edin.
lHolli: M= 2x - 3_y2',N = 3y2—.6xy, AM =-8y =87N
ay nx
oldugundan

— =M =2x-3y2

ax
nuinasibatindan alanq:

m=|(2x - 3y2)dx + d(y)

n=x2-3xy2+c¢(y).
(P{y) -i tdyin etmsk Ucln axmnci ifadeni vy -9
difcrensiallayag.

~ =-~6xy+¢'(y) =N
ay
-6Xxy +<p'(y) =3y2-6x, (ply) =3y2

<P(¥)= f3y2ay-c =y 3-c.

Uclolikls, tanliyin tmumi halli
X2-3xy2+y3=c¢

olar.
7 (y'Y —005+y"'+2=0 tanliyini hall edin.
Halli: y' =ak, k=1.2,..,y = jakdx4c, =ak+c vaya

nazarsan
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x ~ y asasan bu tanliyin Gmumi halli

\5

y-c Yo L5 A 4220

olar

8) y-yjy' -1 =2 —y" tonliyim hall edin.
Holli: Tanliyi y -8 nazaran noll edak.
2-Y

y' =p qabul edek. Ond
2-p

2(p-\y
rlalikls, tanliyin parametrik sakilda halli

1 2-P
X=-T +c, Yy
yfp~l ! T

olar. Buradan P parametrini yox etsak tenliyin Gmumi hallini alariq:

9) x = (/) 3—y"' —1 tanliyini hall edin.
fi»lli: y' = p qabul edak.
Onda

x=pb-p-l, dy=y'dx=pd(p3—y—l)=p(3p2-V)dp

y=J@3p3-p)® =[/ ~"y +c-
Belalikla, tanliyin parametrik sekilda tmumi halli
162



3 1 3 4 1 2
X=P -p-% ¥Y=~P ~~P +cC
olar.
10) y” = x tanliyini hall edin.
lHolli:

S-fxdc+b -~ +c

y= J ~~+cl - ~ fx2dx + jcldx =-~x3+c,x+c2

1

11) y* =y 2 tenliyini hall edin.
Yy

llitlli: y”=p avez edok. Onda

[ =p® =£1, & =~, [d=T1D+ycl
dy vy p y JP 3y
Up|=Iny+Injc,l vaya p =c,y.
Buradan,
=— =c¢¥, — =cndx, [— = fcdx:+In|c2L
dx y Jy J
Inly| =c,x +In|c2| vaya y =c2ecx

12) y"X—_y = 0 tanliyini hall edin.

HAolll: y"=—y', Iny'=Inx+Inc,, ¢, >0 vaya y' =X
X

X2

9 + c2.

y = jc,xdx +c2=c,

13) y"X—y' = 0 tanliyini hall edin.
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Holli: 12-ci misalda gostardik ki, uygun y'"——y" =0 bircinsli
X

X2
tonliyinm Uraumi halli z =c, - + ¢2 saklindadir. Verilan tanliyin

xususi hallini
y =¢,(X)x2+ c2(x)
soklinda axtarag. Onda
je,"(X)x2+c2(x)-1=0
[2c\(x) +c2(x) 0 =0
Buradan alariq:

09~"> 2200 =~ix"

Vo ya
ct(x)= \-dx +cx="X +C,
J2 NE
c2(X) = - j —x2Axy/)c2 =~ x3 +c2.
f1l r
y' —x+ng X2+ —Lx3+c2L
v 6 2)
Xx3+c,x2+c9
1 2
olar.
14J~y* +y' —2y = 0 tanliyini hell edin.
Holli: Xarakteristik K2+ K- 2=0 tanliyinin  koklari

A =1, k2 —=2 haqiqi va muxtslifdir. Onda tanliyin Gmumi halli

-2
y =cle +c2e
olar.
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') y"-6y’+9y =0 tanliyini hall edin.
lHolli: Xarakteristik k2- 6A + 9 = 0 tonliyinin koklari =k2=3
Ini(Jigi vo barabardir. Onda tanliyin Gmumi halli
y =c,edt+c2xexx = (C, + cX)eX
Hlur.
I® y" —4y' + 13y = 0 tanliyini hall edin.
lHolli: Xarakteristik k2—4&+ 3 = 0 tanliyinin koklari kx~2 + 3r,
K, =2 -3/ kompleks adadlardir. Onda tanliyin tmumi halli
y = e2x(clcos3x + c2sin3x)
olar.
17) y" +y' —2x + 3 tanliyini hall edin.
llolli: Xarakteristik k2 +k = Otanliyinin kokleri k}-0, k2=-1
liugigi va muxtalifdir. Onda bircinsli tenliyin Gmumi halli
z =cxe0x +c2e~u =c, +c2e~X
nlar. /7=1,r = 1 oldugundan verilan tenliyin xisusi hallini
y = X(&0X + &J
soklinda axtarag. Onda
y' = bOx + bx+ b0x = 2b0x +bx y" = 2#0
yj', _y" ifadolarini tanlikds yerina yazsaq

f 280 =2
2b0x + 2b0+ 6, =2x+3 wvaya 7
[260 +Z5 =3

nlarig, buradan 20 =1, 6, = 1.

Melolikls, tanliyin xtsusi halli 'y =x2+x va timumi halli
y=z+ =¢,+c2 Lf x2+x

olar.
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18) Calisma 1-in 8-ci misalmm halli:

(e*+ 3 = - d<e*+V
dy Yy ex +3

Jfr= fd(£1+£2'Iny =Inc(ex + 3)

y =c(ex +3).
19) Calisma 1-in 10-cu misalmm halli.

y(\+|ny)|+%dfy—odx+ dy
X

"X y_(l_+lny) -

{— + fd(\+Iny) _gqginx+In(\+Iny) =Inc,

3x N l+lIny
x(I+Iny)=c.

20) Calisma 2-nin I-ci misalimn halli.

z- L v ya y=jtz avaz edak. Onda yt —xz'+12
X

2(xz"+z)=22+2z+2,

2xz’:2~22+5,9( =- dz
l+z2"
f— =fm falexl = arctgz ve ya In\ex\ = arctg—.
3 X I +z *
21) Calisma 2-nin 4-c misalmin halli.
Z=— vayay=xzoavazedsk. Onda y' = xz'+z
: _Wr2 dx _ dz
X2'+z =\l +z2" +z,—=-y—-
*  V1+2z2
f— = [ o Inex\ -In(z + Al +22
J>* iu ?
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")) Gahisma 3-0n 2-ci misalmin halli. ©vvalca uydun bircinsli tanliyi
hall edsk, yani

rr ytgy =0,— =tgxdx,y = ——, burada c-nin x-in funksiyasi
COS X
c(X
liesab edok, yoni y = < (1). Onda
COSX
c'(x)cosx +c(x)sinx c(x)sinx 1
€c0S2 X C0S2 X COSX

c'(x) =1 vo ya c(jc)=jc+c.
lin giymati (1)-da yazsaq alanq:

2
23) Calisma 3-Un 5-ci misalmm belli. Burada p(x) = — Q(x) ~ x
X

2 if ~dx
Onday =e~ ™ XC * J*y " n =

:—]7r(c+ \x"dx), vayay = —C+X—4 olar.
x| X2 6
24) Cahisma 4-0n 8-ci misahni holli. ®vvalca uydun bircinsli tanliyi
hall edak, yani

y'-2xy = 0,— = 2xdx,Iny = x2 +Inc,y = cex
Yy
Burada c-ni x-in funksiyasi hesab edsk, yoni

y =c(x)ex (1)
Onda c'(x)ex2 +20(x)xex2 - 2c(x)xex2 =(x + I)ex2



¢ (x)'= x +Lvaya cfx) X ¢
Bu qiyrasti (I)-de yazsaq alang:

y C+(><+iy

25) Calisma 4-Un 15-ci misalmm halli. Burada M(X,y)=2xy,
N(x,y)=x2+y2,

dM ON
g g = Zx olar. Onda Mx+Ny=c, 2x3/+(x2+y2)y=c vo ya
y X

33Xy +y3=c, olar.

26) Cahsma 5-in 9-cu misalmm halli.
Burada M(x,y)=ev, N(X,y)=cosy+xey
dM 5N
dy dx
du - Y g d gy 3Y -
dx dy dx

=Y ofar. 6nda

M =ey,

du
=N —cosy +xey,u = jeydx = ey +<p(y),

dy
du
) cosy + xey =ey +<p'(y) vaya
y
<p'(Y) =cosy +(x- l)ey
<P(y)~ jcosydy + j(x-\)eydy =siny +(x-1)ey
Belalikls alang:

U(x,y) =ey +(p(y) =ey +siny +(x-l)ey =xey +siny
Vo ya

Xe* -vsinx-c.
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/) Calisma 5-in 13-cti misalmm halli.

— va yay=xz avaz edok. Onda y' = xz' +z
X

(9-22) +3z(xz"' +2) =Q,

3zr~=222-9— = 32
dx 7 X 2z2- 9"’
in(222-9)3 _ inc, (2y2-9x2)3 _ s ya
x4 x 10

(2y2-9x2)3=cxt0 .
’S) Calisma 6-nm 2-ci misalmm halli

d¥' 1 , rodx
-f-=-— Y =1 y- =tgx+cx
<X COS X Cos X

N =tgx+c,y= \(tgx +cx)dx
dx J

y=-In|c05 X\ + C[X + c2-
29) Calisma 6-nm 10-cu misalmm Holli.
K2 +3A:- 4=0,A —102 =-4 ,yl=ex,y2 = e~4x,

y = CxeX +c2e~4x.
30) Calisma 7-nin 5-ci misalmm halli. (ex(6x+5)). Uygun birincisli
tonliyin halli

y =Ccos3x+c2sin3x olur. Ustli funksiyadaki 1 adadi
xarakteristik tanliyin koki deyil, ona gdre xususi hallini u=(Ax+B)e*
sokilindo axtaraq. Bu ifadani tenlikds yerina yazaq:

(JTx+2A+B+9AX+9B)e*=e*(6Xx+5)
liyni daracali x-larin amsallarmi barabarlasdirak.

3 19
10A=6, 2A+10B=5. Buradan A = 5—,B = % .
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Demali, xtsusi hall

(3 . 19n N .
u="—X-I--——- ex, tmumi hell
V5 50

' N
y =c\cos3x+c2sin3x + 3—x +l—9 ex
v5 507
olar.
31) f(x)=x2+2x+3 oldugda c¢ali 7-nin 6-ci misalmm halli. Uydun
bircinsli tenliyin helli.

2y k R
y = QC ° +c2e” olur. Tenliyin xtsusi hollini

u=Ax2+Bx+c sakilinds axtaraq.
Bu ifadeni tenlikde yerine yazaq:
2AX2+(2B-6A)x+2A-3B+2c=x2+2x+3 buradan

-l i> -1
n-bi I'I2 .c -1 ﬁ
Demeli, xiisusi hell
1 2 5 19
u=-—x +—xH olur.
2 2 4
iimumi hell ise

2 19

C\Bzx + e%eX H—1 X H—E> X-i ofar.
2 2 4

32) f(x)=24 sin2x olduqgda ¢alisma 7-nin 7-ci misalmm helli.
Uygun bircinsli tenliyin helli.
y —c Y +coe < olur. Tenliyin xususi hellini

u=Acos2x+Bsin2x seklinde axtaraq. Bu ifadeni tenlikde yerine
yazad.
(6B-4A)cos2x-(6A+2B)sin2x=24sin2x, buradan

A= 36 n. ————2—4-. Demeli, xususi hell’

M=—-c0s 2.x———g—A—'—sin 2x Umumi hell ise
11 11



X FBsiL

Siralar

<'alisma 1. Siralarm yigilmasmi arasdirm.

3
> 2 2n +n-~1
1
"2 -]

5 ),,121 5w2+7n —2

1
7>’22« +I-2

I >thon +4u-3

13
) Fo19n~ +120~5

15) In:\4n +14n+5

1
E n vz

Cahsma 2. Siralarin camini tapm.

00 n

» 2 pi)(2h Ty
1

3) & (2/1-1) (2w + 5)

2)2 Aft o+ 14/1 o
4> Z —12« —2
£1*4n

8> 2 opes2im+1

10) S
Tl «- +4«-3
® 2
12) Z
e Sn —1
®
M ) I
25n2+54a-6
24
16)1
u3* -12n -5~
co 1
2) £2(3n-2)(3*-1)
2w+ |
4)1

m+])



® t

5 — = 6) X: .
)vv:3n(n -4) ) ~1)
3 8 v n+1
tr(3«~2)(3« +1) jEn\n +2Y
- ! 10) ?arefci
>z n(n+3)0?+6) 7=1
n+1l O 541
| 12) 1
asbn(n -4) h=2n(n -V
Q 4 ° 8un-8
19) ?=3/7(/?-1)(/7-2)' 14)Vll:3’\/7—\)(|'| +\)(n-21/
5/7 + 9 16 S
15>’E/?(/7 + 1)07+ 3) )
1
17) S

a n(n+21mn+2)

C'alisma 3. Siralarm yigilmasini arasdirin.

sin2n o4 ™ n-Inn Asin 27N
D Ziner ) Z,2 5 L
1+nl1? lnn In/f7
ki %) Livis "oVl s
ninu © ! ® s
E, 8 8b'(n+1y )& o741
ncos n
10)%:1 n +5 I_I)&:l’ 12);.:11.yjn2+2/7
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n+1
9 hi
l6) Y1 1
£?2(» + D!

14) Yy -~y
mn\ +nr
1+|/|\2

17) 1 f
VLVL+ U

2n-1

15) ¥
& 3

<i/hisma 4. Siralarm yigiimasini arasdirm.

ff(» +2)lI
yon i
n=\I|

V n
S(In«)n’

10>

® 42
13)

n=1 3

BEE

Calisma 5. Siralarm yigilan, mutleq yigilan

olmasmi arasdirin.

2)

n=I

03/'2W+IWI

5) X
X A3IT-2

1
@n-DInn
q Tk

11) |
n=

co

I—l‘Oﬂ+5

14)

co

17) £
) ,

d g M’ ’W}U]+[)r’

3)%_1(-|r£.

2
E1(« +3)In 2un

=

12)1 narcsin’ — |
JAL 4«

> ) in (n+7)

va ya dagilan

2)

rH m

SEIRAY
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5 ¥Y( 1r 2n~X
«“l
o ninin

1
9) E(-1)"«:

0 ( 141 11

») Z () T-»

n=2(n+1in w
r-1/

wfw + 3;

13) .

o /

15)E |-
w=0v

1T

6) Y AN VAEEEE
Al
tm vH)
10)&; m
* 1
12)E(-1T'n
™
v iFi_2 .
14) 8y v s
® 1
16) K - D15 g

Calisma 6. Funksional siralann yigilma oblastmi ta’yin edin.

co w

10)S fyfl 1X)

174

00 MM« h
+

2> 90 W1

..~Acosnx
5)2,-2-»
~1 n

to (
8) Y/\l
o

U)o’

nn

(x"+n)’

co (D l.
3)y I
3>']\«(X +D)

N onx
6) L~"
e

01 , v»

9 ,=1- X

® 2

lz)nzl>l1



v £E1S» 4) 15)

1w = =y
@ n o 1

6)E4: >7>T—. [
tjn i«

Calisma 7. Funksional siralarin verilan intervalda mintezom
yigilan oldugunu isbat edin.

[)X -~T1T1T,0<"<«., ii fCF 'ISXZX
p=) X m2’
(0)] ®/_N/H
Y 15rx2e X 0 < x < qo, 4) - T=. 0 < x < ao,
w1 L X~V
®/ NAFH1-\n © / \1
S ) f ——-r— ,-GO<JC<CO, 6)¥Y"— (x/1 " XE 2,
SfOo+*J)" ELNT 2
7VE AL -2£x<2, 8)E(-1)" ~— ,0a*SI,
54-6
9)E-y-N—s5-,-00<X<00, 10)y M5 T>-00<x<00,
1NN +x~ £Efl +nx
LN osinnx
11) Y — - ,0<Xx<2n,
7% N

' 2
12)J> 1+ ¥e 7 -2 <X<2,
w2 Vo nln2«y

N sinxsinra * D"
13) > — 7 ?20<X < 00, 14) X ,0<x<o0o0,
o -\jn+ X s X+ W
.5)Z <~ ,-1SXS0, 6)1 4 ,-3~,3,
44 7
17) £ ((%_ﬂ)@mex NS
=l «V« + 1
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Calisma 8. Funksional siralarm camini tapin.

@ xn
1)S— =m
n=1u
0 yxn+l n+l
3y i-J. f
=
GO

3n-1
5)E 3rax" ’
) n=1

oo 4nd

n=\ 1
00

9) JN(-1)n+2(3n+i)xn,
n-0

00

® | 1Wv2«+l

13> 1 — ,
«=f 2 +1

15) ¥ — '-xn+\
~(n(n +1)

X 4/v-3

i7) E 4n -3

Calisma 9. Funksiyalari Makloren sirasma ayirrn va alinan

2)'E(n+1)x™,
7=
(00]
4)Y(n +1)(n+2)xn,

=1

/r\ Vool 5(2w+|
6)1 2u+r
2« +1

ao

n-\
00

10) ~-n(n +\)xn-1,
n=1

00 2/3+1

2n(2n +1)
®

4 EX-NY,
n=0

oo /

16) y, v - —
N unn+l

siramn yigilma mtervallarim tapir.

0 y=~(ex+e~x)
3)}» = edsinx,

176

2) y =x2ex,

4)y = cos2jf,



6) y =xIn(l +x),

X3 V2
"9)> = ex!In(l + x), I0)_y = In(x + M+ X2),
11) y = (1+ x)arctgx,
1+Xx
COSX
= =r,
W=, L y
15)y = xe~X 16)y =sin2x,
1+x
\Dy =1n
1-X
Wiimimovi hallar
1) To’rifden istifads edarak
1 1 1 ]
[ [SS——— S L +
1-3 3-5 5-7 (2n-1)(2n + 1)

Hiranm yigxlan olmasmi tadqiq edin va onun camini tapm.
ILil/i: Burada

a 1 If 1
(en -1)2n+1) 2ven-1 2n+1f
n non
T S S 1
2 «-| 2n+1;
1-
v  2n+1j
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1 11,. 1
S=limSn=Ilim— 1- "Tim
B L7 2u+1 2 27MD2m+ 1

1

2
. . y . 1

Demali, verilan sirayigilir va cemi S = > olur.
%) 1+2434+ 4N+ sirasini tadgiq edin.

2 5 8 3u-1
Halli:

lima - I|m—-T = I|m Ll,- ——CDO
n

oldugundan sira dagilandir.

14 9 n2 .
3) Y- »Ff—+ sirasmin yigilan olmasim  todgiq

3 3 9 27 3"

edin.

Hdtti: Burada
(»+1)2. fiml (A+1)2 3" 1 .
~y, U WEL | 1+1
u\2
[=1lim— = lim— 1+ i lim 1+-
«~>0° Q «7*003 \V/ <Y ->00
. 1
=-11+Ilim <1,
n'

oldugundan sira yigilandir.

2 22 23 2. o
4) —4 1 K.Y h.. sirasmm yigilan

1 2 3 n
edin.

Halli: Burada
2 ” H-H-l a nn.l V-H-l I-I

olmasim tadqiq



=1i N =i — =
=g o =% we =270

Ingundan sira dagilandir.

\\ «
1 Al \\
-+ f2] 24 - 4+ 4 (——--— -+ sirasinm yigilan
3 {2n +1j
~olmasini tadqiq edin.
1J1li: Burada
/ n \'i — 7
7 2n+\) v " 2n+1
I - lim =lim_ M =Ilim 1 —1<1
«->Cc0 - «->00 2“ + 1 - n->® j - 2 '
2 H=
n
oldugundan sira yigilandir.
. 1 .1 1
0 H—f—nh. 4 H.. (@)
25‘ 3!‘ na b

irasinm yigilan olmasmi tadqiq edin.

1
ILflli: f (x) = ——qobul etsak bu sirani

[(LY+/(2) +/(3) +...+/(n) +... (2
stiklinde yazmagq olar. Kosinin integral alamatine gore (2) sirasi va
00 o j
J(x)dx=j-~ 3)
i I x

(Jcyri-maxsusi integrali eyni zamanda yigilan ve ya dagilan olar.
Mu’lumdur ki, (3) geyri-maxsusi inteqrah a > 1 oldugda yigilan,
a m 1 oldugda ise dagilandir. Onda (1) sirasi a > 1 oldugda yigilan,
Ir m 1 olduqgda ise dagilan olar. a = 1 oldugda harmonik sira adlanan

B 1gdn lf
2 3 n
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sirasimn Umumi heddinin limitinin sifira berabar lim —=0 olma-

n->o0 jq

sma baxmayaraq dagilandir.

7 1—2—+3—...+ () ™1—  sirasmm yigilan olmasmi tadgiq
edin. "

Halli:

1> —> —>—>...valima, = lim—= 0oldugundan Leybnis sla-
2 3 4 amMn

matina gors sira yigilandir.

1 fl 1
2 2 2
sini tedqiq edin.

a1
8) 1 —t ..+ (HD)” 1? +... sirasmin yigilan olma-

Halli: Bu siranin hodlorinin mutlaq giymetindan diizalan

1 1 1
1R ——F.  H—T+

2 2 2
sira ortag vurugu q=—2 <1 olan handasi silsila oldugundan

yigilandir. Onda verilmis sira mitlag yigdan olar.

9)1- 2—+3— +(-1)""1— + ..sirasi mutleq yigilan  deyildir.
n

Cunki, bu siranm hadlarinin mutlagq giymatindan diizalan

, 101 1
2 3 n
harmonik sira dagilandir. Onda verilmis sira sarti yigilan olar.
2 X3 X

X
10)X + -+ — +... + +...sirasmin yigiima oblastmi tayin edin.
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Ihlli; Burada

Jmnd LZ jr|+\(n) u2’ /»+}(*l)l

«+ > I»(*)
X2 n\
X'o(«+ ) Ne+l
I=1im Jin O) lim ¢ X lim =bl<1.
/,,(*) n+1

QiHla [x| <1 va ya — < x <1 oblastmda sira yigilar. Malumdur ki,

\  £1 noéqtalerinda alinan

2 Y ni 2 3" «*
nalar yigilandir. Demali, sira —1 < x < 1 parcasinda mitlag yigilar.

.,.Sinx _sin 2x sin 3x sin nx
11) p R - h.H — t-...sirasi butun adad oxun-
I 2 32 «2
da muntazam yi1dilir. Dogurdan da, x-in bitin giymatlsrinda
sm nx
<\, «=1.2,
n «

borabarsizliyi édanildiyinden

LTI 2 I I
2 32 «2
sirasi verilmis siranm majorantidir. Bu sira yigilan oldugundan
Vcyerstras alamatina goére verilmis sira bitin sdsd oxunda

mintazam yigilar.
2 3

X . X X .
12) i e h. +- - + ..slrasmm yigilma intervalini

10 200 3000 «10
tapin.
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Hsll: Burada
1 1
7 an+
n-10" 0 " («+ )10
ap («+1)-10n1 _10m+1

agy n-10" n
. a n+1 . N+l
R =1lim lim 10 = 10lim_—— = 10,
a «>O

n+1

oldugundan sira (-10,10) intervalmda yigilar. Malumdur ki,
jc= £10 noqtalarinda alinan

2 3 n 2 3 n
siralarindan birincisi  dagilir, ikincisi isa yigilir. Demali, sira
-10<x<10 arahgindayigilar.

13) Inl,04 qgiymetini 0,0001 daqiqlikla hesablaym.

Halli: In(l + x) funksiyasmm ayrihsindan istifads edarak alariq:

2 3 4
=0,04-0,0008+0,000021 - 0,00000064 +...

In1,04« 0,0392.

14) /(x) = |x| funksiyasmi [-/1,>k\ pargasinda Furye sirasina

aymn.
Halli: Bu funksiya [~n,n] parcasmda hissa-hissa monoton va
mahduddur. Funksiya cit oldugundan
bn- 0, n=1,2,..
1 *n . 2.% 2 x2
*z-j*fc=~T n
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on=— fU|cosnxdx = — fxcos nxdx =
T I

x SInux , cosnx/l

2 -((-D*-1)=
nm n nJ 7 (%=1

4
{0, n cit olduqgda, o n tak oldugda}.

IHuliklo.

N N1 cosx cos3Xx cosSx.+

J~~4, 1
imiNini alariq. Bu sira bltin sdad oxunda yigilir ve onun comi
verilmis  funksiyaya bsrabardir. Bu bsrabsrlikds x = 0 yazsaq

tilimg:

n2 1 1
y——y——
8 32 5

1S)./(x) = xfunksiyasmi [-1,1] parcasmda Furye sirasma ayirm.
I/jIU 1 =1 ve funksiya tak oldugundan
a,,=0, n=01,2,...

l ! H -
bn = = Ixsin nnxdx = 2 Jxsin nnxdx = 2XCOSX
nn
4-1)”*‘_ . n=12,.
nn
Mcloliklo,
sinm sin2nx  Sin 3ax
“te d<x<|
v o1 2 3

silasim alang. /(x) = x funksiyasi kasilmoz va hissa-hisso hamar
limksiya oldugundan bu sira yigilir ve onun cami verilmis funksiyaya

Imrabordir. Bu barabeariikds x = — yazsaq alanq:
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16) Calisma 1-in 2-ci misalmm halli.

2 .
lim a,, = lim lim n
nw un
@] y <
= 0 oldugundan sira yigilandir.
4+0+0

17) Calisma 1-in 9-cu misalmin halli.

lim an = lim 5 -n.,.. "2 - 0 =
M=o =04« —3 n>°4 4 —U

n
oldugundan sira yigilandir.

18) Calisma 2-nin 4-ct misalimn halli. Burada

n+1 1 1
an <<22f«+|;2 a2 f«+1:2
7 n 4
~Y, aK =
A JAV
J\ 1 J 1 1 1
u 22 V22 32 fw+1/
Onda
S=1limSn= Ilim =1- lim

=0 «->M (n+1/
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I'») Calisma 2-nin 10-cu misalinin halli. Burada

an = arctg—
2nl
1 1 1
Sn=2Z ak arctS 2 =arCtgo + 0 + om+
*=1 | « 2 8
1 2 1 1 n
lurctg—T1r = wr/g—+ arc/g— +... + arc/g— —= arctg -
217 3 18 2n1 n+1

()nda

. . fl X
S = lim Sn - lim arctg = arctgl ~ —
«—>00 1 —>00 7+ 1 4

') Calisma 3-0n 4-ct misalinin halli.
1 if

\VA4
. [ Q\2
- - \+ I_I + «
lim a, = lim e T = 0.
» >00 /?->00 \+ I+ <00 1 +1
Vn'
"ldugundan sira yiglandir.
'1) Calisma 3-Un 9-cu misalmm halli.
L . n'‘m n , |
lim yjan = lim lim = lim I <1
o>l n—>00\ 2/7+1 M=02/7+1 wsmw2+L 2

17
Idngundan sira yigilandir.

(;;ahisma 4-tn 4-ci misalinm halli.
llurada
n! fw+i;i

a,, =-
1« -«

/ (].m et - (Tm _([]__T__I_)_L‘Z_n =hT __/_7_4_-_1_: 00
7> a,, [0 n!-2 w00 2
oldngundan sira dagilandir.
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23) Cahsma 4-Un 11-ci misalmm halli. Burada

ar
y10« +5
\n
I = lim wan —Ilim lim
n—>qo MN—00 IO/t +5 n->0 10N+ 5
1
lim -— = — <1 oldugundan sirayigilandir.
h->o00jg+ 5 10
n
24) Cahsma 5-in 5-ci misalmm halli. Buradan
2/7-1 2
= M3 3
51515 ve ftml=8
2 3 mn—eoll
00 .
oldugundan Leybnis elamatina gore Y - ---------- sirast yigihir.

Lakin bu siranin hadlarinin mutisq giymatlarindsn diizalan

w J w ! j Mf_H'Jl
harmonik sira Y — dagilan oldugun Y — sirasl va uygun
n- 1" = ANNNL

olaragda verilan sira serti yigilan olar.

25) Caiisma 5-in 12-ci misalmin halli. Burada

i>1>_ 31 vo fim-1 =0
4 9 n->00 N
oldugundan Leybnis alamatina gors sira yigilir,
N
00

Y —— sirasi yigilan olduguna gors verilan sira mitlaq yigilar.
S 3 A2
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’) Calisma 6-mn 3-cl misalinm halli. Burada

fn(x)=-—-- — Z:JIn+\ (X
(x) n(x +\)n () (n+\)(x +\) "1
1= gim ) = iy MFUN 1
>0 fn(x) «<On+1)(x +1)"
. n
lim 1 <i
ic+ In—-on+1 |x+1]
ohllugundan alariq ki, (-co,—2)"j(0,<x>) oblastinda sira yigilar.

21) Cahisma 6-nm 11-ci misalinin halli. Burada

fn(x) =~Jnn\(x) =
X X
. . X'YwHi; 1 . n+l
I = lim lim lim
«>00 n->0 X"+1-n [X| n—00 77

|
<1, oldugundan jxI > 1 oblastmda sira yigilar.

28) Calisma 7-nin 6-ci misalmm halli. Asanligla tapmagq olar ki,

Sup(xn +x~n) =2n +— <2n+\-<\x\< 2
"IM : 21 "2
00 2
Dulainber slamatine géra ¥ ~j=2n+ sirasi yigilan oldugundan,
n=W

vn ilon sira miintazam yigilar.

24) Calisma 7-nin 10-cu misalmm helli.
Siipfn(O\ = Sup X 111

1+ n5x2 3N
2w?2
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Y — - sirasi yigilan oldugundan Veyerstras slamatina gors

verilan sira mintazam yigilar.

30) Calisma 7-nin 12-ci misalmm holli.

O0<In 1+ x < X2 <m ﬂ

Y nln2nj nin?n - nin?n

© sirasi yigxlan oldugundan Veyerstras slamatina gors

.. 2nIn n
verilan sira mintazam yigilar.

31) Calisma 8-in 1-ci misalmm halli. Siramn hadlari kasilmazdir,
00

onun hadlarinin téramalarindsn dizslan X" 1lsira (-1,1)

n-1
o1
oblastmda muntozan yiguhr ve cam i e barabardir.
1- x
M xn
No =S
n=t N
sirasim hadba-had difercnsiallayaq
f(xj= ’g'_x ,!-I = ---!'---. Buradan alarig:
fuk 1-=
*
f /Y =/Tx)-f(0)= j—_ =-In(1- Vo ya
. -1-f
0 0
00 xn
Y — =-/w(l-x),-\ <x<1
. n
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1”) (,"alisma 8-in 3-cti misalmm holli.

Lilumdur ki, ¥ {-\)nxn sirasi (-1,1) oblastmda mintazem yigilir

n-0
VD
| ®
'Y (=) nxn . Bu siram (0,x) par¢asinda inteqrallasaq alariq:

I X n~0

00 X
1+1 n=00 veya
00
In(\ +x) = VUmX— -1 <X<1

n-1 n

1) ('ahsma 9-un 4-cti misalmm halli. cosx funksiyasmm Makleron

N
x> x X 8

IYyx=1- — +— - E...-00 < X< 00 6zinid 6zina hadbe-
21 4/ 6/

litk vursaq alang

ioxeoxtoxe
~AT+/~AT~ 6+

COS X = COSXCOSX =

Vv Yy
\2
X2 M"x4 X6 + * 9y 2
d-x 7 - — X +...,(—e0 00).
2r + 41 6 + "*/ 3 45
1J) Calisma 9-un 8-ci misalmm holli.

3
e' 1+ X—J:(’\j +%j-+-",(—eo,c°) ayrihsmda x-1, x2 ile avez



35) Calisma 9-un 14-cii misalmm holli

2 3
ex =1+ x+ ?/+X€/ +.../-00,00 J aynhsinda x-i xIn2 avaz etsak
alariq.
N =14 xem3+ 221022, x31K32 500,00,
21 3/
XI FasiL
Coxqat inteqgrallar
Calisma 1. inteqgrallama sirasini dayisin.
2 2-X e Inx
1) \f(x,y)dy, 2) Jt/ix 34 x.jOd,
1 0
4
1 1 1 +VYy
3) jvx jf(x,y)dy, 4) Jo  Ji(x.j)afr,
0 I-x2 0 2
1 X2 2 -JAX-x2
5) jdx J/(x,y)dy, 6) Jdfc jjf{x,y)dy,
0 0 (0] I
1 i 1 4\-x2
7) J<&J/(x,jO, 8) JVx J/(x,I)ob ,
0 0 o (1jh2
r sin X 1 2-v
9) Jffe j/(x.j/)tfy, 10) Jdy j/(x,y)dx,
0 0 o] Y
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| 4y 2 6 -x

11) \dy \f(x,y)dx, 12) Jdx jf(x,y)dy,
0 Yy 0 2*
3 3-v 1y

13) jdy f/(x,y)dx, 14) fdy jf(x,y)dx,
0 O 0 0
1 Yy 1 \y

IS) \dy jf(x>y)dx, 16) fdy jf(x,y)dx,
0 4y 0 vy

17) fdx J/(x,y)dy.
I 0

<'alisma 2. ikigat inteqrallari hesablaym.

) A%8xdy, D (\<x<2\<y< 2),
DY
2)Jjo/x +ydxdy, D(0 <x <1,0<y <1),
)
xX* .
) ff—  j-dxdy, £>(0<x<1,0<"<1),
V'+y
) jjxsin(x +y)dxdy, D(0<x <TT,0<y <—),
) 2
S* \f*2ye**dxdy, D(0 <x<10<y < 2),
)
(® JJIsin2xsin2ydxdy, D(0<x</r,0<y< a4\
)
) JJ>+smycosydxdy, D(0<x<7T,0<y <-),
>
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8) JJycosxydxdy, Z)(—<y <nrl<x<2),
D 2

9) JJ,sin2xydxdy, D(—<y <it,2 < x < 3),
D N

10) jjx~Mydxdy, D(0<x<1,0<y <1),
D

11) \7~ T,D(l<x<2,3<y<4),
- (Xx-y)

12) Jf-yjx-ydxdy, D(2<x<3,0<y <2),
D

13) JJ*Y(x- y)dxdy, D(0 <x<2,0<y <3),
D

14) JJ8ye~dxdy, £>(- <x <-,In3<y <In4),
d 4 2

15) DQ<x<AMy<2),
P\X4vy)

16) JJxydxdy, D(0<x<1,0<y <2),
D

17) JJextydxdy, D(0 < x<10<y <1).
D

Calisma 3. ikigat inteqral lari hesablaym.

1) ffxdxdy, D(y - x3,x +y =2,x =0),
D

2) JIx2™ - x)dxdy, D(y = x2,x —y 2),
D

3) Wx 2y 3dxdy, D(y =0,y =\-x2),
D
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5)
ft)

7)

)

10)

12)
13)

14)

13)

Ift)

17)

y 2cosxydxdy, D(x =0,y =41,y - X),
Y2sin— dxdy, D(x =0,y =4n, y =~),
dxdy, D(y =2 - x,y2=4x + 4),
(x2+y)dxdy, D(y2=x,y = x2),

2
'x +y)dxdy, D(y -x,y~x ),
xydxdy, D(xy = I,x +y = -|),

xydxdy, D(4x2+y 2<4),

(X -y +1)dxdy, D(0 <x <Ly =X,y = 2x),

v3
-r 2dxdy, D(x=0,J=x,y =-2,, =
x2+ [/

xydxdy, Z)(x =0,x = 2,x2=Yy),

x2j 2dxdy, D (x-\,y ~Ai%y ~x?),

24%° 3dxdy, D(x=1,y= \/Y,y = x2),

X

eydxdy, D(x =0,y =1y 2 =x),

X2 6Ixh, D(X = 2,j = x.xy = 1)
y

4),
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Calisma 4. Ucgat integrallari hesablaym.

1) jjijc2dxdydz,V(x2+y2+z2)<R 2),
\

2) fffxydxdydz, V(z = xy,x+y =1z > 0),

\
3) Jjjycos(z + x)dxdydz, V(y =yfx,y=0,z=0,x+z=vy),
4) Jdpp2 +y2dxdydz, V(x2+y2=22,z =1),

(2 2 2

5 M {~+V +2 dxdydz’v

t 1 2 | X oy
6) fdx Jog K4+ z)dz, 7) Jdxfdyfxyzdxdydz,
-1 Xr 0 0 0 0
8) V(x+y+z=I1,x=0,y =0,z =0),
- X - y
9) JJJ(*2+y2+z2)dxdydz, V(3(x2+y2)+2z2=3),
%

fff(2x + 3, - z)dxdydz,V(x =0,y =0,z =0,z = 3,
10) v

X+y - 2),
11) fffdxdydz, V(x+y =1x+y =2,y =0,, =1z =0,z =3),
\
1 Jx 2-2x 2 2 3 2 3 2-v
12) fdxfydy jcfe, 13) Job JIxcfojVitfe, 14) Je/x jelz,
0 0 > 0 fiy-yl O 0 0 O

15) fffzdxdydz, FF O< x <-AM,x <y <2x,0<z< nJ\~x2-y?2
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j6) IMT— dxdydz ~ =0 n N0, X4Y4L* ),
KO+X+z+]1)

)

Cahsma 5. Xatlarla mahdud olan fiqurlarm sahasini ikigatt
intcgrallama Gsulu ila hesablayin.

I)D(X_Ouzoyx-'-y_l)’ 2) D(Xzyjlz')/z’ex:yl)y

HD(xy = 4,x +>'=5), 4) D(x2+y2=12,xVd =y 2),
. . ( 1 1 n
SNG; =VX,j =2Vx,x=4), 6>y =-y[x,y=— x=16,
A 2 2X y

7) D(x=4, -, x+y=6), 8)D(y- 2-x,y2=4x +4),
«) D(3y2 = 25x,5x2 = 9y), 10)E>(x =4 -/, x +2~ =4),

INE0>=¢e*,j =e2v,x = 1), 12) D(y =2Q-x2,y = -8x),
\3)D(y =-,y =-,y =2,y=5), 14) D(y27x,y = 2x),
X X
IS) 1)(y =sinx,y =cosx,x >0), \6)D(y =x,j' =5x,x =1),
é' 2 2
n24 K\

V«2 y

(nhsma 6. Sathlarle mahdud olan fiqurlarm hacmini ikigat
micqrallama tsulu ils hesablaym.

) Kx+>+2=1x=0,y=0,z=0),
Yy V(z ~x2+y2,x+y=1x=0,, =0,z =0),



7Y F(x2+y2=4,z=2x\z =0,x>0),

8) V(z=x2-y2,z=0,x=3),

9) V(z=xy,y=y[xx+y-2,y"0,z =0),
10) V(y -Inx,y =\n2x,z =0,y +z = 1),
1) V(x2+y2 =4,z =x+y +10),

12) V(x2+,2=2x,2x-z - 0,4x-z =Q),
13) V(x2+y2=4,z =xy,z =0),

14) V(x2+y2=9,z =5x,z =0),

15 V(z=x+y+1l,y2=x,x =1,y =0,z = 0),
16) V(z =x2+y2+1, x =4,y =4),

1) V(z =x2+Y%r=0,y-1,.y =2%X,j>=6-x).

Calisma 7. Sathlarla mahdud olan fiqurlarin hacmini (cqat
inteqrallama dsulu ile hesablaym.

1) V(z=4-y2,z=y2+2,x - -1,x-2),

2) V(3z=x2+y2,x2+y2+22 =4),

3) V(x2+y2-22=0,2z=6-x2-Yy 2),

4) V(2z=x2+y2,22=x2+Y2),

5 V(z=x2+y2,z=x2+2y2,y =X,y =2X,X =1),
6) V(z-x2+y2,z=x+Yy),

7) V(22 =X2+y2,x+1z=4),

8) V(x+y+z=8x=3y=2x-0,y=0,z=0),
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9)

V(x2+y2=z2,x +y =10z2),

10) V(z = x2+y 2,22 = xy),

n)v(x2+y2+z2=/r2n
12)V(x2+y2-z =1,z=0),
B)V(2z=x2,2=0,y =0,3x+ 2y = 12),

2 2 2

SHV (~ +Z22'+£2 =U

a b2 ¢

1) V(x2+y2+22=2,x2+y2=12),
16) V(z = x2+y2,z =2x2+2y 2,y = X2,y = X),

7Y V(z=JIx2+y2,z=x2+Yy?2).

('alisma 8. Sathin sahasi.

)

>)

)

4)

5)

6)

7)

z2=x2+y2 sathinin z2 =2y silindri ils kasilan hissasi-
nin sahasini tapm.

Xx2=y2+z2 sathinin x2+y2=4 silindri daxilinds yerls-
son hissasinin sahosini tapin.

x2=y2+7z2 sathinin x2-y 2- 4 silindrive y =-3,y ~3
Intstevilari ila kasilail hissasinin sahasini tapm

z2=4x sathinin y2=4x silindri ve x =1 mustavisi ila
kosilan hissasinin sahasini tapin

z-xy sathinin x2+y2=4 silindri ils kasilon hissasinin
sahasini tapm

X2+y2+r2=4 sathinin (x2+ .v2)2=4(x2-y 2) sathi ils
kasilan hissasinin sahasini tapin.

X2+y2+2z2=16 sathinin x2+y2=9 silindri ile kasilan
hissosinin sahasini tapm.
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8) x2+y2+2z2=9 sothinin x2+z2 =3 silindri ils kosilon
hissasinin sahosini taprn.

9) X=1-y 2-z 2sathinin y2+z2=1 silindri ila kasiloan his-
sosinin sahosini tapin.

10) x2 =2z sathinin x- 2y =0,y - 2x,x =272 mustavileri
ile kasilon hissasinin sahosini tapm.

11) z2 =2xy seothinin x =2,y =2,x >0,_y> 0 mustovilori ilo
kasilan hissasinin sahosini tapm.

12) x2 +y2 +z2 =36 sferasi voe x2+y2- 6z paraboloidi ilo
mahdud olan fiqurun tam sathini tapm.

13) x2+2z2 =4 sathinin x2+y2=4 silindri daxilinda yerls-
san hissasinin sahasini tapm.

14)x2+>,2+z2=9 sathinin z2+y2=9 silindri daxilindo
yerlasan hissasinin sahosini tapm.

15)z2 =2xy sothinin x=0,x =2,y =0,y =4 maustavilari ila
kasilon hissosinin sahosini tapm.

16) 2z = x2+y 2 sothinin x2+y 2 =1 silindri ilo kosilon hisso-
sinin sahosini tapm.

X2
17y x2+y2+z2=4 sathinin ~ +Y¥2=1 silindri ilo kosilon

hissosinin sahosini tapm.

300
Calisma 9. Parametrdan asili integrallari hesablaym.

l+acosx dx it , Notoodx
e\ < 1, 2) J—-——-- -,a>0,
«COSX COSX ‘an
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1 cosax
dx,a >0,
(1+x2)2

It

tlJInO -20rcosx +a 2)dx, -1 <a <1,

0
0
5) fIn(a2sin2x +p2sin2xjtic, o) J—Rl&%\—jdx,
T

ICC

°°e-0* sin px

/) fe HC cos Pxdx, 8)J- ax,
0
1- cosox
10) J dx,
o X - §
L+ 6 >In(l +
f( e cx,or >0, 12) J ( Orcosx)dx,—\<a <1
1+ x COSX
)i-~1£AdX,a>0, 14) fin(l + cos«sin™)-~~,
0Xnk1-x2 ’ sinx
. &€
<1, 16) j- a ™0,
D -11-X2 raxz
7 JEOOX 4 a s
I+ x2

(nhsina 10. Eyler integralmdan istifade edarsk asagidaki
m!<4|rallari hesablaym.

dx Z .
2) Jsin6xcos4xdx,
I Fx3
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n

2
3) fatgxxdx, 4) I X- ~ rfx
0 0 +x
dx 7rsin5
5> "y, 1,
dif r ~ 1+ SX
7) jx2e ~Ndx, 8)J * *mix,
0 01+ x
® j, ® a-1 wvy3-
9 fJLg-, 10 0 n,
ol +* y* 0 'N(1+j)
® | 2 5 3
(1 [ , 12) fsin2xcos2 xii&
j JO.( w Vv T -
“ *
13) Ta% 28 <&, 14) Y
15) 1 16) Ix2V |-x 2<ix,
01+ X Q

JWA
)
Nimunavi halfor

1)D(0 <x <1 0<y <2) oblastmda
JIXY ™Mb

integralmi hesablaym.
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Ihilk

iix2y adxdy = fxzxfyady=— Y ' 16
d 0 0 3 3 4. 3
)JN0<x<10<y<Xx) oblastinda J|(x2+y 2)dxdy
Integralmi hesablaym.
1UMi.
1 I+
JI(x2+y 2)Ixh = jafx J(x2+y 2)dy -
o O
1/ 2 3\
_ I Xy +— dx dx
3 ov
34 3
\) 1) = (n2< x2+y2< AKr) oblastinda
JJsin o/x2 +y 2dxdy
D
micgrahni hesablaym.
HM:
X = pcos(p, y = psmg>
polyar koordinatlara ke¢sak alang:
_ 2/ 2K 2n
f W x2+y2dxdy = fd<p jpsin pdp =2n J/?sinpdp
0 n
2u
2k\- pcospf* + JCOSpdp = -6k 2+2;rsin p~* - -6k 2.
\% It )

I) y =x2 parabolasi va y - 1 diz xatti ila shats olunmus D
ligurunun sahasini hesablaym.
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Haiti:

1 Jy
S = ffdxdy = 2 fdy fdx = 2fyfydr = _ ¢ 1-
0 0
5 x=0,y=0,x+y +z-1,z—0 mistevilari ilo shata olunmus
figurun hacmini hesablaym.
Haiti:
1 1-x
V = y)dxdy = JJa- *- y)dxdy = fdx J1—x —y)dy =
D D 0 O
1_*
Y -
(1~x)y- dxm f(\-x)2dx = — ,
ov 6

6) x=1-y2- z2 paraboloidindsn y 2+ z1 =1 silindri ile kasil-
mis sathin hissesinin sahasini hesablaym.
Haiti: inteqrallama oblasti y 2+ z2 =1 cevrasidir.

X' - =2y, Xz — 2z oldugundan
S=ff4 +(xy)2+(x'z)2dydz = ff4 + 4y 2+z2)dydz.
D D
Burada y = pcosg¢,z = psin (p polyar koordiratlara ke¢sak alanq:
1 an j X
S=fpjl+ Ap2dp fdcp=— JQL+4p2) d(p=
n n A n
5n/5 —12f . _ 5n/5-1
12

7) y=x2 vo y2=x parabolalari ilo shato olunmus bircinsli
I6vhanin adirlig morkazinin koordinatlarim tapin.
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1Lilli:
1 X
m —JJdxdy = Jdx fdy = |[(Vx - x 27X

0 x
1 =
X+ 31=1i
0 3
1 -X 1 (1

My = ffxdxdy = Ixdx jdy = Ix x™-x 2 dx

] 1=2 1723 _
0~5 4~20

J

Mx = jj'ydxdy = Jxa jy®p =—IX(X- x4}/x=

1
Vv _Eil 1fi n _3_
|2"5j0~2<2~ 20
Qiala
31 9
m 20 3 20
_Y*— L.1_JL
Y= <2032 20°
HrM ikls,
9
=Y 20
ohr.
I 1 2
K) [Sv|¢h J(4 + z)dz integralmi hesablaym.
| e 0
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Halli:

I 12 1 1 1 i
4-12)2 :
fox fdy J(4 + 2)dz = fdx fdy " 22 =10jdx: fdy =
12 0 0o xr -) r-
1 3/
20 20 .
=103 (1-x 2)c/x= 10 X - —3+—é:131é.

9)x2+y2+z2<1Kkdrssi Uzrs gétirilmis

fffx 2dxdydz
\

integralmi hesablaym.

Haiti: Sferik koordinatlara

X =psmécos(p,y = psmGsmcp,z = pcosG,0<p<
0<(p<2n, 0<B©<9a Kkegsak alariq:

fffx2dxdydz = fffp2sin26cos2cpmp 2sin ©mdpdgxif) =

\Y \Y
n Pgl i
= JJJp4dsin3ocos2 (pdpdgydd = Jsin3GdG Jcos2<pd(pfp*dp =
Vv 0 0 0
I K In j A 2t
= —Jsin30dG Jcos2(pd<p = — Jsin39d0O J(l + cos2<p)d<p =
50 0 0 o
in (.1 "2 an
= — Jsin3O #+ 2—sm 2<]oy -dG = —Jsin39dB =
n \% n

q
=/ J(cos26- Y)dcosB = y*-cos -CoS
( ) y 0 C

29 29 _ 4n-

10) z=x2+.y2,z = 2(x2+y 2) paraboloidlari, y = x2 silindri va
, = X mistavisi ila mahdud olan fiqurun hacmini hesablaym.
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IL.ili: Aydindir ki, bu cismin integrallama oblastx
I 0<x<Lj2<y<X x2+y2<z<2(x2+y?2)) olar. Onda
1 X 2(x2+y2) 1 X
V = jjjdxdydz = jdx jdy jdz = jdx J(x2+y 2)dy =
0 r

31 61
4 4
dx = X X dx
* ~
1 3
1 151 1 74 11 1
-X
0 5 D 21 ©» 3 5 21 35

\+
: dx

11) é[|>r(1) 5_1+ < fa? b < || integralmi hesablaym.
thili
1
a, l+a,
l+x2+a?

' vo a -nm bittn giymatlerindo kasilmazdir. Onda

I+a

X
Inn f - J—%2 = arctgx\{) = arctgl
>0 J1 9\ J

. 1xh- xa . .
i» | tx, a > 0, b > 0 integralmi hesablaym.

Inx

LA
b a b

X" -X .
= jxada
Inx
oHinnsibotina asasan

1 b
e X* - X 1
A dx = 0[dx 3xada
a

Iinig olar. f(x,a) = x* funksiyasi D = (0 <x<l,a<a <bh)
ilU/luicaglismda kasilmaz olduguna gors, alariq:
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1 b t X,,H

jdx jxada - jda jxadx —J da
(6] a a o a+l
mf*L =h(a+l]=h~"i
]la+1 a fl+1
13) Puasson
e x dx

inteqralmi hesablaym.
Hslll: x =at,a>0,dx = adt avazlamosini aparsaq
J=aje~a'dt
° 2
olar. Bu barabarliyin her terefmi e vurub a-ya nazoran O-dan
co-a gadar integrallayaq.
@ 0] ®
J=jeada =J2= Je~a ada dt
0 0 0
Integrallama névbasini dayissak alarig:
{ e~na2\
J2=jdtje (I )aada=J - dt =
0 0 oV 2(1 +a 2)
®

17 dt 1 71
S I 7 = —arctg —4

Vo ya
J = \e-x&x =" -.

i 2

14) Cahisma 1-in 2-ci misalmm halli y-in 0-dan 1-e gadsr dayisanda
X-in ev-dan e-ya gader dayismasina asasan alanq:
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e Inx 1 e

jldx ji{x,y)dy =jdy J/(x,y)dx.
1 0 0 ey

1% Calisma 1-in 5-ci misalmm halli
in ()-dan 1-e gadar deyisilands x-in Ty -dan 1-a gader dayis-
Iusino esasan alang:

1 X2 11
jdx jf(x,y)dy = jdy jf(x,y)dx.
0 0 0

If') (alisma 2-in 2-ci misalmm halli

11 21 -1
[[Vx +ydxdy = jdx jTIx+ydy =—\(x +y)2 |0dx —

n 0 O 0
I 3 3 5 5
1,jYy*+U2 \x2dx =jz(x +1)2 -~ x2 |g=
0 0
-ralJ2-v.

1/) (ahsma 2-nin 14-cii misalmm helli.
1
In4 2 In4 J.
JIkycdxydxdy =8 jydy jedxydx =2 jdyedxy \2.= 2.
» 3 1 In3 7



18) Calisma 3-Un 8-ci misaiinm halli
1 x 1f 2N
ji(x +y)dxdy = jax J(x+y)dy-j xy+”  dx
D ([ ov
\12 x2 3 XT3 x 4x °"
X+ X — dx =
2 2 2 4 10 0 20
ov
19) Calisma 3-Un 12-ci misalmm holli

4 Yy

2 2 .2 2
bx +Y -2 0x +Y

\a dx

jyzarctg-x |¥)d> = “] jJZd'y:—A~3;/ ! 4j_2 = gn .
P Y 12

20) Calisma 4-in 5-ci misalmm halli

X -ap sin(pcos©,y = bpsin(psind,z = cp cos (p,

0<<p<n,0<©<2n

sfetik koordinatlara kegsak alarig:

o2 .2 ; 2N K 2+ 1
JAH dxdydz = abc jsin<pd(p jdd jp 4dp
b cC j

] 0 0 0
2?iabc 0 4
-cos(o ' = ;nabc.

21) Calisma 4-in 6-ci misalmm halli

11 2 1 174 )2
jdx jdy j(4+2)dz =jdx J ——— |qdy
-1 X 2 O -1 X 2
|t : (G WP
=10 Jt/x jdy-10 JY I-x2)dx =10 1_ 3
1 LT
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22) Calisma 5-in 7-ci misalinm holli. x=4y-y2va x+y=6 xatlari (4,2)
vo (3,3) nogtolsrinds kasisirlar. Onda

3 4y-y? 3
S = jjjx6fy =3  Jt/x = jdyx
D 6-y

|4y -y 1
SV

1.3 5 2
i(~Y2+5Y~6)dy= -y +>y“ -6y 3-}
i )dy 3 2 26

*3) Calisma 5-in 14-cii misalmm helli. y2-x vea y=2x xatlari (0,0) vo

I\
N, — nogtelorinds Kkesisirlor. Onda

1 Z 1
2 2 2, N2 nN
S jjdxdy-jdy jdx = J @y Y -
D 0 y2 0 Y V4 3
1 i jl
16 24 ~ 48
24) Calisma 6-nin 1-ci misahnin halli.
1 I-x
V= \\f(x,y)dxdy =Jdx \(l-x - y)dy
0 0
1- 1.
= f(71~ x)y ~y 2 OXlZJ(I—X)de—~.
o4y 7 0
'Y (,"alisma 6-nin 4-ct misalmm halli
6 2n/x
V= [jf(x,y)dxdy =~dx j(6 -x)dy =
D 0 VX
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26) Calisma 7-nin 3-cii misalmm halli.
6-x2-y2=pgjc2+y2 tanliyini y/x2 +y2 nazaran hall etssk

mjx +y2 -2 olar. Demali konus va paraboloid sathleri xoy

mistavisi Uzorinda proeksiyasi x2 +y . 4 cevrasi olan ayri
boyunca kasisirlar. Bu halda integrallama oblasti.

V' (X2 +y2 <4,-yIx2+y2 <z2<6-X2-Yy2) olar.  Cismin

nogtelari xoz ve yoz mdustavilarine nazarsn simmetrik olmasim
nazare alaraq

V = Hldxdydz diisturunda silindrik koordinatlara keg¢sak alang:

v’
n
2 2 6-p2 2 .
V=4 jdcpJpdp jdz=2nJp{6-p2-p)dp - ——.
0 0 P 0

27) Cahsma 7-nin 11-ci misalmm halli
Kiira sothinin tanliyi silindrik koordinatlarda p —R sakilini ahr.
Kdranin birinci oktantda olan hissasinin hacmini hesablayaq.
X X
\Y 2 2 R
— = JJ!p 2 sin()dpdOd(p = \d(p jsin(MO|p dp-
8 v 0 0 0



K K K

Iy 2 2 n3 2 w3 a
- jsin(0 = — =— voaya F=—x? .
0O O 0

’X) Calisma 8-in 8-ci misalmm halli. Sathin birinci oktantda olan
lissasinin sahosini hesablayaq.

=/"i9-x2-y 2.,z * -Zy = - Y
2.y 2 )2 jy2

i b +x)24(2y)2dxdy =3 XD

(x2+y2=3) (x2+y2=3)
diisturunda polyar koordinatlara keg¢sak alarig.
It K
p(1p=-r j/9 -p 232 1Jpnip
0 O0y[9-p2 0
n

3(3-y[6) jd¢ =—HDb~4b)n vaya S =12a(3-yJo6jn.
o] 2
29) Calisma 8-in 15-ci misalmm halli

z=J2xy,z'x= Y *’- _.[O-. vaintegrallama oblasti
-Jixy Y V2xV

1)(0<x<2,0<y<4) dlzbucaghsi olduguna gora alariqg:
5 = JJdS = j\yjl +(Z'X) 2+ (z'y)2dxdy =
D

dy
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= Lf oA+ 2y jAA=2V2j(VI+-r dx
V2 nv 3vx .

2j274%3+-VT 16

30) Calisma 9-un 1-ci misalmm halli. integrali J(a) ils isara edok.
. 1 . l+acosx X j
f(x,a)~ In— olduqgda,
cosx l-a cosx

X 2
f (x,a) —2ct,x — molddege, § e (Xig)~ o T

2 l—a cos Xx
funksiyalan

DMa\l < 1-e <1);0 < x <—) duzbucaglismdakasilmazdir. Onda

A
2

J\a) =2 % ax at va ya
a) = ' \ r
1-a 2 cos? x 2011—a2+t2 a

J(a) = »arcsina +c.Buradan £->0=>J,(0"=0=C
oldugundan alang: J(a.) = >karcsina

31) Calisma 9-un 6-ci misalmm halli. integral a parametrina nazaran
butliin oxda mintazem yigihr. Dégrudan da ixtiyan e>0 adadi U¢ln

clo 5(e) —— adadi tapmagq olar ki, istanilon a> 8 (e) adadi iiclin
0 2 2 b 2 2
3 a - a -
2 X2T2 dx nr f X dx
Aa”+x7) *>003(a2 +x )
. . a
lim lim

br"b2+a2 a2+a?

<
a2+a2 a S(t)
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12) Cahsma 10-un 2-ci misalmm halli.

Ir
r n 1 T+1 un+1
. SINX COSX dx~FB disturunda m=6 va n=4
yazsaq va
lt(p>q), T O T >/y<u+l; M
2 2W ulJ

2m)! 1

( 2) r ,Tre+l; =n/ln y[n

m!2 m \Y

miinasibatlarindan istifada etsak alariq:

n
1 r
1 1 VZ\J U

jsin6 xcos4 xdx =—BT|

v2'2 r(6)
1 1 {1n
-r(3+-])l‘(2+~l):-ll—§//r 4l (-)
27 (6) 2 2" 2512 202wV
45
— /1
64

13) Calisma 10-un 14-cu misalmm halli.

I yjx2,x - ,dx = —Jt3dt avaz etsak alariq:



XIIFasiL
oyrixatli va satfa inteqrallari

Calisma 1. Birinci ndv ayrixatli integrallari hesablayin
(uzunlugq uzra)

1

1) - Yy =—X - 2 dlz xattini (0,-2) ve (4,0) ndqtslari
2

arasmda parca uzra.

2) jxyds , tapalari (0,0), (4,0), (4,2) va (0,2) néqtslarinde olan

Y
dizbucaglmin konturu uzre.

3) 5(x2 +y'y)qu,x-acos t,y = asinl c¢evrasi Uzra.

Yy

4) jxds, (0,0) va (1,2) néqtalarini birlesdiran parca boyunca.
y

5) \<x-y)ds, (0,0) va (4,3) ndgtalarini birlasdiran parca

Yy
boyunca.
6) ayrisinin ~ (3,2n/3)  néqtesindan
8,— -— noqtasinadak olan q6vsl Uzra.
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/) jyjx2 +y2ds,x2 +y2 = ax ¢evrasi Uzra.

Y

K  JY4n/x-3-Jy)ds,x = cos3t,y =sin3t,—<t <n astroid

r
yvrisi Uzra.

Y j(4nlx - 3y[y)ds, (-1,0) va (0,1) noqtslarini birlasdiran
Y

pnrca boyunca

c s
100 I . —x—2y =4 diz xsttinin (0,-2) va (4,2)

NI 9
ndx2 +y?2
IMKlolen arasmdaki pargasi boyunca.

2
11) fX—ds.y’\ = 2x parabolasmm (1,V 2) néqtssindan (2,2)

Yy
Y

nAqU)Sinadsk olan qovsii lizra.

d - .
12) res Ly=x+2 duz xattinin (2,4) va (1,3) noéqtaleri
r].X+ y

miisindaki parcasi tzra.
M) [yds,y - x3 ayrisinin (0,0) noégtssindan (3,3) nég-

Y
lusinodak olan qovsu Uzre.
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14) f ; S ——, (0,0) va (1,2) noqtslarini birlasdiran
V*2V + 4
parca bdyunca.

15) j\/Xx2 +y2ds,x = a(cost+tsint),y =a(sm-tcost),0 <t< 2n
ayrisi Uzra.

16) jxyds,x - 0,y =-,x - 4,y - 2 diz xatlerinin amals

Y
gatirdiyi dizbucaglmm konturu Gzra.

17)  jxds,y =x2 paraboiasinm (2,4) néqtesindan (1,1)

r
noqtasinadak olan qovsi Uzre.

Calisma 2. ikinci név ayrixatli integrallari hesablaym
(koordinatlar Gizra)

1) jYx2 - y2)dx,y = x2 parabolasinm (1,1) néqtasindan (2,4)

r
noqtasindak olan qovsu Uzra.

2) jxdy,y - x,x =2,y =0 duz xatlarinin amala gatirdiyi

r
Ucbucagm konturu tzra (musbat istigamatda).
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U j(x2+y2)dy,x =0,y =0,x +y =2 dlz xatlsrinin amala

Yy
l=x(irdiyi G¢cbucagm konturu tzra (mistab istigamatda).

) jxdy-ydx,y =x3 ayrisinin (0,0) ndqgtssindan (2,8)

Y
mii|tasinadak olan qdvsl Uzre.

) jxdy +ydx,x = Q,y = 0,—+ —= 1diiz xatlarinin  amals
Yy
c-Airdiyi G¢gbucagin konturu Gzra (mistab istigamatda).
2 2
f X \%
9 1 -y Hax+ (x %y Qdy. 2 +-Y =1 eliips ayrisinin
Y a b

musbat istiqgamati Uizra.

)} Jaxsin 2ydx+ycosy xdy, (0,0 va (3,6) noqtalarini
y

hirlosdiran parca boyunca.

8) J—xcosydx +ysinxdy, (0,00 ve (7wr,2n) noqtalerini
y

bull (sdiran parc¢a boyunca.

> jxdx +ydy, (1,1) ve (2,4) ndqtalarini birlasdiran parca

Yy
boyunca.
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10) jIxdy-3ydx, tapalari (1,2), (3,1) va (2,5) noqtalards
r
olan Gicbucagm konturu Gizra (musbat istigamatda).

11) Jjc2dx +y 2dy, tepaleri (0,0), (2,0), (4,4) va (0,4)

noqtslarinde olan dizbucaglmm konturu Uzra (musbat isti-
gamatdba).

12) jy(x - y)dx +xdy,y = 2x2 parabolasinm (0,0) néqtssin-
r
dan (1,2) noqtasinadak olan qovsu Uzra.

13) Jy(x - y)dx +xdy,y 2 -4x parabolasmm (0,0)
Y
noqtesinden (1,2) néqtasinadak olan govsi Uzra.

14) j(x2-y)dx, (2,3) va (4,5) noqtalarini birlasdiran parca

r
boyunca.

15) jydy +xdy, tepalari (0,0), (1,0), (1,1) ve (0A4)
r

noqtelarinds olan dizbucaglmin  konturu Uzra (musbat
istigamatds).

16) j(x2 - y)dx, x=0, y=0, x=1, y-2 diiz xatlarinin amala
Y

gatirdiyi diizbucaglmm konturu tzra (mUsbat istigamatda).
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17)

[(Xy - y2jc/x+ X, y- 2x2 parabolasmm (0,0)
7

In‘igtasindan (1,2) nbgtasinadak olan qdvsi Uzra.

("uhisma 3. Oyrixatli integrallarin kémayi ile sahalari
licsablayin.

1)

2)

3)

4)

5)

6)

7)
K)

9)

2
xOy mustavisi ils X +yg =R’ ve z =R+ sathlor

arasinda yerlasan hisasinin sahasini tapm.
xOy mustavisi ils y2=2px ve z= 2px-4X
sathlar arasmda yerlasan hisasinin sahasini tapm.
xOy mustavisi ila x2+y2 =R2 va 2Rz-xy sathlar
arasinda yerlasan hisasinin sahasini tapm.

j 4 X
xOy mustavisi ils yJ =—x-1) Vo z=2-yjX

sathlar arasmda yerlasan hisasinin sahasini tapin.
g

xOy mustavisi Uay ="2px,z-y V3 x=9— sathlar
arasmda yerlasan hisasinin sahasini tapin.

X2 +y2 - Rzsathinin X2 +y2+z2=R2sferasi
daxilinda yerlasan hissasinin sahasini tapm.
x = acost,y = bsini,0 <t <2n ellipsin sahasini tapm.

x-acos t,y =asin 1,0<t <2n astroidm sahasini
tapm.

Y=x"x=y ,8xy =1 ayrilari ile shata olan fiqurun
sahasini tapm.

10),yy72 ::xxX>92 ==y parabolalari ila ahata olan fiqurun

sahasini tapm.
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11) (x2 +y2)2 =2a2(x2-y 2) Bernulli leminiskati
hiududlanmis fiqurun sahasini tapin.

12) x = 2acost-a cos2t,y = 2asint- asin2t,0 <t <2n
kardioida ils hidudlanmis fiqurun sahasini tapm.

13)x -a (t- sint),y =a(1- cosi),0 <t<2n tsikloidinin

bir taginm sahasini tapm.

14) x3+x2-y2~0 oayrisi ile shata olunmus fiqurun

sahasini tapm.

15) x3 +y 3 -axy =0 Dekart yarpaginin ilgayinin sahasini

tapm.
16) y2 =x2-x 4 =0 ayrisi ilo shata olunan sahani tapm.

17) 9y 2 - 4x3-x 4 ayrisi ils shata olunan sahani tapm.

Calisma 4. Tam diferensiallara gors ibtidai funksiyalari tapm.
1) dz=(y +In(x+1)dx +(x+\-ey)dy,
ydz ks = gy
Y Y =
3) dz = (3x2y +1)dx +(x3-1)dy?
1

4) dz dx + dy,

N4 X
5) dz = (3x2y - y3)dx +(x3- 3y2x)dy.

6) dz = xy(xy3dx+4—x2y 2dy),

7) dz = A(x2 - y 2) (xdx - ydy),
8) dz = exy ((l +xy)dx +x2dy),
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dz = (x + 2y)dx +ydy
(x+y)2
10) dz = (2xcosy—y23inx)dx+(2ycosx-x23iny)dy

1) d. - (3y~x>dx+ (¥~ 3x)dy
(x+y)3
1?) 8z = (x4 + 4xy ")dx + (6x2y 2 - 5y* idy.

14 .t . '-A

14) dz = (x2 +2xy- Y)dx+(x2-2xy—y2)dy,
15) c/z=smfx + y))dx + dy/

Xz + ,2

Oilisma 5. Birinci ndv sath inteqgrallarini hesablaym (sathin
1hosi Gzra).

) JJféx + 4y + 3zJcfe burada S sathi x+2y+3z=6 mustavisinin

S
birinci oktantda yerlasmis hissasidir.

) jixclv, burada S sathi x2+y2+z2=R2 sferasinin birinci
S

nklantdayerlasmis hissasidir.

) \\yds , burada S sathi z=TR2-x 2 -y 2 yarimsferasidir.
A

4) Jp/i?2 -x 2 -y 2ds, burada S sethi z=-yn2-x2-y?2

X
ynrimsferasidir.
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5 JJIxV *. ;=-Jr2- x2-.y2 yarimsferasidir.
5

6) jiVj;+z+\]la - x2)ds, burada S sathi z=0, z=h

5
mustavilari ile mahdud olan x2+y2=:a2 silindridir.

7 [f- 2 burada S sathi z=x2+y?2 paraboloidinin
s X +Y

x2+y2=R2silindri ile kasilmis hissasidir.

8) jjxds, burada S sathi z =yjl-x2-y 2 yarimsferasidir.
S

9) jjfx2 +y2)ds, burada S sathi z=| maustavilari ils

mahdud olan x2+y2=2z paraboloididir.

10) ji(x2y2 +x2z2 +y2z2)ds, burada S sethi
S

z =njx2 +y2 konusunun x2+y2 =2x silindri ils kasilmis
hissasidir.
11) Jjfx2 +y2)ds, burada S sathi z=0, z=I maustavilari ils

S
mahdud olan z2=x2+y2sathidir.

12) jjxyzds, burada S sathi z=0 ve z=1 mustavilari ils

S
mahdud olan x2+y2—z paraboloididir.

13) JjYxcosa +ycosfi+zcosy)ds, burada S sothi

s
x+y+z=1mistavisinin birinci oktantda yerlasmis hissasidir.
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14) \\zds, burada S sethi x2+y2=2z sathinin z--Jx2 +y2

S
o kithi ila kasilmis hissasidir.
M) Jjyx+y +z)ds, burada S sathi x2+y2+z2=R2 sferasidir.

s
\

1 % X
I A 2x+—y+zds, burada S sothi 2—+12+:—=1

miistavisinin birinci oktantda yerlasmis hissasidir.
17) [jxyzds, burada S sathi x+y+z=1 mustavisinin birinci

S
oktantda yerlasmis hissasidir.

Calisma 6. ikinci ndév seth integrallarmi hesablaym
(koordinatlar tizra).
1) JIxdydz + ydxdz + zdxdy , burada x=0, y=0, z=0, x -1, y=1,

S
I mustavilari ile amals galen kubun misbat tarafidir.

J) JIxdydz fydxdz + zdxdy, burada S sethi x2+y2+z2=R2

s
Icrasimn xarici tarafidir.

) Jix2dxdy, burada S sathi x2+y2+z2=a2 sferasmin xarici

S
lwiolldir.

I) jjydxdy, burada S sathi x=0, y=0, z=0, x+y+z=I

S
nnistovilari ils amala galan piramidamn xarici tarafidir.

** jj(y2+z2)dydz, burada S sathi yOz mustavilari ila

N
m, llulud olan x=a2-y2-z2 paraboloidinin xarici tarafidir.
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6) JJZ dxdy, burada S sathi x2+y2+2z2=2 ellipsoididir.

S

7) JJfz + Ddxdy, burada S sathi x2+y2+z2=R2 sferasmm xarici

tarafidir.
8) Ilxdydz +ydxdz + zdxdy , burada S sathi x=0, y=0, z=0,

S
x+y+z=1 mdustavileri ile amals galan piramidanin musbot
tarafidir.
2 2
9)dxdy, burada S sathi z=2 mustavisi ila z2=x2+y-’

S z

konusunun amala gatirdiyl sathin xarici tarafidir.
2

10) dxdy burada S sathi x2+y2+z2=R2 sferanm asagidaki
N

yarsmin yuxar! tarafidir.

11) y.x3dydz +yidxdz + z2dxdy, burada S sathi x2+y2+z2=R"

S
sferasmm xarici tarafidir.

12) |jYx2 +y2)dxdy, burada S sathi x2+y2+z2-a 2sferasmm

S
xariei tarafidir.

14) jjxzdvdy, burada S sathi x2+y2+z2=1 sferasmm xarici

tarafidir.

15) jjzdxdy , burada S sathi X2, 2,122

S
xarici tarafidir.

=1 ellipsoidinin

224



I® jjx y dxdy, burada S sathi x2+y2+z2=R2sferasmm

s
r.agidaki yarismm musbat tarsfidir.
2 2 2

/) \\zdxdy, burada S sathi —+ +~ = lellipsoidinin
M a2 b c

nirici tarafidir.
Ndmiinavi hallar

1) y2=2x parabolasmm A (l,1) v;>B(2,2) nogtslari ils mahdud AB

- f X . .
lussosi Uzra | —dl inteqgralmi hesablaym.

A~
Holli:
t Six.y’= -~~>dl =Jl+(y)2dx=Jl+— ="~"~[Adx
fa vV 2Xx nJ2x
nlduguna géra alariq:
2 2
X o X ME2x g IO 2xdx =
hi Y \42x  V2x 2 -

n I.h \ +rxp |2=’(\55n/5—3n/3;.

) y=x2parabolasmm 0(0,0) ve A(1,1) négtslari ilo mohdud
(N1 hissesi Uzro

[bx2ydx + (x3 +1)dy

0A
inteqralmi hesablaym.
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Hoalli:
1
~3x2ydy +(x3 +1)dy = j(5x4 +2x)dx =/x5+x2) |g=2
OA 0
3) x2+y2=R2cevrasi Uzra goturiilmis (musbat istigamatds)
J - <jxy2dy - x2ydx

integralmi Qrin disturu ilo hesablaym.
Halli: Burada

P(x,y) =-x2y,Q(x,y) =xy2, N =-x2,"-=y2
ax ax
,O 4P x 2 ry 2
axo o ay
oldugundan
J - <jxy2dy - x2ydx - JIV*2 +y 2)dxdy
r D
yazmagq olar. Burada
X =pcos (p,y = psin<p,Q <(p<2n
polyar koordinatlara kecsak, alariq:

2n R 1 2n r4
J- ~p2pdpd(p- jd<pJIp3dp = —R4 jd<p= —-
D 0 0 4 0
x 2 y2
4) -X-+" =1 ellipsin sahasini hesablaym.
a b2
Halli: Ellipsin

X = acost,ybsint,0 <t<=2n parametrik tanliyins asasan, alariq:

I 12
= —\xdy -ydx =— E(acos thcost + bsintbsint)dt —
2Y 20

24 ,2N
— \abdt =— fdt=mb,
2 2
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Y x+y+z=1mistavisinin birinci oktantda yerlesan hissasinin
xarici Uzl Uzre gotardlmis jjxdxdy integralmi hesablaym.
5
li1li: S sathinin tanliyi z=I-x~y va onun xOy mustovisi izarinds
Dicwycksiyasi D=(0<x<I,0<y<I-x) oblasti olar. Onda
1 I-x

Nxzdxdy = JIxfl -x-y)dxdy =jdx x- x2- xy)dy =

S D 0 0

J(xy-x2y——%(y2) - o= %(x(l—x)— x2(1- x) -
0
1
X(1- x2)dx = —|(x - 2x2 + x3)dx
20

r A
1,2 23 1 4°% _

1
U 3 47 ) D 2

+INL +
43 24

1_1
2 3
(t) /2=x2+y2sethinin z=0, z=1 mastavilari ile mahdud olan

hissasi Uzrs goturtlmus JjYx2 +y 2)ds integralmi

hesablaym.
lvlli: Burada
Jx2+y27x=~ * = 7y=-=¢
yixZ +y” yixz+yZ
v Jl+ (zx)2 +(z'y)2dxdy =
2 ~~2
f— ) — Z—dxdy = yfldxdy

2 2
X +vy X +y

(Ingundan
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jjYx2 +y2)ds =n/2 jj(x2 +y2)dxdy.
S D

Sag terafdaki integralin integrallama oblasti x2+y2<1 dairasidir.
Burada x = pcos (p,y =psin¢ polyar koordinatlara ke¢sak

alariq:

2 1 29r
JJ(nr2 +y2)ds =41 fd<pjp 3dp =y/2j —p 4dp=
s 0 0 04

?
V2N 2

7) x=0,y=0, z=0 va x+y+z= 1mistavilori ilo shata olunmus
piramidanm xarici Uzii Uzrs goturilmis
jjxdydz +ydxdz + zdxdy integralmi hesablaym.
s
Halli: Qauss-Ostrogradski diisturuna asasan alarig:
jjxdydz +ydxdz + zdxdy ~ JJ|(1 +1 + Y)dxdydz =
S \
1 I-x I-x-y 1 \~x
=3 [fdxdydz =3jdx jdy jdz =3jdx jz * Ydy—

v 0 0 0 0 0
1/ 2n 1 .
=3Jy-xy-— Jgxdx-3~(I-x-x(\-x)— (\-x)2)dx =
0\ 2) 0 2

3fx- I I

——j FI 2 X7+ X j)dx—- ;10

8) F = 2Ti+ j2~j +#7k vektorial meydanm divergensiyasi ve
rotorunu hesablaym,
Holli: Burada
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!’~x2t6 ——yz,lg——zz,dp—Zx, 2y,8R —27z,
ox: cy az

'>'mofd=o0f0 o0o,«=o0of =0/f =0

Oj/ 0z <X dz 0x By
ildugundan alariq:
i = AP +d—Q+9R =2fx+y +2),
ac oy or
Fo/F = as HGA - dP £20.
5z y" %yb5z dxy dx

dy.
) Bork cisim sabit o bucaq stirsti ila Oz oxu atrafmda firlanir.

v(M) = -toyi +axcj surstlor meydaninm divergensiyasmi

Vo rotorunu hesablaym.
lolli: Burada
r -ay,Q = cax,ROz OI—!_'D'E): Orj_dQ: On'_dl?: OI-,I_'D'F_): - 0),

ax ay Sz cy
>"=0 =0« =o0o[ =o/[ =o.
dz JiD dz Jibe ay
_ AP dQ dR

(Jdugundan alangq: a1w (M) =%—(——F— =0
ox dy dz

Fotv(M) - NMR dQ\ ( ( LLI,_,anK
dy dzJ wvdz dx/M ax dy

(at- (-co))k = 2cok .

10) Calisma 1-in 5-ci misalmm halli: (0,0) va (4,3) noqtals-

. . - 3 3
lindan kecan diiz xattin tenliyi y = —x olar. Onda y' - —
4 4

4 [I— 4
j(x - y)ds =\(x Xjjl+A =+ \xdx=1 .
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11) Calisma 1-in 8-ci misalmm holli:
dx = -3 cos? tsintdt, dy =3sin?/ costdt,

ds - yjdx2 +dy2 = 3sin/costdt,

2
a' n
3sintcostdt =-12 [cos2tdt-9 jsw 2 tdsint =
n N
2 2
:—40033t i'Zr %8 s'inal#l ,'i:ig :
2 2
12) Calisma 2-nin  7-ci misalmm holli:  (0,0) vo

noqtolorindsn kegan diz xsttin tenliyi y=2x olar.
Onda

3
NAXxsinlydy +ycos2 2xdy = J4xsin2 2xdx +
y 0
3 3

(3.6)

+2xc052 2xd2x = 4 jx(sin2 2x + cos2 2x)dx -4 jxdx —18

0 0
13) Cahsma 2-nin 9-cu misalmm holli:

xdx +ydy ~ Ld(x2 +y2) osasonalariq:
12V 1
Ixdx +ydy =-  Jd(x2+y2)=-(x2+y2) \(2f} =
(W
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=+(20-2) = 0.

14) Calisma 2-nin 14-cu misalmm halli:
(2,3) va (4,5) nogtalarindan kegan diiz xattin tanliyi y=x+1 olar.
Onda

. . 4 .|
j(x2-y)dx =j(x2-x-\)dx--x3 g—goéé Xkl 32
r 2 3

15) Calxsma 3-Un 8-ci misalinm halli:
1 Yacos2sintdt, dy=3asin2costdt ssasen alariq:

1 1 2

N (xdy-ydx)=- j(acof(basil'tcost +asirr’fkxcoltsirt)dt=

2y 20

n 22 w2 2n ~ 22

[sin2tcostdt =-~— \sin2 2tdt =—— \(\-cos4t)dt

2 d 8 0 16 0

m 't2f
8

16) Cahsma 3-Un 10-cu misalinin halli:
Hu ayrilarin (0,0) va (1,1) ndqtalarinda kasismasina asasan
alarq:

1 1 1°
S =—jYxdy - ydx) = — jo 2dx — j-Jxcbc =
1 A=l
‘6+3~3"
17) Calisma 4-0n 2-ci misalinm halli:
r= iq—lcsl -2 \?( AP ----'1r - =Q olgag’undan
Y y

X ylay yl ax
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232

X Yy
z(x,y) = JP(t,yo)dt + JQ (x,t)dt (1)

*0
dusturunda xo=I, yo=I gétirssk alang:
x 1 Y(? \
z= [(-+1)dt+\\ dy =Inx +2Ilny +— +c.
1* Vo121 Yy

18) Calisma 4-Un 15-ci misalmin halli:
P=x2+2xy-y2,Q-x2—=2Xy-y?2

AP dQ y N

-— ~2Xx-2y =— oldugundan (1) disturunda xo=0, yo=0
ay ax

gotrssk alariq:

X Yy
zZ(x,y)= jt2dt+j(x2-2xt- 12)dt+¢c =
o} 0
3 3

19) Calisma 5-in 1-ei misalmm halli:

va integrallama oblasti D(0<x<6-2y, 0<y<3) oldujundan alang:

jjféx +4y +3z)ds = JjYbx + 2y + 6)dxdy =
S 3 D

=— mdy \(5+2y+6)dx="2j |[x 2+2xy+6xI |J 2ydy=
0 0 3 0V2 )



=2nlblj(y2-\0y +2l)dy=2yf\4" -5 /+ 21y 1=54jl4.

20) Calisma 5-in 11-ci misalmm holli:
2=yjx2 +y2.,ds =yjl+ (z'x)2 +(z'y) 2 - 4ldxdy

vo integrallama oblasti D(x2+y2<l) olar. Polyar koordinatlara
kcesak alarig:

W(x2 +y2)ds - J]Vx2 +y2)-j2dxdy =

D
29 1 lZ)rK «
1N
f gd<p(‘)p P e aep=

21) Calisma 6-nm 8-ci misalmm halli:
Astrogradski dusturuna asasan alariq:

jixdydz +ydzdx + zdxdy = JJJ(1 +1 +1)dxdydz -

S \
1 \-x 1I-x-y 1 1 1-x-Y
-3 Mdxdydz =3 jcfr ~dy Jdz =3fdx j[z] dy
Y 0 0 0 0 0 O
I j-
1—xy— Y atc=3J (1-x1 dx-
1 1
6 2

Calisma 6-nin 11-ci misalinm halli:
slrogradski disturunu tatbiq edarsk sferik koordinatlara ke¢sak
nlariq:
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jix3dydz +y3dxdz + z~dxdy = 3jjj"|x2 +y 2 + z2\jxdydz -

2N R 10
=3 Nsinc¢d¢ 'O Jp 4dp = -j -uR5
O O

XIIFB8SilL

Riyazi fi/lika tanliklari

Cahsma 1. Sonlu simin sarbast raqgs tanliyiniii

N
fﬁd 2“_2]/', ufﬁ,t)q= ufl,tf= @,sz’%= Qt>0, 0 <x<I
t

asagidaki baslangxc sartlarini 6dayan hallini tapm.

1) u(x,0) =2sin”~-, 2)M(x,0) = 2sin”™~
3) n(x,0) = 3sin . 4) u(x,0) = 3sin FYI\X—,
) W(qu) = 4S|n— 6) ué 8)\— sfnﬂ?x—,

_ame 31Tr
7) M(x,0) = 6sin-y -, 8) M(x,0) =5sin-y -
9) n(x,0) =sin : 10) k(x,0) = — :
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11)u(x,0)=Acos|", 12) m(x,0) =ifc ).

10/
13) wxD)=5sin ~, 14) w(x,0) = 3sin 3gac
15) m(x,0) = - — *) ? 16) mM(x,0) = ——sin-—,
5 100 21
7 wxo) PN
12
<ulisma 2. Cubuqgda istiliyin yayilma tanliyinin
—=al— t>0,0,)c (0,82),«(O,/)=r/((),/))=0
St ax2
isugidaki sartlari 6dayan hallini tapin.
1) //(x,0) = 4sin 3x, 2) u(x,0) = 2sin x,
) «(x,0) = 3sin 2x, 4) u(x,0) = (f2xl,
") 1/(x,0) = 2sin 5x, 6) M(x,0) =4e x2,
7) u(x,0)-3cos2x, 8) 1/(x,0) = 2coskx,
0) /<(x,0)=e 2, 10) w(x,0) =8 4,
1) u(x,0) =e 4, 12) w(x,0) = 3sin 4x,
1) m(x,0) = 3cos4x, 14) r/(x,0) = e~9Q,

I u(x,0)=e 9, 16) w(x,0) = 2e~x*,



Nidmunavi haller

a2 =21

1) —y - a 2—— tanliyinin u(0,t) = =0 sorhad va
dtl ax2
2—h X, 0<x< I— olduqda,
u(x,0) =/(x)

2h{1- x) 1 <x <1 0idugda>

I 2
A0 _ £ =g

dt

baslangic sertlarini 6dayan hallini tapin.
HAU: Aydindir ki, simin baslangic andaki vaziyysti tapsleri

(0,0),('—,hq_(/,O) nogtslarinda olan tgbucaq saklindodir.
\2 J

Mosaleni Furye metodu ila hall edsk. an ve bn

amsallarini hesablayaq. ¥ (x) = 0 oldugundan bn~ 0 olar.
Onda



4h nn 2h nn 4h nn

-SIn—-x = COS— -+ W m-sm— +
M2K2 | % nn 2 nre 2
2h nn 4h . nn 8h . nn
+— CcOS— + ®.SM— =- - -sm—

nn 2 nn 2 nn 2
iMuliklo,

u(x,t) = 8]'I>’\ 3 sin ' sin My cos 20N

a9 g i

L hu

2d2u L
-a —r- tanliyinin
dt dx2

u(x,0) = f(x) =u0, 0<x<@

IMI.mgic sertini 6dayan hallini tapm.
n ’Hi: Puasson disturuna asasen alariq:

1 ® ® (*Or
n(x,t) = — -==\f{C)e 471 dC
2ayjnt 0 2ay/nt £
-m—= —y, dC =-2a4tdy avoz edak.
hlyjl
2aji
u(x,t) - —%== f 2aJTey2dy =~= fe~yldy
2ciy/nt | nn *
2av7
i 0 221 ] 2ajt
e mdy —fe~ydy+ j e-ydy=——+ Jeydy

Hift ndan
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2all
un
u(x,t) = + je yuy 1+ jeyady

va ya

u(x,t) =~- 1+~ \e yldy
nlir o

olar, burada z =

2a«Jt
3) Calisma 1-in 4-ci misalmm halli. F(x)=0 oldugundan b,=0 olar.
Onda

<m:-j\f(x)5|n~|-_u~1xdx 3sinxsinl xdx
10
ri . , | 1—cos —— Xx I
S fsin® MMydx 8 F—m —-dx =—\dx -
li | '18 2 |O
3 2 3 3/ 2 /
YcosL’rm’ =— st LK 3-0-3
| | 2nn
0
Belalikls,

- . A4 DK
M(x,0 = 3sin— xcos— f
4) Calisma 1-in 7-ci misalmm holli. Asanligla géstarmak olar ki,
sin " maxsusi hellari [0,/] pargasmda ortogonaldir.

21X n
f(x) = 6sin— —asasan a,,0 olmasi G¢tn hékmon J12 = ~y~

olmahdxr.
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115 0 oldugundan bn=0 olar. Onda Nj = il giymotindas alariq:

; 2NX 2\ 2 29X
~7 . F 'Xjsin—d x -~\bsm — dx =
lo 1 10 1
(ovvolki misala bax) =6.
Hi'lolilclo,
&\, 1) =6sm 2Tacoszmt .

I
I (, alisma 2-nin 3-cli misalinin halli. tstiliyin yayilma tanliyinin

VX Py = —"sim2x
' 2 2
i a a
"I"iulor sakilmin
,_n[_px @x 3
\(x,n)~cne a +cle a +— —sin2x

p +4a2

luilhndon u(0,t)=u(0, —)=0 sarhod sartlarino asassn alariq:

3
) (\,p) = - — sin2x. Bu hallin orijinali
p +4a
n 2f
LhJ) =3e~ a sin2x olar.
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XIV FasiL
Kompleks dayisanli fiinksiyalar
Yoxlama isleri iiciin cahsmalar

Calisma 1. Tanliklari hall edin.
1) (x+i)n-(x-i)n=0, xeR,
2) cosx +/sinx =sinx + zcosx, X e R,

3) e2+i =0, 4) 4cosz+5=0,

5) ez +2ez-3=0, 6) = costzx, x € R,

7) sinz =m, 8) sinz = 3,

9) In(z+/)=0, 10) In(/-z) =1,

11) e~iz =1, 12) shiz = -/,

13) cljz = i, 14)z2 = 3- 4i,

15) zz +|z| =0, 16) z3+3z2+3z+3=0,

17) z4—4234-622-4z —15=0.

Calisma 2. Funksiyalarm analitik olmasini yoxlaym vo
f'(z)-i tapin.

1) /700 ! 2)f(z) =e2z, 3) f(z) =ze\
4)f(z) =sin~, 5)f(z) = shz, 6)f(z) =\nz2,
f(z) = z2, 8)/(z) = zed 9)/(z) =cosz,
10) /(z) = cfe, H)/0)=n, 12)/(z) =z V z,
13) B my _zcosz _ez+|
3) (Z)_z_’ )(z) = 147 15) 1(2) 52 =
16)/(z) = ez, 17)/(z) =x3- 3 x/-/ (/- 3xV).
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<ultima 3. integrallari hesablaym.

I) jzdz, burada y,zt=0 va z2=1+/ noqtslarini birlas-
r
iliron diiz xatt pargasidir.

) fe'dz, buraday,y - x3 ayrisinin z, =1 ndéqtasindan
r
ir = 2 +i nogtesinadak olan qévsudur.

Y j(Il+i-2z)dz, burada y,zx=0 va z2=1 +i noqtslarini
T
birlosdiran diiz xatt parcasxdir.

A1) JL+i- 2z)dz, buraday,y = x2 ayrisinin z\- 0 néqte-

sinden z2 =1 +/ néqtasinadak olan qdvsudur.

) jzdz, buraday,y ™ 1-x2 ayrisinin z, =0 ndéqtasindan

Y
=2 +i noqtesinedak olan qovsudur.

(¥ jzdz, burada y,x =cost,y =sint, 0 <t <2k gapall ay-
Yy
risidir.
[ 2+ *(1_0
) jzcoszdz, 8) J(3z2+2z)dz, 9) jezdz,
a [ 0
\Y z2 1 dZ

H) j(z3-z)e2dz, 11) j(z-i)e~zdz, 12)
(z-1)"

Imikla y,\z-\\ =3, O0<argz<2?r cevrasidir.
Iy SCOSZJZ, burada ytzl = % ovoz2~n +i ndqtsalarini bir-

| mnliron diiz xatt parcasidir.
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14) Jjzjclz, burada y,zj =-1 va z” -1 ndqtslarini birlasdi-

ron diiz xatt parcasidir.
I+

15) Jzdz,

16) J(z7 + zz)dz, burada y,\z\ = 1, 0 < argz < T ¢evrasidir.
r
i
17) Jzcoszdz.
1
Calisma 4. Kosi disturundan istifads edarak integrallari
hesablaym.

1 r ze r sinnz
°  >TTi ’ }o> -2
e e ctz M4 rcosz ,
3) J T — T - 4>
|z-2|=2<z ME
lz=I Z Irl=2 v2 \Y;
7 f —dz, 8) f-~-dz,
[FEL2 ~ 2/ [A=4r_2r"
9 f 10) {& ~ d z,
\2\=2z -1 kH
n> 1hir"’ 12> Mz +22
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1 dz
I>\]7 . 19y 3 %
1*1-4 +3" z+'=11+ Z
15) J & 16) J i/
4 1z,
<Hl+z v2=3Z -67
e cossr
7 J Jz.
z2+2z

<nlisma 5. Funksiyalarm maxsusi ndéqtslarinda cixiglarini
In sthlayin.

1(r) L1 2)/(2):(2_2)3,
» /(r)= (2 +1)3(2-2) 4-)/(*):“221
M "(Z)=7(iz 1) By =
z2
7)/(2) = L+22)2° 8) /(r)*z(l_zz),
D@ = 0% 10/(2)= 5
- ZZ
/ - _ €082z
1)/(z) |-370 12)/(z) )3
_ 1 ) wr
I»)/(z) = 1474 14)/rz; -
4
1*>)/(2) 30'2:; 16)/(z) = e
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1ni(z) ¥

z z
4

Calisma 6. Cixiglari tatbiq edarak inteqrallari hesablaym.

" x2dx
D) da+x2)2

I
+4)(x2+9)

1+x
5)
1+x2)3 ~

o1+ x4

00

x 4dx
9) _01:(1+ x2)4’

= sin 2x
d’
)it(ww) "

xsin X
13) J dx,
ol+ X2+x4

00 .
sin 3x
15) J dx,

0X2 +9

dx
17) j *
1Hhx 6
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citX
4)]
i0 +*2)5°
) xdx
®) Jxo12x +5)2
00 dX

J(x +2x 4-2)
00 2

wy f-iL ~ jg
oCl+x r

8)

COX3 smxXx
12) J dx,
( 1+ x

* cosx
14) J dx,
X +4

dx

16) |(|+x%)3



NUmumyvi hsllsr

1) [/ (z) =/z2 + z funksiyasmm haqigi ve xayali hisselerini

ayirm.
UAIr. Burada

[ (z) =u(X,y)+iv(x,y) =/(X+1» 2+ (x-/v) =
= i(X2-y 2+ 2xyi)+ X —iy = X —2Xy + i(x2-y2-y)
liclolikls,
u(x,y) —x~ 2xy, Vv(x,y) =Xz2-y2-y
2) sini hesablaym.

Ualli:
e’ e e -el et-e'1
sm/ ishi.
2i 2i
1) 1n(n/3 + /) hesablaym.
[ls»//[: Burada
Zz=nl3+1i, p AN=n/3-b1 =2, = argz = arc/g-~"r = —
V3 6
n(n/3+0=In2+f- +2Jbr)\ k=0,+1,%2,...
V6 J
2) L/?(1 +/) hesablaym.
Zn(l +o = 1lull + 1+ i(arctg(:s+1i) + 2kn) =
N
An-J1 +i +2kn , K=0,%1,+2,..
> i1 hesablaym.
thili:
—i+2kai
I =ebl =e K =o0,t1,+2,....

< f (z) = z2 funksiyasmm diferensiallanan olmasmi yoxlaym.
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f(z2)=z2=(x+1iy)2=X%x2-y 2+ 2xyi

n= x2— y 2, V= ZXG,M— = 2X, ar_ -2jl, av_ = 2‘_y—dv— 2X
car cy or dy
Buradan aydindir ki,
an _8v dv_  om
mx <Gy’ <X
Dalamber-Eyler sartleri 6denilir, ya’ni funksiya diferensiallanandii.
Onda

['(z) =— +/— =2x+ 2>v=2(x +iy) = 2z.
() 2 (x +1iy)

\+i

7) Jztfe hesablaym.

Halli: integralalti funksiya analitik oldugundan Nyuton-Leybnis
disturuna ssasan, alariq: )
W o M
1
f =— | +/)2-i2)= =+
fadz = ((‘ n2-iz)=-
8) jzl =~ cevrasi Uzrs gotirihnis fj~ T  inteqralmi hesab-

laym.
Halli; integralalti funksiya |z| < ~ dairesinda analitik oldugundan,

Kosi teoremine goro integral sifira barabardir, ya'ni
dz 0

+z2

9) Iz—|2 =3 cevresi Uzra goturilmis f—f\--———dz integralini
Jz —62z

hesablaym.
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ILilli: |z—2< 3 dairssinda ancaq bir z = 0 ndqtasinds integra-
litlli funksiyanm maxraci sifira cevrilir, integrah

er2
-dz 2-6 4
2—bz

|z-2]=3
" z2
tiklinds yazaq. / (z) = —_6 funksiyasi verilmis obiastda analitik
z

""Mug@undan, Kosi disturuna asassn z —0 ndéqtssinda alariq:

1 . . .
100 /(z) 273 funksiyasmi z = 0 néqtosinin strafmda Loran

sirasina ayirm.
1 1

1<l Verilmis funksiyam Iy-n - -3 saklinds yazaq.

2
1—r
3
0 nogqtesinin atrafinda —z <\ barabarsizliyi édanildiyina gora
3
1 1 kasrina sonsuz azalan handasi silsilanin comi kimi bax-
moo
3

imuil olur. Onda
1 2z 22z2 23z3

3~32 33 34
nwvi
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co ryn~1

I(*> =\ ‘M

olar. —z < 1 barabarsizliyindan aydindir ki, siranm yigdma
3
3
oblasti z < — dairasidir.
11 2
H) /700 : funksiyasmm ¢ixigmi hesablaym.
z —2
Halil, z —2 ndqtasi verilmis funksiyanm sado polyusu oldugun-
dan
Res/XZ)-Ilm(z 2)/(z)-I|m(z- 2)----—--- =limz2=4
z —2 -2
12) /(*) =m funksiyasmm c¢ixigim hesablaym.
(z+1)3
Haiti: z = —1 ndqtasi verilmis funksiyanm ugtertibli polyusu
oldugundan
Res/X-1) = —lim ?_L (2 + 1)3
2! z2>1d (z + 1)3
lr d2 1 2 1
=—Ilim—-(e )=—Ilime
2 ***dz 2N -i 2e

13) Calisma 1-in 14-cii misalmm halli:

z=Xx+iy,(x +iy)2 =3- 4/,x2-y2 +2xyi = 3- 4i,

2 2 j
¥2=3 IR =4 JxI,2:4>*3,4:-1
=4 => e

Ixy = -2 X238 = 4

Buradan

*3 4 V-T ='Ji2 =+/"34 =V -4 =nl4/2 = +2/
Onda

Xj=2, x2=-2, x3Fi, xX&=-i, yi=-1, y2=1, y3F2i, y4£=-2i.
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M) Calisma 1-in 15-ci misalmm helli:
/' -(M-iy)2=x2y 2 2xyi, \2\ = njx2 +y*

X2‘ y2+2xyi+pa/x2+y2 —0

X" -j/12 +nIx2~+y2 = 0O

«y=0
» Ooldugda sistemin birinci tanliyindon alanqg:

v2+pfy2 =0 .V +[H=oljr"[-1; =0l =0
vo ya bl -1 =0,7! -0.J2 = i,Ys =-*, y=0 oldugda sistemin
birinci tanliyinden x +Vx =0 vaya x + |x|]=0 alanqg ki, bu

diancaq x=0 oldugda mumkiindir. Belslikla tanliyin koklari z,=0,
/i, [.j=-i olar.

IS) Calisma 2-nin 1-ci misalmin halli: aling:

fizf=tam = iedhy 240
z Jz ¥4 \2\
X V— 2- _,\L'OT'O— T*—
|z ° lzl’ax [z1’dy  Tac Sy 2| " dy

l.o.si Riman sartlarindan biri 6danmir. Demeli funksiya kompleks
miislovida na diferensiallanan no de analitik deyildir.

I® Calisma 2-nin 2-ci misalmm helli: alanq:

e2z =e2x(cos 2y +is'm2y),u = e2x c0os2y,

V =e2xsin 2y,— - 2e2x cos2y,— = -2e2xsin?2y,
ax ay

- 2exsm 2y,d —QEB((COSZV&/I 4V dv
ay ax o oy oy ax

ov
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Kosi-Riman sartlari édanir. Demak funksiya bittin mistavids ana-
litikdir vo diferensialanandir. Onda

nTr

j\z)~— +'— =2e2*co Sy+iN*sir2y=2e2x(co&y+is\riy)=2e2z
Ac A

17) Calisma 3-Un 4-ct misalmin halli:
y=x2parabolasi G¢lin dy —2xdx(0 < x < 1) olar. Onda,

JA+r-22)riz=j(1-2x-(\+b ?)2X)dx+ijo + 1t 2+(1-2x)2x)dx=-2 + 41,

18) Calisma 3-Un 7-ci misalinm halli:

f(z)=z va (p(z)=cosz funksiyalari bultin kompleks miustavids
analitikdir. Onda hissa-hissa integrallama diisturuna asassn alariq:

i i Wi
Jzcos zdz = Jz(sinz)'dz = (zsinz) - jsinzdz =

0 0 0
l-e

Ssini+cosz I, =isinit4 cosi=1 = =shy « chl =

19) Calisma 4-tn 1-ci misalimn holli:
f(z)=zez funksiyasi jz| < 4 dairssinda analitik oldugundan Kosi
dusturuna goro alariq:

f(2i)= — dz

2m 3_42 —2|

2 _ze
Yeaz ~ 2i

Im™-1li-e -dz vg ya
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20) Calisma 4-tn 12-ci misahnm halli:

ez
z = 3 dairasinin daxilindaki z=0 néqtssinds /(z) = —z~-——--

z +2z
funksiyasmm moxrogi sifira barabar olur. Integrali
ez
z —F Wl
f edz _ f z+2 soklinda yazaq. f(x) = B- funk-
LO9r |, z Z+2
=3 - |zI=3

siyasl jzj < 3 dairasinin daxilinds analitik oldugundan Kosi dis-
linuna gora alariq:

f JL dz=2mf(0) =2m—=m..

11 z +2z 2
z2
1) Calisma 5-in 2-ci misalmm halli: f(x) =-(“"E funksi-
Z -
yasmm (g tertibli z=2 polyusuna nazaran alariq:
1 d2 1 d2 ?
Rcsf(2) =— lim —j-((z - 2)T/(z)) =—Ilim— z =
2\z"2dz 2\z->2dz
1.2 =1
2
Calisma 5-in 12-ci misalinm halli.
ms'2z ,, , .
/ = —  ——funksiyasmm Ug tortibli z=I polyusuna nazaran

(z-1)



Resf(l) =— lim d (*—|;3 c0s 22

2/ z->1 (Z_V3

1
= —lim(-4 cos2z) =-2co0s?2

2 Z—»1

X

23) Galisma 6-nm 1-ci misalmm halli. f(x) = cut
(x2 +1)2
funksiyanm yuxari yarimmdastavids ikitartibli x=i polyusuna
\C)
® n
Jf(z)dz =2mE Resf(zk) D
-0 k=l
dusturuna gors alariq:
00 1 7 .515
= 2m Resf(i) = 2m— lim (z-i
-00(*2 +1)5 411n1 dz4 (z2 +1)5
7, a _ K . 5-6-7-8 _ 35jt7 _ 35
-r lim 1.
12 LUr+4°% 7121 (2i)9 128/ ~ 128

24) Calisma 6-nm 4-ct misalmm holli:

F(X)~ . - funksiyasmm  yuxari yarimmustavids
yeriasan birtortibli z-i polyusuna ve (1) disturuna gora alariqg:

d ® P 1
X X 2m Re sf(i)

(x2+\)2 2 _i(x2+1j2 2
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2 N 2iz

lillitn— (f(z) (z—j2)=m lim~ -rilim-

>idz z-*dz\(z +i) z-*(z+\)

\ n

ni
4 4
xv F& SiL
Operasiya hesabi

<Hhlisniu 1. Asagidakx funksiyalarm Laplas cevirmasini tapm.
D m =te(, 2)/I(0 =/V ",
\) /(/) —sin23/, 4) /(1) = sin22l,
* [/ (/) = cos2at, 6)/(0 = e~bl,
1) fit) = e~tt sin fit, 8) f(t) =e cosfit,
4) /'(/) =tsmat, 10) /(/) =tcosat,
1)./(0 =sin31, 12) fit) =t2e",
1) f(t)- cos4l, 14) f{t) =sin4]
I /(0 =*+|« w, 16) fit) =te~a'>

17) .fit) = cos31

<uhsma 2. Laplas c¢evirmasindan istifade edarak diferensial
innliklori holl edin.

) y”-3y"+2y=e33 yp)=y'th) =0,
9 y*+2y +5y =1+1y(0) =y'(0j =0,
) y"+2y'+y =12 j(0)=1 /(0) =0,
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4) y"+2y'+y=e~(, y(0) =\, y'(0) =0,
5) y +2y'+y=\-12/0) =/(0) =1,

6) y"+2y'+y =sint, y(0) =0,y'(0) =-1,
7) y"+2/+ =31 y(0)=1 /(0) =0,
8 y"+y’=cosr, / 0)=2,/(0) =0,

9) / +2/=/ant, y(0) =y’(0) =0,

10) y”+3y" =el y(0)=0, /(0) =-1,

11)/ -2/ +2~=sin2/, y(0)=/(0) =1
12) y" +4y =cos2/, /10) =1, /(0) = -2,
13) y" +3y'-e~y, y(0) = y'(0) = -1,

14)/ +/ =1,/0) =-1, /(0) =0,

15) y*' +2y* =t2 +sint, y(0) =y'(0) = |
16)/-/1=2(1-0,/0)=/(0) =1

17y +2/ =e'(f2+/-3), y(0)=/(0) = 2.

NUmunavi hallar

1) Asagidaki funksiyalarm Laplas ¢evirmasini tapm.

1 fity=t, 2/(0=sin 3/(0 =e* 4./(0 =sinat.

®
2. Z[sin/]= Je Asintdt =

0 i+p2 0 it+N2
3. L \at]=™\e-Pteatdt = e~(p-a)t

254



_ il e—iatS;.L . e~iat
1/|lwmr/)=2I'1 - -1, eiat]--L
wmrf) = 2E 5 I3 2 5o

1 1 1 I a
¥V b od 2i ptai p2+32
"™ 19y -t tenliyinin .y(O) = ¥ (0) = 0 baslangic sertlarini

niloyon hallini tapm.
| RN

LIy(t)] = Y(P) vo L\f{t))=F(p)
I «nil cisak baslangic sertlarina gore

LIy'(OJ= - 70:=pY(p)
LIy" ()] =p2Y(p)-py(0)-y'(0) =p2Y(p)
1
AM= 2
p
il 001 Zufan
p2Y(p) +9Y(p) = ;2
1 J 1
wm - = olar.

p\p2+9)~ 9yp2 Pp2+9

1
Miiniilnn L\N —— wvo /.[sin 3/] =
p p +9

I Milunliklorina asasan alariq:
v(t) ~ tt~-Lsmd.
9 27

Il ( tihsma 1-in 1-ci misalmm halli:

1 @ ®
| = jte*e~ptdt=jte ~ (dt j* o+
0 0
®
| _j\g'(p-V*dt | 2p—(p—Vt 00
V-l (P-V (p-1/
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4) Cahlisma 1-in 11-ci misalmm halli:

Eyler disturuna sint = Py (eil asasan alariq:
i
f it - N3 S S
Iisin31 = £ e —e 1 Xel-e~U) 1 e3it-e~3it
2i 2i 2i
——j Lr(sm't\—j fsind=3 L 1.3 - ©

4 N2 +v1 a4 P29 MM2+\)(p +_:3_)—
5) Calisma 2-nin 1-ci misahnm halli

LIy(t)}=Y(p), LIy'(tH)\=pY(p) - y(0) =p¥(p),
L\y'(*)\= P2Y(P) - PIrO; - Y'(0) = p2v(p)

L_

p-3
p2Y(p)-3pY(p) +2Y(p)= 1
P-3

Buradan,
1 1
Y(p) = )
02-3/7+271?-3; (p-\)(p-2)(p-b)

1 1 1
2(p-1) p-2 2(p-b)

oldugundan Laplas cevirmalari cadvalina asasan alariq:

y(t) =?e* - e2t +—e3t.
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1" thsma 2-nin 8-ci misalmm helli:
L-(D1=Y(p), Lly'(Y] = pY(p)- /0) =pY(p) - 2,

10,1 =p2Y(p) - py(0)- /(0) =p2Y(p)-2p,

P +1

r’)(p)-2p+pY(p)-2= £ ..
P +1

(< 1p)Y(p)-—  +2(p+))
P +1

/ \
2 1f 1 1 p
b A—

"UiifMindan Laplas ¢evirmalari cadvalina esasen alariq:

v{t) 2+?(el+sint-cost).



XVl FasilL
Ehtimal nazariyyasi

Yoxlama isleri tctn cahsmalar

Calisma 1. Hadisalarin ehtimalmi tapm.

1)

2)

3)

4)
5)
6)

7)

8)

9)

20 a§ ve 6 gara kirocik olan qutudan ardicil olaraq
ixtiyari iki kiracik ¢ixarilib. Cixarilan karaciklarin har
ikisinin gara olma ehtimalmi tapin.

1-ci masalonin sartlarina asasen, cixarilan kiraciklarin
har ikisinin ag olmasi ehtimalmi taprn.

Uc aticmm har biri hadafa bir atas acir. Hedafin birinci
atici tarofmdan vurulmasi ehtimali 0,6, ikinci va iicincu
aticilar dGclin isa 0,7 va 0,75 -dir.Hadafi he¢ olmasa bir
aticinin vuima ehtimahni tapm.

3-cl masalanin sartlarina osason, hodofi her ¢ aticmin
vulina ehtimalmi tapm.

1000 lotereya biletindon 24-0 pul, 10-nu iso asya udur.
2 biletdon birinin udmasi ehtimalmi tapin.

5-ci masalanin sartlorina asason, 2 biletdan birinin pul,
digarinin asya udmasi ehtimalini tapm.

iki atasdan he¢ olmasa birinin hadafa deayma ehtimal
0,75-dir. Bes atasdan Uclnin hadafe deyma ehtimalmi
tapin.

Iki qutudan birincisindo 4 gara, 10 ag, ikincisinda isa 6
gara, 12 ag kuracik var. Birinci qutudan ixtiyari bir ki-
racik gotiirtb, ikinci qutuya qoyduqdan sonra, ikinci qu-
tudan cixarilan kiraciyin ag olmasi ehtimalmi tapm.

Uc¢ qutudan birincisinda 3 gara, 7 ag, ikincisinda 5 gara
8 ag, Uclnclsunds 6 qara 10 ag kiiracik var. Bu qutu-
larin ixtiyari birindan cixarilan bir kiiracik gara olur. Bu
kiraciyin birinci qutudan olmasi ehtimalini tapin.

10)9-cu masalanin sartlarina asasan kiraciyin ikinci qu-

tudan olmasi ehtimalini tapin.



11) tki atici eyni zamanda hadafo atss ac¢ir. Hodafin birinci
atici tarafindan vurulmasi ehtimali 0,6, ikinci aticminki
iss 0,8-dir. ilk atss zamam ancaq aticilardan birinin
hadafi vurmasi ehtimalini tapin.

12)Anbardaki mahsullarm 20%-i birinci fabrikds, 46%-i
ikinci fabrikdo, 34%-i isa Uclncu fabrikds hazirlanmis-
dir. Bu fabriklsrin buraxdigi mahsullarin uygun olaraq
3%0,2% va 1%-i zay olur. Tasadifi gotérilmus har hansi
bir mahsulun zay olmasi ehtimalini tapm.

13) 12-cu masalenin sartlarina asasan, zay mahsulun birin-
ci fabrikda hazirlanmasi ehtimalini tapxn.

14) 52 oyim kartini ixtiyari olaraq iki hissays boldikds, har
bir hissads 13 gara va 13 qirmizi kartm olmasi ehtimali
tapm.

15) U¢ oyun zarini atdigqda yuxar disen iizds xallar cami-
nin 11 olmasi ehtimalmi tapm.

16)Talaba programm 25 sualindan 20-ni bilir. Talabanin
iki suala cavab vermosi ehtimalini tapm.

17) Qrupda 18 oglan va 22 qiz var. Oglanlarm 25% qizlarm
iss 5% idmancidir. Tasadifi secilmis usagin idmanci
oglan olmasi elitimalini tapm.

(ulisma 2. Asili olmayan smaglarda hadisslarin ehtimalmi

iupin.

I) 500 sahifedan ibarst kitabda 50 sahv buraxilmisdir. Tasa-
difi acilan sahifada hec olmasa 3 sahv olmasi ehtimalmi
tapin.

) labrikds hazirlanmis mahsulun zay olmasx ehtimali 0,6-dir.

'100 mohsuldan 1400-ntn zay olmasi ehtimalini taprn.

Y Asili olmayan smaqlarm har birinds hadissnin bas verms
clitimali 0,9-dur. 100 smagda hadisanin an azi 75 va an
(;oxu 90 dafa basvermasi ehtimalini tapm.
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4) Asili olmayan sinaglarin har birinds hadissnin basver-
ma ehtimali 0,51-dir. 100 sinaqgda hadisanin 50 dafo
basverma ehtimalim tapm.

5) Asili olmayan smagqglarin her birinda hadissnin basver-
masi ehtimali 0,8-dir. 144 sraaqda hadisenin 120 dafo
basverma ehtimalmi tapmali.

6) Asili olmayan smaqglarm har birinda hadissnin basver-
ma ehtimal 0,8-dir. Ne¢a sinag aparmaq lazimdir ki,
hadisonin basvermasinin nisbi tczliyini onun 0,6826
ehtimalmdan meylinin 0,02-den c¢ox olmadigmi goz-
lemek mimkun olsun.

7) Asih olmayan smaglarm her birinda hadisanin basver-
ma ehtimah 0,2-dir. 800 sinaq aparilmisdir. Hadisanin
basvermasinin nisbi tezliyinin onun ehtimalmdan an
¢coxu 0,04 gader forglanma ehtimalim tapm.

8) Aticinm hadafi vurma ehtimali 0,3-dir. 30 atosdan 8-
nin hadofa deyma ehtimalmi tapm.

9) Dozgahda hazirlanan detallarm 40%-i ala noévdur. ixti-
yari gotiralmis 26 detaldan yarismm ala ndv olma
ehtimalini tapm.

10)Muayyon sinaqlar apardrms va her sinaqda hadissanin
basverma ehtimali 0,85-dir. Hadisenin basvermo tezliyi
iloe onun ehtimali farginin 0,01 adadindan ki¢ik olma
ehtimalmm 0,99 olmasi lcln na gedar smaqg aparmaq
lazimdir.

ri)Fabrikin istehsal etdiyi mahsulun 70%-i ala névdir.
1000 dast mahsul igarisindaki ela név mahsullarm 652
ile, 760 arasina disme ehtimalim tapm.

12)Sexda hazirlanmis detalm zay olma ehtimali 0,005-dir.
10000 detaldan ibarot partiyada 40 detalm zay olmasi
ehtimalim tapin.

13)Goldan tutulan 1000 bahgi nisanlayib, yenidan gola
buraxdilar. Bu g6lds na gadar balig olmahdir ki, tutulan
150 bahgdan 10 danssinin nisam olma ehtimali an
boylk olsun.



14) 500 nafardan 5 nafarin eyni ginda anadan olma ehti-
malmi tapm.
15) 300 sinagdan ibarat olan seriyada A hadisasinin basver-

wa tezliyinin, omm ng ehtimalmdan meylinin 0,01-

dan Kkicik olmasi hadisosinin ehtimalim tapm.

16)0yun zari 10 defo atilmisdir. Yuxari diisen Gzundo
raqomin 3 dafa 6 dusmasi ehtimalini tapm.

17) Qutuda 6 ag va 9 gara klracik var. Qutudan ¢ixarilan bir
kuracik nisanlamb yenidan qutuya qaytarilir. Bu proses
Uc dafa takrar olunur. Cixarilan ¢ kiracikdan ikisinin
ag olmasi ehtimalmi tapin.

('uhsma 3. Tesadifi kemiyyatlarin adadi xarakteristikalarini
lu-sablaym.

)

)

1

Asili olmayan X va Y diskret tssadifi kamiyyatlari veril-

inisdir. X damir pulu 2 defs atdiqda gerb tzinin dis-me-

siain sayidir, Y oyun zarini bir dafa atdigda yuxari disen

xallarm sayidir.

1. X-Y tesadifi kamiyyatinin paylanmasmi tapm.

2. X+Ytasadufi kamiyyastinixi paylanmasmi tapin.

3. XY tosadufi kemiyyatinin paylanmasmi tapui.

4. X va Y tesadufi kamiyyastlarinin riyazi gézlamasi va
dispersiyasmi tapm.

5. X+Y tasadifi kemiyyetinin riyazi g6zlamasini va dis-
persiyasmi taprn.

6. XY tasadiufi kamiyyotinin riyazi gézlemasi va disper-
siyasini tapm.

liyni vaxtda iki oyun zari atilir. Zorlorin yuxari disan dzin-

(lo ki, xallar caminin paylanmasmi tapm.

X tasadifi keamiyyati m=0,1,... ,N mimkin giymatlarini

MN(x mm) - ----  ehtimali ils aldigda ona [0,N] parcasmda

mCmtozam paylanmis tesadifi kamiyyat deyilir. X kamiy-
votinin: 1. Riyazi gézlemasini tapin. 2. Dispersiyasim tapin.
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4) X tesadifi kamiyyatinin sixlig funksiyasi
P(x) = Ty xel\abl
0,x € \a,b\
oldugda ona miintazem paylanmis kasilmaz tasadifi kamiyyol
deyilir \a,h] parcasmda mintezam paylanmis X tosadiili

kamiyyatinin: 1. Riyazi goézlamasini tapin. 2. Dispersiyasim
tapin.

5) X tasadifi kemiyysti m=0,1,2,,,. mimkin giymatlarini
P(x=m)=(\-p)pm,0<p <1 ehtimah ils aldigda Q11
handasi ganunla paylanmis tasadifi kamiyyat deyilir. X
kamiyyatinin: 1. Riyazi gdzlamasini tapm. 2. Dispersiyasim
tapm.

6) X tasadifi kemiyyatinin sixlig funksiyasi

\Ne~Nx, x> 0
[0<x<0

olduqda ona Ustli ganunla paylanmis tasadifi kemiyyat deyiln
X kamiyyatinin: 1. Riyazi g6zlamasini tapm. 2. Dispersiyasiiii
tapin.

7) X tasadufi kemiyyati m = 0,1,..n mumkin giymatlarini

m

P(X=T)="—e\nu>0
m\

P(x)

ehtimali ila aldigda ona Puasson ganunu ila paylanmis diskri |
tosadifi kamiyyat deyilir.

X kamiyyatinin: 1. Riyazi g6zalmasini tapm.2. Dispersiyasiiii
tapin.

8) X tesadufi komiyyatinin sixliq funksiyasi

1 n2
Px)=—f=¢ 2a m~°°<x<<¢(T>0
(¥Yn]2n
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itdMuilo oldugda, ona normal ganun ils paylanmis tasadufi
liiHiiyyot deyilir. X kamiyyatinin: 1. Riyazi g6zlamasini tapm.
I i'i".porsiyasmi tapm.

M u losadufi kamiyyati a ve a parametrli norma! paylanma
IxnHbl malik oldugda Y=en funksiyasmm riyazi gézlamasini
S

Inl \ losadifi kamiyyatinin sixlig funksiyasi
o, V<o. X> 5 ongyraa,

F{x) =
-Nsinx, 0<x< n onpyraa,

shMiiulo verilmisdir. 1. X kamiyyatinin riyazi g6zlamesini
injuu ’ X kamiyystmin dispersiyasmi tapm.

M il )*mir pulu n dafs atdigda gerb Uzunin yuxari dusmasi
miviin goéstaren X tosadufi kemiyyatinin paylanma sirasmx
V*x | Riyazigézlamasini tapm. 2. Dispersiyasmi tapm.

'l ".Hiluda 100 kiiro var, onlardan 25-i agdir. Qutudan ardicil
14-¥ iki kiira ¢ixarilir, X,-birmci, X2-ikinci sinaqda ¢ixarilan

< lurolorin sayidir. X,, X2 va X-,-Xz tasadifi kamiyyatlarin

*o. 1 I ("6/lomosini tapm.

111 A1ici 30 gilla iia har birinda Ug gilladan ¢ox sarfetmadan

I" hoilofo atas acir. Har atesds hadafm vurulmasi ehtimalmm

n ‘ < borabar oldugunu farz edasrak gullsalarm saymm riyazi
I>nn)sini (10 hadafo sarf olunan gullslsrin orta sayini)

i,

111 Ontuda 30 kirs var, onlardan s -s1 agdir. Qutudan tasadufi

dunhil X kiira ¢ixarthr. Cixarilan ag kdralarin X saymin riyazi

kli "Inmosini tapm.

h) ()yun zarini UG¢ va dord dafe atdigda yuxari dusan
doki xallar saymm caminin paylanma markazinm vo orta

1 Kirllik meylini tapm.

Ifii X losadifi kamiyyatinin sixlig funksiyasi P(x) = \x\e”

fid* Imko verildikdsa, onun aldigi giymatin (0,1) intervalma
Innno chiimalm1 tapm.
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17) Oyun zarini bir dafs atdigda yuxan dusan iiziinds xallarin
X saymin paylanma markazini vo orta kvadratik meylini tapm.

Niimunavi hallar

1) Damir pulu iki dafe atdigda, he¢ olmasa birinds gerb Uzinin
dismo ehtimalmi tapm.

Haiti: Asagidaki hallar ola biler 1. Gerb vo gerb; 2. Gerb vo soboko,

3. Saboko vo gerb; 4.sobako vo soboko; onda m=3 vo n=A

oldugundan alarig:

n 4
2) Eyni formali U¢ qutunun birincisinds 3 ag vo 7 gara, ikincisindo 4
aj vo 16 gara, Ucglncistndo 15 aj vo 15 gara kiiro vardtr. Bu
gutularm biri tosadifx gotlrdlir vo ondan bir kirs cixarili
Cixarilan kirsnin ag olmasi ehtimalmi tapm.

Haiti: Birinci qutunun goétirdlmosi hadisosi A, ikinci qutunun

goturilmasi hadisosi A2, Uclinct qutunun goéttrdlmosi hadisosi A3

vo cixarilan kironin aj olmasi hadisosi B olsun.  Qutularm
goturilmosi eyni ehtimalli hadisolor oldugundan

P(A) =P(Ar)=P(A,) == 1
olar. AXAZ A3hadisolorinin basvermosi sortinda B hadisosinin sarli

ehtimah uygun olaraq

PjXS) =Ll =0A Pne(B)=" =°-2, PixB)=§ =°%
olar. Onda tam ehtimal disturuna osason, tapang:

P(B)=- 03+- «0,2+- ®0,5=—03+0,2+0,5)=- «0,33.
(8) 3 3 3 3_( ) 3

3) Eyni formali iki qutunun birincisinds 4 ag vo 6 gara, ikincisindo 6
aj vo 14 gara kuro vardir. Bu qutularm biri tasadtfan goturtlir vo
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Wil hir ag kiars cixarihr. Kirsnin birinci qutudan c¢ixartimasi
ko1 nsinin ehtimalmi tapin.

Birinci qutunun goétirilmasi hadisssi  Ax, ikinci qutunun
4 ... hadisasi A7, va ¢ixanlan kiiranin ag olmasi hadisasi B
H m1 Qutularm gétirilmasi eyni ehtimalli hadisslar oldugundan

P(N,) = F(/12) N

lilh .l,,AO0 hadisalerinin basvermesi sertinde B hadisasinin sorti
MM 1M uygun olaraq

B) =— =04, PA(B) =— =0,3
BT rB)=%

In ()nda tam ehtimal disturuna gora:
P(8) =- «0,4+-+03=- ¢0,7=0,35
2 2 2

Ib loliklo, Bayes disturuna asasan taparig:

PU) 2 04 02 4
P (fi) 035 035 7'

Il «)ntuda 9 ag vo bir gara kiira vardir. Bu qutudan tasadiifan 3 kiira
1,* inlir. Cixanlan kurslarin hamisinin ag§ olmasi ehtimalmi tapm.

1,31 N hadisasi U¢lin mimkdn hallarm sayr n= C® va alverisli
[*dllitrii sayr m = C¢ olar. Onda

Ci 37 7
P(A) = -N- = ceeeeeee= — = 0,7,
C?% 36! 10! 10
o Dumir pulu 10 dafe atdigda gerb Uzinin 5 dafs dismasi
s tilinialini tapm.
I,elll:
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, MY 1185
It 100 (1ve 252

No(5) = C, 0,25
©) D v2y 5151 5 1024
6)n=100,m=500 va p oldugda P2(500) ehtimalmi
hesablaym.
Haiti:
500---1000
m- np
N
npa 1000-
oldugundan Laplasin limit teoremina asasan, alariq:
1
Pj (500) m re° « 0,2523
21--1000- !

7) n—100, 20 <m< 1000 va p = 0,2 oldugda P(20 <m < 100)
ehtimalmi hesablaym.
HM:

4w = n/100-0,2-0,8 = 4

20. 100.0,2 100.- 100.0,2
4 —0 ve x1D= 4 20

oldugundan Laplasm integral teoremino osasan alariq:

P(20<m< 100) * & (20)- ©(0) =0,500-0 - 0,5
8) Muayyan smaglar aparilmis va har sinagda A hadisssinin
basvcrma ehtimali 0,36 barabardir. A hadisasinin basverms tezliyi
ila onun ehtimal farginin 0,01 adadindan kicik olmasi ehtimalmin
0,99 olmas! Uglin na gadar sinaq aparmaq lazimdir?
Helll p =0,36,s =0,01, Px=0,99, g =1- 0,36 =0,64
Oldugundan nisbi tezliyin ehtimaldan meylinin giymstlendirilmasi
dusturuna asasan

2¢ 0,01 =0,99
0,36 0,64

266



& Huradan @®(x) funksiyasmm giymatlari cadvalina ssassn

*Uih|

nwmi

0,01 =2,58
V0’36 064

n=(2,58\ ¢0,36¢0,64 = 15335
0,01)2

IlH 200,p - 0,005 oldugda P20(2) hesablaym.
i, /1 =np- 200¢0,005=1 oldugundan Puasson dusturuna
HilMNhi) alariq:

2)*|<M'=1<r'=0,184

hi | Mnioinial ganunla paylanmis diskret tasadifi X kamiyyatinin
.1i/1 m(ylomasi va dispersiyasmi tapm.
L'l To’rife gora alariq:

MX =£ x,p,, =£ kp(X=k)=£ kC,pl(l-Py 1=
k=0 k=0 k=\

c»p*-0-pl *= +(1-p)r’
k=1

MA™ = np

£ oT* = £ (A M A~ 2=2>-p2=2>
71 k=1 *=1 *=1

DX = AQ.

11) (''nlisma 1-in 2-ci masalanin holli:
tlitmkiin olan hallarm sayi

" (j2k

_26-25 4.9

MI lllverisli hallarm sayi
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7 20-19

T=C20 = ~——-— = 10-19 olduguna géra alariq:
12
p=—=30"-19 =0,58
n 13-25

12) Calisma 1-in 17-ci masalanin halli:
Usaqglarm oglan, qiz va idmang¢i oglan olmasi hadisalarini uygdun

olarag A, B va C ile isara edak. Otida

10 99
P(A)=-~,P(B) =— ,Pa(C) =0,25,PB(C) = 0,05
Buradan iam ehtimal ve Bajes disturlarina gérs alariq:

18
P(C) = P(A)PN(C)+P(B)Pg(C) = ~—0,25 +— 0,5 = 0,14.
40 40

Pc(/Hw! W W .=M0,25"=«.
c P(C) 40 0,14 56

13) Calisma 2-nin 1-ci masalasinin halli:

n=500, ~ nP - 0,1 oldugundan tasadifi agilan sshifads

buraxtian xatalarm sayini m ils isars etssk Puasson disturuna géra

alanq:
m!
2 it
[%00(m >3) = 1- S500(Mm <3)=1- £ =
90 bl

= 1-(P500(0)=e-°-1+P500(1)=0,K-°"1+ ~ 00(2)=0,005I°">) =
=1-(1+0,1+0,005)e~Qf=1—1,105-0,904837= 1-0,999845=

=0,000165

14) Calisma 2-nin 9-cu masalasinin halli:
P=0,4 n=26, m=13, q=1-0,4=0,6
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Ilblnj,>undan Laplasm limit teoremine va ®(x) fulksiyasin
i iiiuilori cadvalina asasan alariq:

i np 13-26-0,4 2,6
Jnpg A/26-0,4-0,6 2,5

w04, (1,04)=0,2323

P26(U) * = (r 3 = 0,093
4m | 2%
I 11 1li“ma 2-nin 10-cu masalasinin helli:
¢ nH'i; ¢g=1-0,85=0,15; 8=0,01; P=0,99 oldujundan Lafasin
mi. oiill Icorcmina 1e @ (x) funksiyasmm qiymatlari cedveliiMisan

tHH

. In_
P iioi 0,99, 0.01 M 3;(0,01)2 --wmememe :

pq P 0,85 +0,15

(0,01)2 0,00001
IM <iulisma 2-nin 15-ci meselesinin helli:
1 1
£=0,01; <0,01
2 300 s

M. vn 17<m<53 oldugundan Laplasm inteqral teoremine \e<})
Imiil nyasinm qiymetleri cedveline esasen alariq:

m

1

53-300 47-300
['(47 <m <53)« ® (0]
15 1
J300 300
v If 6 6
18 18
] ) @ (0,46) + <J>(0,46) s
ioVTs 10VI5
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17) Calisma 3-iin 4-cu masalasmin halli: tarifa gors alariq

00 b
MX = \WxP{x)dx = fx — = 1xA D
] w J 6- b-n 2 *

1 b2-a2 a+b

b-a
. dx 1 3Ib_b3-as__b2+ab+a2
MX2 = jg
b-a Bb(b-a) ‘a~3(bMa)~ 3~..
Onda

2 —g?
' W b
Dx = J x_otPT Mgx= b ® O
b-a \ -

h2 +ab+a2 (a+b)2 _(b-a)2

3 4 “ 12
18) Calisma 3-in s-c1 masalasinin holli:
Terife gors alariq:

0] 04) 0]
MX = JXPfX)<&=j/Lxe~rdx = - Ixde A%
—0 O 0
®
dx -
A
0
NS R S R
x=n Z o @
0 A A A A

19) Calisma 3-Un 7-ci masalasmin halli:
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/l- oo T\

MX = Yjnp{X=1T)=£ ; t - £ N -
m=Q T=0 TO
00 #H#W
=/ne~m V -"— =jue~-Mmm =//.
w=0 w
00 T
ilcsablamada 'S' — = barabarliyindan istifads olunmus-
m!
T-N)
tlur.
MX2=M[X(x-1)+x] =MX(x-1)+MX =
00 T 00 T2
=V or(r-\)— 1] = th2e-n V —TE

=/n2e~"eN +jli=f 2+/n
DX =MX2-(MX)2=ju2 +y - ju2 —fj,.
' Calisma 3-Un s-ci masalesmin halli:

Torifa gora
1 .
MX - [xP(x)dx - — j= jxe 20-2 dX
@ a-J2K _g
olar. Burada ——- t,x = a + at,dx = adt avazlemasini
er
aparsaq alariq:
n 00 _IZ 00 _E
MX - —-== [(a+ot)e 2adt=—f= \e 2dt+
odrn 4 in J
2

+ —2—m fte 2dt:-n?:4bz - a
2>k 29r
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m 12
Hesablaraada je 2 =41n baraberliyindan (Puasson inteqrali)

-
istifade olunmusdur.

= f(jc-a)2— 2a2 dx=-~= \t2e 2dt
J antjC 3 r, OJ
2 2 £
=4 = \{-t)de~ " =~={~t)e 2 |- +
n2sar Y27+
2 @ 4 2
+m—nufe 2dt=~"=-J2n —a 2.
n2ar V2/r
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Osas dusturlar va munasibatlar
Xatti cabr

11 1l(,4ortibli determinant:
8  «12 «3
@1 K2« «N«2233 P 2B 3d+aZAa¥an3
Gl «32 B

«ll«22«3l  « 12«21«33 -#23«32<1"
)\ lors matris: Ugtartibli matrisin tars matrisi

fA A gt
p "2 A2 o AW1)*0
W3 X8 "BY
elutinni ilo tapilir, burada Ay, 1,2,3;/=1,2,3) element-

Innun cobri tamamlayicisidir.

‘I Ilvmechullu G¢ xatti tanliklar sistemi:
Ib In lonliklar

1
A(A)

«l1x + «12>;+ «13r = 01
<a2\x + a2y +Cl22 =162 (O

«3t* + «32>"+ «33z = 63

[nl Imdodir. Bu sistemin holli A~O oldugda Kramer disturlari
AX Ay Az
— ., Y~-— 2z
A A
lnpilir, burada
«ll «12 «13 b{ «12 «13
«@l «22 «23 *0,AX=H «22 423

«31 «32 «33 b3 «32 «33
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an by «13 b\ «12 h
«21 b2 «23 wY —b2 «22 b2

«31 b3 «33 h «32 b3
Verilan sistemi AX-B matris seklinda yazmagq olar, burada

'«11 «12 «13 N (h )
A= «21 «22 «23 X = Yy, B = b2
4«3l «32  «33v yz) K3 j

A(A)™N0 oldugda (1) sisteminin halli X=A 'B olar ki, buriuU
yena das Kramer disturlarim alang.

Analitik handass
Vektorlar cabri

1) o va b vektorlannm cami a +h els vektora deyilir i, I'}
vektor & vektorunun baslandicmdan c¢ixib b vektorunun so

nunda qurtarsm: bu sartls ki, b vektoru & vektorunun sonunw
tatbiq olunsun (paralelogram gaydasi).

2) b va-a vglctprlarinm comina b va d vektorlannm foiq

deyilir va b -d ils isara plunur, burada -a vektoru a vckio
runun aks vektoruduf-

3) & vektorunun X adadina X& hasili ele vektora deyilir ki
onun uzunlugu [A]la], istigamati issa ~>0 oldugda & ils eynl,

A<0oldugda isa & ils aks olsun.

4) «o - 'ﬁzj,(|('jo| = 1) vektoruna d vektorunun ort (vahid) vek
al

torn deyilir.
5) a va b vektorlari kollineardir, agar b -ka (&-~skalyardir)
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[,1, L, ¢ vektorlari komplanardir, agar ¢ = kan-lb (kI-
<  mvin).
Ll Im IMKagli (x,y) ve polyar (p,(p) koordinatlar arasmda ala-

¥

2 Yy

y [>cos<p,y=psmg¢,p =ﬂp§ +y2,tgg =—.
X

iMi/bucagh  (x,y,z) ve silindrik (p, <pz) koordinatlar

afkiulin ulags:
x=pco$d,y = psm(p,z =z
« W luicagh (x,y,z) ve sferik (p,<p,B) koordinatlar arasxnda
"Nlmytt
X = [>sin#cos<p, .y = psindsin <p,z = pcosd.
[1X vi-klorunun / oxu Uzerinda proyeksiyasi
Mp,a-a cos¢g,¢c = (a,A).
I11 ;1 vo h vektorlannm skalyar hasili
(a,b) = ja||Hjcos™,"™ = (4,Ab).
»M < b vektorlari ortonormaldir, agor (a,b) = 0. ©gar
Hm r,,Z|) ve b(x2,y2,z2), ondz
(&4,b) =xIx2+yty 242,22
Misusi halda a=b olarsa,
[al = IX +Y1 +zi
1'l1'l/vo h vektorlannm vektorial hasili
c-axb
Mol udur, burada ¢ £ a,c £ b,\c\ = |g|p sin(p,
& (a,Ab),a,b,c uclayl sag oriyentasiyalidir. 8gar
o (\l,yl,zZ]) va b (x2,y222, onda
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i K
axb - X\ y] z\
X2 Y2 z2
burada i,j,k koordinat oxlarmm ortlaridir.
13) a, b, ¢ vektorlannm gansjq hasili (axb,c) ifadssin.
deyilir. \(axb,c)\ hamin vektorlar Gizarinda qurulmus paralc
pipedin hacmina barabardir.

V=|(Ax&,c )|
9gar a (xxyxzX, h (x2y2*2, ¢ (x,,Y,,2,) onda
Xyl Zj

(&xb,c)=x2 y2 z2 e
x3 y3 z3

M Ustavi Uzarinds daz xatt

1) (xjaYj) ve (x2y2 noqtalari arasindaki mosafs:

d=3ite -x\)2-H2-N)2

2) (34) ve (x2y2) ndgtalari arasmdaki parcam 1 nisbatindo

bélen noégtaninkoordinatlari:
X1+AX2 n_Y1+Ny2

\+n " \+ 1
Xususi halda A=l olarsa, parcani yariya bélan (x,y)
noqteasinin koordinatlan:

X +x2 W +Y?2
2 2
3) Tapa noqgtalari (x,n,) , (x2yd va (x3y" olan Ucbucagin
sahasi:
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s« 2 2((*2 -*1 )03 - Y\) - (*3 - X1)(¥Y2 -¥ 1)) -

it I mi/, xottin vektorial tanliyi:
F- Fq=ta .
| I M7, xottin parametrik tanliyi:
X=X0+tm, y=yO+In,
ft1 IMi/, xottin kanonik tanliyi:

*_%(0) =
m n

Il 1)ii/, xottin bucaq amsalli tanliyi:
y=kx+b, K- tgg.

W ViTilmis (xqjJo) nogtasindan kegan va bucag amsalli k olan

*in- xottin tanliyi:

Y-Yo=k(x- *<)m

Di1; v,) vo (x2,v2) nogtalorindon kegon diiz xottin tonliyi:

X-Xi = y-yi

*2 -*1 y2-vy1
1) 1)ii/ xottinparcalarla tanliyi:

—+—=1.

a b
M il)iiz xottin iimumi tonliyi:
Ax+By+C=0, A2B2*0.
'l Diiz xott tanliyinin normallasdirici vurugu:

M= (I bl A2+82>0).
tylA2 +B2
1") llucag amsallari kt vo k2 olan iki diz xott arasmdaki
liticng:
K? - K1
gP= 1+ o
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Dz xatlarm paralellik sarti kr=3k: diz xatlerin perpefl

dikulyarhq sarti k2 = ——.
k\

14) (xnyQ noéqtesinden Ax+By+C=0 diz xattina gadar ol.ni
masafa:
\Axqg + Byo + Cj

nra2 +B2

Fezada diiz xatt va miustavilar

1) «oeyore  NOgtasinden  kegan  va  normal  vektorn
n(A,B,C) ¢ 0 olan miustavinin tanliyi:
(F-ro,/2)=0
burada r (x,y,z) va r Q(x0yQz0.
2) Mastavinin Umumi tanliyi:
Ax+By+ Cz+D—0O. (1)
3) Mustavi tanliyinin normallasdirici vurugu:

1
ju r,(A2+B2+C2 >0).

tJa2+b2+c?2
4) (x0yQ0z0 nogtasindan (1) mistavjsina gadar olan mesafa:
d = Nxo + yo + C0 + D\

y[n2+B2+C?2
5) Verilmis ¢ {Xj,y,.z,), {x2y2z2), (x3ybz3) ndqtalorindan
kecan mustavi tanliyi:

X=Xy y-y\ z-7X
x2* x| Y2~Y\ z2~z\ =0.
x3-xj ¥Y3-¥Y1 z3-4
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ft lustovinin parcalarla tenliyi:

X Yy z

a b ¢
It In a.b.c mistavinin koordinat oxlarmdan ayirdrgi
imitiiliirdir.

1) 4i»! C,+A=0 va AX+Bzy+C2+D2=0 mustavilari
nitiiindaki bucagq:
cos,. = AiA2 +B\B? +cf z

JjS+bS+cSJal +bS+cli
Miitiovilorin paralellik sarti:
A =A =<z,
N2 Cc2
Mu lovilarin perpendikulyarliq sarti:

AlA2+BIB2+CIC2=9.
I 1>, xattin vektorial tanliyi:

r-rQ—tsS,
Ihiiiklii r (x,y,z) va r 0(x0y0z0) va S (m,n,p) istigamatlandirici
midordur.
‘™M )M/ xottin kanonik tanliyi:

X-Xp =y-yp =2z-z0
m n p
my £1™ =zizo=£zfo ve fzfo_ZzZo=£Ifo diz
L, «l n m2 n2 P2
ellur i arasindaki bucaq:
cos¢ = WT2+wn2+p\p2

yfmf + «2 + P\ 1> +n2 +p2

I>1/ xotlarin paralellik sarti:

m _ W P\
m2 n2 p2

279



Duz xatlarin perpendikulyarhq serti:
mimI+ninr+p w22 0.

19 1In - YzY0 - 2220 {7 wsto 1ls

m n p
Ax+By+Cz+D=0 miustavisi arasmdaki bucaq:
Sin(p= ... A%grych ==

t]a2+B2+C njT2+n2+p?2
Dz xatla mustavinin paralellik sorti:
Am+Bn+Cp=o.
Dz xattle mistavinin perpendikulyarliq serti:
A-JL~£
m n p

ikitartibli ayrilar va sathlar

1) Markazi (a,b) néqtesinds va radiusu R olan c¢evraniil
kanonik tanliyi:
(x-a)2+(y-b)2=R2.
2) Yanmoxlan a va b olan ellirsin kanonik tanliyi:

Ellipsin fokuslari: Ft(c,0) va FZ-c,0), burada c2=a2-b2
Ellipsin (x,y) néqtessinin fokal radiuslari:

r{za-Ex, r2=a+rx,
Q
burada e —— ellipsin ekssentrisitetidir.
a
3) Yanmoxlan a ve b olan hiperbolanm kanonik tonliyi:
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Mlicrbolanm fokuslarr.
F.,(c,0) va FX-c,0), burada c2=a2+b2
lliju-rbolanm (x,y) néqtasinin fokal radiuslarr.
r,=t+(sx-a), r2=+(ex-a),

Inmida € —>1 hiperbolamn ekssentrisitetidir.
a

llip* rbolanm asimptotlari:
J
y =+—X.
a
Il ’arabolanm kanonik tonliyi:

y2—2px\

I'tiinbolanm fokusu: F i,O , direktisin tonliyi X = —=&
v2 y x

pmnbolanin (x,v) néqtasinin fokal radiusu: r-x + —.

) Morkazi (a,b,c) néqtssinda olan R radiuslu sferanm tonliyi:
(x-af+(y-bf+(z-cf=R\
fi) lirlanma ellipsoidlori:
X2 y2+1z1 X2+z22 y?2
al + Jp— =1 — 2— +2-=1
I lirlanma hiperboloidlari:

2 2,2 2,2 2
X y + Z X +Z y
a g2~ 7 a2 £y~
) Milanma paraboloid:
y 2+22-2pX.
'4 Yanmoxlan a,b,c olan ellipsoid:
X2 y2 12
~éY +b~|2~+é-2 ~
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10) Elliptik paraboloid:

2 2
— +~~=2z, p> 0, </>0.
P A
11) Biroyuglu hiperbolrid:
X/\
a2+b2 «c2
12) ikioyuqlu hiperboloid:
x2 J.2 z2 ,
a2t B% 2
13) Hiperbolik paraboloid:
2 2
Ar-“ =2z, p>0, q>0.
pl A
Limitlar

1) Ardicilhigm limitinin torifl:

Tutaq ki, {xn} ardicilhgi va a adodi verilmisdir. istanilen e>()
odadi Ucln elo N=N(s) noémrosi var ki, /r-in JV-dan Kicik
olmayan bitin giymotlarindo \xn - a\ <s,n> N barabarsizliyi

odanir. Onda a adadina {xu} ardicilhginin limiti deyilir vo

lim xn =a kimi isaro olunur.
MN->00

2) Yigilan ardicilliglar Gzarindo hesab amallari:
lim kxn =k lim xn (k-sabit adaddir),

« —>00 Y1—>00
lim(x,,x7,,)= limxnz* I ~L lim(x,,,.y,,) = limx,,- limj»,
<—>(1')( )= n—=0 —>é) Y) = «->00 —>coJ
lim xn
lim — = — ,(lim Yn®o0).
n->o00Yy,, lim yn «—o0
«>00
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I) Onluqg va natural logarifmlar arasinda slaqgs:
Im Minx, x>0
burada M=1ge=0,43429...
I I'unksiyanm limitinin tarifi:
Inl:iq ki, sonlu x0, A adadlari va istanilan B>0 adadi Ucln els
- fi(r)X) adadi var ki, x-in X coxlugundan goturdlmis va
n jv- X)I<S barabarsizliyini 6dayan bitiin giymatlarinds

I 0)-A\<E

I niborsizliyi 6danilir. Onda A adadina x0Onoéqtasinda f(x)
luilm lyasinin limiti deyilir va

lim f(x)=A
X2
I miii isara olunur.
1M 1 huksiyanm limitinin xassalari:
linl kf(x) =« lim /(x) (k-sabit adaddir),
* >\a X_

lim (/(x)xg(x)) = lim /(x)x lim g(x),
» > x-+x0 X->Xq

«1 (/(X)g(x)) = lim f(x) lim g(x),
H X— X—

C f(x)
lim X- = *~>x° 5 g(x)*0.
I >10 g(x) lim g(x) x->x0
X-»X0
I Moyhur limitlar:
fooo1\*
lim 3" = 1L Im 1+-1 =e.
X—=0 X X— XJ
Mi 1l hiollinds asagidaki limitlarden istifads etmak maqgsada

uwvj'inulur.



.o In(l+x) t ax-1, r (@+x)n-1
lim —-=1 Im — — =ha, Im -=n
X— X X—=0 x x~>0 X

8) Funksiyanm noqtada kasilmazliyi:
Bgar lim f(x) =f(x0)

x->x0
baraborliyi 6danilarss, onda/(x) funksiyasina x0néqtasinda
kasilmaz funksiya deyilir.
9) x arqumentinin Ox artimma uygun y=f(x) funksiyasi!m
artmu:

Ay=f(x+Ar)-f(x).
10) y=f(x) funksiyasmm néqtads kasilmazlik sorti:

lim Ay =0.
JIx—0

11) Funksiyanm noqtada kasilmazliyinin asas xassasi:
lim f(x)=f( lim x).

x->x0 X->X0

Toramoa va diferensial

1) Toéramse:
y =+ = Ifa Wn A" * *» /Wl
dx Ax->0Ax Ax~>0 AX

YO * f'(x0) téramasi y=f(x) funksiyasmm (x0,f(x0)) néqtssindii
ayriys ¢akilan toxunamn bucaq amsalina barabardir:

k="f\xo0).
2) _y=f(x) syrisina (x0,f(x0)) ndqtasinda ¢akilan toxunan va
normalm tanliklari:

Vo yo =H20)0-0)N 1) = -8 e (r <)
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") Comin, hasilin va nisbatin téramasi:
Tutaq ki, y,=f(jc) va y2=g(x) funksiyalarimn x ndéqtasinds
I6ramalari var. Onda
(ﬂ —y 1y =y{ +2y2nyly2y Zy)yy2+yly2ncyly = cy|
(osabitdir.)

f o\
N

y¥2) y\
1 Muirakkab funksiyanm téramasi:
DEry="(x), x=(p{{), yani y=J((p(t)) va/{x) va (fit)
lunksiyalarmm téramalari varsa, onda:

ylt:ylxlxt_

sl Tors funksiyanm tdramasi:
V I'(X) funksiyasmm x néqtasinda f ’(x) ®0 téramasi varsa,
oHi.l » (p{y) ters funksiyasmm téramasi var va

Py) = — -— .
fix)
r.) u4)sas elementar funksiyalarm térama dusturlari:
| < -0, c-sabitdir, 2. (x°)'=axa], a&R,

t (\ogax)'= —ogae, 4. (axy =axKkia,
X

, e~ 6. (sinx)' =cosx, 7. (cosx)'= -sinx,

B Ugx)'= — 9. (clgxy
coszx sr'n2 X

Il (arcsinx)'= =, 11. (arccos)' =
sjl-x2 nl-x2
* (arctg)’= : 13. (arcctg)' = — - -,
1+x2 1+x2
oI, (shx)’-chx, 15. (chx)f=shx,
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16. (the)' = 17. (cthx)" —----—-— .

ch x sh x
7) Yuksak tortibli téramalar:
y=f(x) funksiyasmm f'(x) téramasinin téramasina onun ikitor-
tibli toramasi deyilir: f\x) = (fix))’. Eyni gayda ils Ugctar-
tibli toramays torif verilir: f m(x) = (f(x))'. Umumiyysatls,

(I™-))m=1") =IW (x).
8) Yuksak tartibli téramalari hesablamaq qaydasi:
9gor j>,=/(x) vo y2=g(x) funksiyalarmm f"\x) vo g(,)(x) «-tortibli
téromalari varsa, onda:
(cy,))=cy, (), c-sabitdir,

<> [>2>'""1=Yy"y2 + YL+ — + -+ Y 1Y [N)-

Axirmci distur Leybnis disturu adlamr.
9) Sarbost x doyisonin diferensiali: dx=Ax, y=f(x). Funksiya-
smm diferensiali: dy=y'dx. Funksiyanm Ay artimi ilo dy dife-
rensiali arasmda olaqo:
Ay= dy+ocAx, burada a->0 (At-*0).

10) Diferensialm osas xassolari:

1. dc=0, c-sabitdir, 2. dcy=cdy,

3. d(y,xy2)=dy,+dy2 4. d(y,jo=y,dy2+rydy,,

5 d y2dyx—sy\dy2

Y2 * U>
Y2 Y2
6- df(y) = f'(y)dy -
11) Funksiyanm giymotinin togribi hesablanmasi:
9gor Ax arqument artimi ¢ox Kicik olarsa, onda Ayxdy vo
I (x+x)» /(x) +f'(x)Ax muinasibotindan istifado edarok

funksiyanm giymatini togribi hesablamaq olar.
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I "1'Vinksok tartibli diferensiallar:

* MO funksiyasmm dy=df(x) diferensialmin diferensialma onun
n Mulibli diferensiah deyilir: dZ/=d(dy).

I vmi .piyda il Ugtartibli diferensiala torifverilir. d(d2v)=d3v.
limiimiyyotlo, d(y(‘*4))=d"y.

Toramanin tatbiql

Il 1A%crensial Janan y=f(x) funksiyasi tcln Lagranj dusturu:
A b)-J(a)=(b-a)f'(x0), x0<r(a,b).
I IMlaensiallanan y {=4x) va y2=g(x) funksiyalari tc¢in Kosi
Aid it l:
m - m n x o)

, X0 ,b).
g(b)-ga) g'xoy Y
(I

Vo ya 2 soklmdo geyri-mioyyonliklor Gc¢lin Lopital
0] 00

oJlivcliisi:

lim lim >k
X+XQ g(x)  X-*X0 g'(x)
» 1 ,j» torofdaki limit varsa.
11 I<vlor diisturu:

/bl /(xo0)+ ™ (X-x0)+ - M°\x-xQq)2+..+

m oY +T-x0)")-

- 11likingda Makloren dusturu almir.

[(v, m + m +m X2+..+f~ m x*+0ixny
il 2! nl
111it mailnr funksiyalarm Makloren dusturuna géro aynlisi:
| - I IX +X—2-+...+X—n +O(xM).
ro2 \
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o x3xrT n %2n+] n+2
2. smx = x L. (-1) e x4y
3. cosx = 1- _| + 4-I---_ (_1)M(_2n_)\ 0( )
4. (1+x) _1+_+a(a 1) 2 +...+
n 2!
+a(a-N..(«-"+1), +~ny
m

rz X3 ,
5 Inl+Xx) =x ) +——?:————...+(—1)v1 — +0(x?).
n

6) (a,6) intervalmda /'(*) >0(/'(x) <0) oldugda y=/(x) funk-

siyasi hamin intervalda artandir (azalandir).

7) I(x) funksiyasmm x0ndqtosinda ekstremumunun varhgi lcin

foruri sart: J ’(xq) —0 vaya ./'(xqg) olmadiqda.

I(«) funksiyasmm x0 ndqtasinda ekstremumunun varhgi Ugin

kafi sart: /'(x0)=0, [ fix0)*0, f"(x0)<O0 olarsa,

funksiyanm x0 néqgtasinds maksimumu, f *(xo0) > 0 oldugda iso

homin ndqtado minimumu var.

K y-=f(x) funksiyasmm qrafiki (a,b) intervalmda /" (xq)>0

oldugda gabarigdir, /" (x0)>0 oldugda ¢okikdr.

9) y=f(x) funksiyasmm qgrafikinin x0ndqtssinda oyilma ndéqtasi

Oimasi Ggiin zaruri sort: /"(*0) =0 va ya / “(xo)olmadigda

dyilmo noqtasi ugun kafi sart, x0ndqtosinden keganda f"(x)

in isarosini doyismasidir.

10) ©yrinin asimptotlari:

I lim [/ (xX)=o00 Ilim fix)=pm Ilim /(X)=m
-0 X— +0 X—

oldugqda x=x0dUz xatti y=J(x) ayrisinin saquli asimptotudur.
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lim f(x) =b, lim f(x) =b oldugday=b diz xatti y=f(x
() =b, fim_f(x) qday y=f(x)

tn. 1 "mn ul'igi asimptotudur.
it (f(x) —kx-b) =0, Ilim (f(x)-kx-b) =0 oldugda
ml

X-+-00
| « 1><In/, xotti y=J(x) ayrisinm maili asimptotiudur.

lI>qiqi dayisaali vektor ve kompleks funksiyalar

I"W 1lvm nrqumentli f(t) - x(t)i +y(t)j +z(t)k vektor funk-
ilvniim loiomosi:

lim LW =T =
At-*0 At dt

iil /(") ->yri gOvsiinin diferensiah:
dl = ijl + (y")2dx.
il /(") oyrisimn ixtiyari M(x,y) noéqtasinda ayriliyi:

* ., = in-3-.

1+(y)2)2
ol I /(Vv) oyrisini ixtiyari M(x,y) néqtasinds ayrilik markazinin
I in /1) koordinatlan:

a=x-S"~"z£t,p =y+1+ChN2
Y~ y'
1 1 plrks oded z=x+iy, burada i2=~1. Kompleks adadin
Huiilulii \ o iirqumenti:
= //322::5/2 (p" arctg-?
X
i *1/r kimpleksadadinmqgosmasi: z-x-iy.

h « ', *rl vo z2=x2+iy2 komprleks adadlar (zarindo hesab
"innlliH |

r <1b-j)+/0,ty2,
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2.z1z2=(xIx2-yly +i(xiy2x3 1),

5 A LU +N312)X (2N -X1'2)
z2 Xr+yr
8) Kompleks adadin trigonometrik sakli:
z = p(cos<p +isin @),

burada p =\2\ va cp=Argz.

9) Kompleks adadin stli sekli: z = pelcp, burada p =z va

Pp= Argz.
10) Kompleks ododin modulu ve arqumentinin xassalari:
L \zl +z2\<\zI\+\z2\,
2. |21z2| = |zl||z2|, Argzlz2=Argzi+Argz2,
izJi
3 7!

Z\
, Arg-i- = Argz{- Argz2,z2 ®0,
z2 F2| *

2
4. "= |z|n,Argzn = nArgz,n -tam adaddir.
11) Muavr disturu:

(p(cos<p +ism<p))n = p n(co$rkp + is'mndp).
12) Kompleks adadan kdkalma:

\z —$jzl cos 2192 * 2000, 1 A2 T 2KK

n n

k=0\,2,...,n-\.
13) ©Bgar [Ax) funksiyasi [a,b] parcasmda kasilmazdirss ve
f(a)f(b)<0 olarsa, onda /(x)=0 tanliyinin x, koékunin tagribi
giymatini asagidaki disturlarla tapmagq olar:

1. X =a fSEI  (b-a) (vatarlar Usulu).
f(b) - f(a)

2. X =a--"a, burada f'(a) ®0,f(a)f(&) >0 (toxunanlar
m

Usulu).
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intteqrallar

)" )gor dy=f(x)dx olarsa, onda
y = J/(x)dx + ¢, c-sabitdir,

(gcyri-muayyan integral).
") Oeyri-mieyyan integralm asas xassalari:

(JIx)<fr) =4x), 2.4 j/(x)dx)="f (x)dx,
NF{X) =f (x) +¢, 4. jkf(x)dx = kJ /(x)dx, K -sabitdir.

JU(*)xg(*)>fr = \f(x)dx £ Jg(X)&&.
Y inlegrallar cadvali:

I jx"Ix=-+c,(ad-1), 2. f— =In|x| +c,
a+l J x
QX
' = e +cC, 4. fex<x=e*+c,
Ina J
N jsinxdx =-cosx +¢c, 6. Jcosxt/x = sinx + ¢,
[ )IgXdX = - in COSX+ ¢, 8. fctgxdx = Insinx + ¢,
. Iodx p fikc
—— =tgx+c, 10. — —-=-c<gx + c,
B x sin X
r tfg ~ [aresin& 4t (r atfc farc/gx + ¢
VI-x2 1l-arccosx +¢c N4+ x2 arcctgx +c
dx 1. 1+x
—  =71bl +c, 14 f-* =h x+n/x2+1 +c,
U Id?21T
1" |nIX0X= chx + c . 16. fo/zxrfx = sSTIX+cC .

1) Noyisoniri avaz edilmasi: ©gor x=<p(t) olarsa, onda:

J/ x)dx = I/ (pU))(p' (D)dt.
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5) Hissa-hissa inteqrallama disturu:
Audv = uv - jvdu .

6) Sadas kasrlarin integrallanmasi:

1 f _ fa=~"Inlx-al +c
JXx-a
2. f— — dx=— ——-———r1+c,n>1l,ngN.
\x-a)n (I-n)(x-a)n
3 Ax+B fa—A—XIn'(x2+px+q)L'+
X+ px +q 2
+ 2',3_9.—52—Tarcfg—=2§:+£g:+c,
irg-p2 ing-P2

2
burada a,A,B,p,q haqiqi adadlardir vo Pe. q <0.

7) Rasional kasrin sads kasrlara aylirmasi:
1L f(xX)~(x-a)kf\(x),/j(a) * 0 olarsa, onda:
no o+ 9j(x)
f{x) (X_a)k (x-0)*4/, (x)’
2- |/ O)=(x2+px+ /1 x),/j(@)*0,/](5)* 0, olarsa,
onda:
a(x) _ Bx+C + 9j(x)
I(*)  (x2+px+g)m (x2+px+q)m 1/, (x)
burada a,A,B,p,q haqiqgi adadlardir va
J N
a=za+iha=a-ib,p=-2a,g=a +b
8) Ostroqradski disturu:
ITw i.aw . A
f(x) fi(x) J3/2(x)
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IMula /3(x) coxhadlisi /(x) va f'(x) coxhadlisinin an boyiik

enT) boélanidir va /2 (*) = fo) ,g1(X) ve g2AX) qeyri-muiay-
I(x)

st omsalh ¢oxhadlilardir.
11
'% \ye XJ‘aX b (ir saklindas integrallar:
K rox+dy

luniada a,b,c,d sabit adadlardir, w-natural adaddir, ad-bcdOva R
m igumentlarinin rasional funksiyasidir.

ax+b

lex +d
itvKzlemasi ila integrali rasionallasdirmagq olar.

10) J/Ir™x, nfax2 +bx + c jdx saklinda integrallar:

I vlor ovazlarnalari ile inteqrah rasionallasdirmagq olar.
1. «>0oldugda, yjax +bx+c =4ax +1.
2. ¢>0olduqda, p/ax2 +bx+c =xt+Jc

3. axl+bx+c=a(x-d)(x-/3) oldugda #tfx2 +bx + ¢ = (x- a)t.

11) jxw(c/+ bxn)p dx seklinda inteqrallar, burada a,b ixtiyari

sabitlardir, m,H,/-rasional adadlardir.

I. /-tam adaddir, onda x-f avazlamasi ile integral
rasionallasdirmaq olar, burada s adadi m ve n Kkesrlarinin
Inaxraclarinin an kic¢ik ortaq boélinanidir.

> mtl tam adaddir, bu halda a+ bxLl=tS avazlamasi ils

n
iilegral rasionallasdirmagq olar.
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3. T+- +p tam adaddir, bu halda ax n+b = (s avazlerruv.i
n

ilo integrali rasionallasdirmaq olar, burada sy/?-kasrinm rnexro
cidir.

12) Trigonometrik funksiyalarm inteqrallanmasi:

1. j/?(sin x,cosx)dx saklinds integrallari t-tg ~ @avozlemo.l

ile rasionallasdirmagq olar.

2. jsinwxcoswxdx saklinda integrallari t=sinx va ya t=con\

avazlamasi ila binomial diferensialm inteqralma gatirmek olar.
13) Muayyan integral, integral caminin limiti kimi:

IF(x)dx= lim ~/(% K)AXK,

a ANe*=|
burada gk e [xk_\,XxK\JTXK = XK -Xx k_\ I = max AXK
14) Miayyan inteqralm asas xassolari:

1. J/(x)fifcc = - J/(x)66¢c, 2. J/(x)dx =0,
3. J/(x)c& =jf(t)dt =\f{z)dz,
a a a

4. jV(X)*/x = JI(x)ffo, K - sabitdir.
a a
5. jf(x)dx =jf{x)dx+ J/(X)<&,

6. J(/(x)x #(*)>& = J/(x)<frx Jg(x)<fr,

a a a
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\nt)dt = [ x), 8. jo-l\?(t)dt =-/(*),
X
m(MIl giymat teoremi: ©gar/(x) funksiyasi [a,/?] parcasmda
( 1hiut/ ohirsa, onda;
b
j/ (xX)dx =(b-a)f(x0),a <xg <b.
a
Mo Nvuion Leybnis dusturu; ©gar /(x) funksiyasi [a,b] parca-
I Siilinozdirss va F'(x) = f(x), onda:
b
$f(x)dx=F(b)-F(a).
a
I 'l Mimyyon integraida deyisanin evaz edlimasi:
b P
\f(x)dx =J/(p(0 :
linnida a-(p(a) va b=¢(j3 .
IHI Mi.iyyoll integralin hisse-hisss inteqrallama disturu:

b b
JjWv = uv \a ~ Mvdu .
a a

I'M . m.» /(x), [-a,a] parcasinda cut funksiya, yani J[-X)=J[x)
“"bu H aifhi:

a a
Ji(x)dx =23 [ (x)dx.
-a 0
'y /(\), \-a,a\ parcasmda tok funksiya, yani J1-x)~/J1x)
HIW 1 onda:
a
\f(x)dx =0.
~a
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20) Muayyan inteqralm teqribi hesablanmasi:
1. Duzbucaglilar disturu:

b
jf(x)dx 3

+y\+ ~.+¥n-1X buradax0=a vo

xn=hb,y =f(x),xk =a+k-——k =0,1,2,....u
n

2. Trapeslar disturu:

[f(x)dx 2Q+tZ« +y, F 2+ + , burada,

x0a vo xreb,y-f(x), xeka+k -—k =0,1,2,..,,n
n

3. Simpson disturu:

b ji__a

\ f (x)dx +¥Y2n + AL + —+ 3N2«-1) + 2(¥Y2 + — Y2n 2))
a

21) Ox oxunun [a,b] parc¢asi, x=a va x=b diz xatleri,

kasilmaz y=j(x) ayrisi iloe mehdud olan ayrixatli tparesin sahasi
dusturu:

b
S = J/(x)(ix .
a
22) x~a va x=yo (n</3) sualari, kasilmaz p=J{(p) (p,<p -polyar
koordinatlardir) ayrisi ila mahdud olan ayrixatli sektorun sahasi
disturu:

=- \F'Ww u>.
a
23) x=<p(t), y= T(t), a<I<(i parametrik sakilds verilmis hamar

ayrinin uzunlugu disturu:
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1=vT))2+(I (o2 .

Ogar ayri y=/(x), a<t<b tanliyi ila verilarsa, onda:

=y \ +(y')2dx.
a
24) Kasilmaz y=[1x), a<t<b ayrisinin Ox oxu strafinda firlan-
masindan alinan cismin sathinin sahasi disturu:
b o
S =2xjf(x)j\ +(f'(x))2dx.
a
25) Kasilmaz y-J(x), a<t<b ayrisinin Ox oxu satrafmda

lirlanmasmdan alinan cismin sathinin sahasi diistum:
b

V =7 \f2(x)dx.
a
26) Kasilmaz y-f{x), a<t<b ayrisinin agirhg markazinin
koordinatlan:

1b jb
xc =J jxdl, yc=-jydl,
a a

burada, dl = 1jl +iy")2dx, | -ayrinin uzuntugudur.
’7) ©yrixatli tparesin agirhg rnarkazinin koordinatlari:

1h jb
xc =—Jxydl, Yc= — \y 2dx
a a

burada, S-ayrixatli tparesin sahasidir.
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28) Dayisan quvvanin F=F(x), a<t<b isi:

b
A = "F{x)dx.
a
29) Sonsliz sarhadli integral:
- b
jf(x)dx = lim jf(x)dx.
a b~*+o0

30) Qeyri-mahdud funksiyanm inteqrali:
0 b

ff(x)dx = lim ff(x)dx.
i() b J()

31) Qeyri-mahdud funksiyanm inteqrali:

b b-e
J/(x)fiEc= lim Jf(x)dx.
a £-»+0 a

Coxdayisanli funksiyalar

1) z=f(x,y) funksiyasmm kasilmazliyi:
lim Az - lim (f(x +Ax,y + Ay)-f(x,y)) =0
Ax~>0 Ax->0
Ay->0 Ay~*0
Va ya
lim f(x,y) =f(x0,y0).
X->Xq
Y~*¥Y0

2) z=f(x,y) funksiyasmm xisusi téramalari:

22 =— = lim hx+Ax,y)-/(x,y)
X px  Ax->0 AX
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' =— = lim 9 XY+/IY)~NXY)

y ay Jiy->0 4y
"I, K\, y) funksiyasmm tam diferensiali:
dz idx n__(_j_z_ cfy
dx dy

Il /(\,y) funksiyasmm giymatinin teqribi hesablanmasi:
nl 9 I\ vo Ay arqument artimlari cox kicik olarsa, onda:
/14 -y+Ay)* f{x,>0+fx(x,y)Ax + fy (X,y)Ay,

*|.1iMiindan istifads edarak funksiyanm qgiymatini taqribi
IH unthinmagq olar.
"1 Miin >kkob funksiyanm téramasi:
it | f(Xy), x—=x(t), y=y(t), yeniz=f(x(t),y(t)j vabu
Inikmviilur diferensiallanan olarsa, onda:

dz _dz dx~dz dy

dt dx dt dy dt

u f(x,y), x=x(s,t), y=y(s,t), yani z-f(x(s,t),y(s,t)) ve
Ini innksiyalar diferensiallanan olarsa, onda:
dz _dz dx +dz dy dz dz dx + dz dy

ds dx ds dy ds’ dt dx dt dy dt
Il Yilksok tortibli tdramalar:

I K\,y)funksiyasmm fx va fy téramalarinin téramasina onun
IkHuitibli xUsusi téramasi deyilir:
(fx)'x =Ix2, (MNYy =tty , (F'y)'y =Ty2.
I inqguyda ila tGglncd, dordinci va s. tortibli téramalari
I thimiuiq olar.
Il >ilksok tortibli diferensiallar:

m | (\ I'jfunksiyasmm dz=df(x,y) diferensialma ikitartibli
ihlt iciisial deyilir:

d(dz) =d2z = fxxdx2 + 2f dxdy + f ydy2.
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Eyni qayda ila Gg¢unel, doérdlncl va s. tartibli diferensiallari
hesablamagq olar.
8) z-f(x,y) funksiyasmm /(cos«,cos (i) vektoru istigamati

Uzra tdramasi:

dz dz dz
— = —co0Ssa +— cos B.

dl  ax oy
9) z-f(x,y) skalyar meydanmin gradiyenti:

gradz =— i + — / , buradan
axay

dz = \gradz\ g@ + fozl
¥ X3

10) ikidayisanli funksiya iiciin Teylor disturu:

+ ~1\d nf(x0,yQ+ dn+if (xg + ©/1k,y0 + ©/1y),0<6< 1
n (

tt+ 1)1
X(=0, yo-0 oldugda Makloren disturu almir.

#(0,0) = #(0,0) +~ d 2£{0,0) +...+

dn+t\f(eAxMy),0<ex<l
n+a1i)!

irf/(0,0) + (

12) F(x.y)=0 tanliyi ila tayin olunan y=y(x) geyri-askar
funksiyanm téramasi:

- Fx(xyy)
Yx —
Fy(x.y)
\F{x,y,z) =0 . . .
13 tanliklar sistemindan tayin o\nxnTy=y(X)
0{x,y,z) =0

vo z—2(x) geyri-askar funksiyalarm tdramasi:
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F&-Fi<rz Fx®y -FArO X

J(y,r) TOX J(y,z)
hitimn
F F'
Y ®do .
by of

\ ntmbi (Ictcrminantidir.
il /~Afunksiyasmm (xo,j>0) ndgtasinds ekstremumunun
Mithft iiviin zaruri sart:

N(x0,y0)=fy(x0,y0)=0

v 'vii /,'(*0>T0)> fy(x0,y0) olmadigda.

«11 f(x,y) funksiyasmm (xo0,.yo) ndéqtasinds ekstremumunun
v nhr liiciin kafi sart:

* Ixx(*0»To XfyyOo *To) —ifxy (xo0 jTo))
I (1 oldugda (xo,v0) ndqtasinda funksiyanm ekstremumu var.
f (M> w0 <0 oldugda (xo,”0) néqtasinda funksiyanm maksi-

mmuu. [/ "X(xq,y o) >0 oldugda isa (xoTo) ndqgtasinds funksiya-
i nnnmimu olar.
'\ <olilngda (xo,yo0) néqtssinda funksiyanm ekstremumu
ytINIlir.
1 \ wnoldugda (xo,yo) néqgtasinda funksiyanm ekstremumu ola
eIniini,.l, olmayadabiler.
' "tii ekstremumun varh@r Getn kafi sart:
/11 1)~f(x,y) + X(p(x,y) funksiyasmm (xo,y0) ndqtasinda
1 I'ho Iof) ikitartibli diferensiali varsa, onda:
I ./'/"'(<0,_yo))>0 oldugdaf(x,y) funksiyasi (xo0,yo0) ndqtasinda
mii minimumagiymoat alir.

»0,M)0)<0 olduqdaf(x,y) funksiyasi (xo,To) néqtasinda

f in ninxsimumqgiym atalir.

301



Diferensial tanliklar

1) Dayisanlara ayrila bilan
X(X)Y (y) dx+XI(x) Y](y)dy=0
Tanliyin 6mumi inteqrali:

2) y'=f(x,y),f(tx,ty) =t°f(x,y) Dbircinsli tenliyi y=zx
avazlamasi ila integrallanir.

3) y'+P(x)y =f(x) xatti tenliyini y-uv avezlamasi ile hall
etmak olar.

4) P(x,y)dx+Q(x,y)=() tanliyi D oblastinda tam diferensialli
tanlik olarsa, onda:

dp dQ 7

ay X
5) F(x,y,y") = 0 saklinda tonliklar:

1. ©gear F(y') =0 olarsa, onda:

F(ak=0, k=1,2,... voaya F\ =0
V x )

burada y' = ak,k =1,2...
2. ©gear y' =fk(x),k = 1,2...olarsa, onda:

3. 9gar x - f(y’) olarsa, onda:

X = =pf(p)-Jnp)dp +c
4. Bgar x = (p(p),y'= olarsa, onda:
9ger y' =fk (y),k = 1,2,...0larsa, onda:
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Oger y-fly') olarsa, onda:
X=m o+ 5w pEey=i{p)
P J p2
llruda y* ~p.
/[ Ogary =do(p),y' =Vip) olarsa, onda:

H y <p(y,y') soklindsa tanlikleri y'-p avazlamasi ila

mlicqgrallamagq olar.
K=c¢(x,y") soklinde tanlikleri y'=p avazlomasi ils

mteqgrallamaq olar.
b) IKkitortibli tanliklar:
I. ©gar y" —f (x) olarsa, onda:

y = MdxJf(x)dx + CIX+ 2 m

2. ©gar y" - f(x) olarsa, onda:

V ©ger y" - f(x) olarsa, onda y'=p avazlamasi ils
alariq:

ay=f(X,p)-

4, ©gar y" =f(y,y') olarsa, onda y'-p, p=p(y)
ovazlemasi ils alarq:

) Ikilortibli xatti bircinsli tanliyin
Y'+P(X)y'+a(x)y=0 (1)
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Umumi halli y = c\y\ +c2y2, seklindadir, burada y\ va yI

xatti asili olmayan xiisusi hallardir.
8) Vronski determinant*:

N Y2
W(x) =W(yby2)=
Y2

9) Ostrogradski-Liuvill disturu:
X
- jp(x)dx

W(x) = W(x0)e ¥
10) ikitartibli xatti bircinsli olmayan tenliyin

Y'+P(x)y" +q(x)y = f(x) )
Umumi halli y = y +z soklindadir, burada y, (1)tenliyinir)
Umumi hallidir va z, (2) tenliyinin bir xisusi hallidir.
11) ikitartibli sabit amsalli xatti bircinsli tanliklar:

y*+py' +ay=0 3)
1. (3) tenliyinin xarakteristik tanliyi:
y"+pk+q=0 (4)

2. (4) tonliyinin K\ va kr koklari haqiqi ve muxtalif ( k\i
b) olarsa, onda:

y =clek'x +c2eki™*. ]
3. (4) tanliyinin k\ va fe kdklari haqiqi ve muxtalif ( k\—fo)
olarsa, onda:

y = (c1 +c2x)ekiX.
4.(4) tenliyinin k\ va «kr kokleri kompleks adadlor
k =a +ifi,k2 =a-ifi olarsa, onda:

y =e®(cj cos/3x+c2sin/K) .
12) ikitartibli sabit amsalh xatti bircinsli 6linayan tanliklai-
y"+py'+ay =f(x)
1. f(x) -ax2+bx+c, a,6,c-sabitlardir.
U0 olarsa, onda: z=Ax2+Bx+C\
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4 0, p8 olarsa, onda: z=x(Ax2+Bx+C).
f(x)=aeal a,a-sabitlardir.
K Upa+g*Q olarsa, onda: z=Aeax
«< "p<r+g=0 olarsa, onda: z=Axeaxva ya z= Ax2eax
' /(x) =Mcosfix+Nsinfix, M,N, fttO - sabitlardir.
M 1(g-/?)2*0 olarsa, onda:
z=Acosfix+Bsinfix.
I' 0,q~(? olarsa, onda:
m \(A cosfix+B sinfix).

Siralar

»i - siralar: a\,(i2,...,an,... adadlar ardicilhgmm hadlarindan
i/Hioll

+a2+—+a,, +..
n=I
lincKisina odadi sira deyilir. S,,= a\+ci2+...+an,... siramn n-ci
um lislcemi deyilir. ©gar
@
s= lim Sn=£ an
n=1
)larsa, deyilir ki, sirayigilir ve carai S-a barabardir.
00
) wm;min yigilan olmasi Gglin zaruri sert: ©gar sirasl
n=1
yiftihmdirsa, onda: lim an = 0.

M—>co

Y Ilondssi silsila: ©gar, [# <1 olarsa, onda:

f-=+aq”7~".
1<1 «=1
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4) Harmonik sira adlanan
, 101 1
2 3 n

sirada lim —= 0 olmasma baxmayaraq, dagilandir.
«->00 1

(00)] ®

anva Y'bn siralari
n=1

5) Milqayise slamati: Mushbat hadli

dcln lim — =1¢ 0 oldugda, bu siralar eyni zamanda
n—>co bn

yigilan va dagilan olar.

@

an sirasmin
17=1

6) Dalamber slamati: Tutaq ki, misbat hadli

lim -=/ limiti var. Onda 1. /<1 olduqda sirayigilir;
«»00 bn

2. [>1olduqda sira dagilir.

00
7) Kosi slamati: Tutaq ki, mustab hadli 'Yi(in sirasinin tgln

n=1
lim =/ limiti var. Onda 1. /<1 olduqda sira yigilir; 2. />1
>
olduqda sira dagilir.

8) Kosinin inteqral slamati: Tutaqg ki, f(x) funksiyasi |l,oc] ob-

00
lastinda kasilmaz, musbatdir va azalandir. Onda f(k) sirasi,

k=1
00
j/ (X)t/x integrah yigilan olduqda yigilar, dagilan oldugda iss
1
dagilar.
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'il oybnisalamati:
Ogor a\ >«2 >a3.. va an —0(n -> oo) olarsa, onda isa-

msini n61ba ile dayisan

n—4
U\ «2 +a3~ad4+ —+(-1) a,+...,a,,>0

Ha yigilar.
()] ()]
») Ogor sirasi yigilarsa, onda ~ a n sirasi da mitlaq
n=1 n=1
yiftilnr,
11)Vi-ycrstrasm majorantliqg alamati: Tutaq ki, jr fn(x), xe”?
n=|
g
ul >0 siralari dgun, |[/w(x)]<an,n -1.2,... barabar-
n
00 00
w 1y tfdenilir. Bgar sirasi yigilarsa, onda * / n(x)
n=1 a=1
NilHM |) coxlugunda mintazam yigilar.
I "1 Oiivvat siralarinm yigilma radiusunu
R= lim an vo ya R !
N-»>Wan -1 lim ¢ ~\
N—»00
I m. .iinlari ile tapmagq olar.
'Y Irylor sirasi:
[(v) -f(x{P))+— —XxX—Xg)+—"0"(x- Xq)2 +...+
+ - — (x-x0)+

I'1) Mukloren sirasi:

Fw o /+(*')(0)



15) Eyler dusturlari:

N - I—I»Y [ X}
e =cosx+/smx,e = COSX-zSINX.
16) 2n periodlu /(x) fimksiyasmm Furye sirasi:

00

f{x) =— + V (awcosnx + bnsin nx), burada
2 wnl
| 7= 11
ug=— ff(x)dx , an-~ \f(x)cosnxdx
"N "

bn = 1 r31/(x) sin nxdx. (Furye amsallarr)
M-n
17) ©gar/(x), [-mr,7r] parcasinda cut funksiya olarsa, onda:

a
[ (x)=— + Aa}Uncos nx, burada
2 n=1

2K
an=—|/(x)cos«xJx, n=0,1,2,..
710

9gar /fx), [-7t,7t] par¢asinda tak funksiya olarsa, onda:
0)) 2N
/[(x) = sin «X, burada bn = —J /(x)sin nxdx,n = 0,1,2...

«=1 no
18) 2/ periodlu /(x) funksiyasmm Furye sirasi:
o/ \

f(*y= 2 + 7"\ ar,co8y- +b, Sin

burada

1 .. nnx ,
an~- Jj (x)cos——ur,m=0,1,2,...
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11
bn=- J/(x)sin-y-dx,n=0,1.2,...
-1
|U| Ihiy. sirasmm kompleks sakli:

©
f(x) = " c neinx , burada
n=-co
-ao . _ an-~ _an
'0~ 2 n-~ 2 2

ikigat, Qcgat ve parametrdon asili inteqrallar
11 Ii hl.i! integral, inteqral caminin limiti kimi:

Wf(x,y)dxdy= lira Yjy~"k"k)ASk
D n~>°k=1
1" GA e Afc, = maxJ(D") .
"I Iknliit integralm asas xassalari:
X, y)dxdy = £JJ/(x, y)dxdy, K - sabitdir.
[e £
L[/ (x,y) £g(x,y))dxdy =J3Jf(x,y)dxdyx JIg(x,y)dxdy
D\
"I (X vjt/xefy = JJ/(X, y)trecfy £ JJ/(x, y)dxdy,
1> Dj D2
D =Dx[}D2,Dx(\D2 =0,

[Ff(x,y)dxdy < \WF(x,y)\dxdy.
n D
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3) Orta giymat teoremi: ©gar f(x.y) funksiyasi D oblastinda
kasilmaz olarsa, onda:
y)dxdy =f>(x0,y0)S, (x0,y0)&D,
D
burada S,D oblastmin sahasidir.

4) DIJtf,b,c,a] duzbucagh oblasta ikigat integralm hcsab*
lanmasi:

b d
JI/(x,y)dxdy = \d x\f (x,y)dy vaya
D a C
d b
Wf(x,y)dxdy - ~dy~f(x,y)dx.
D c a

5) DJ[a<x<bh, ji(x) < y</2(x)] ayrixatli oblastda ikigat integralin |
hesablanmasi:

b y2(*)
J/(*>yydxdy = ~dx  3/,(x,y)dy.
D a y{(x

6) ikigat inteqralda dayisaenlarin avaz edilmasi:
JJ/(x,y)dxdy =JI/ "(x(b1,Vv),y(u, v)|J(u, v)\dudv
D G
burada x=x(u,v), y=y(u,v), (u,v)eG, J(u,v) Yakobi deter-
minantidir.
7) x = pcos<p,y - psin (p polyar koordinatlarla ikigat inteqral: j

J/ (X ,y)dxdy =JJ/ (pcos<p,psm (p)pdpd(p.
D G
8) z=f(x,y) sathi ila yuxaridan, xOy mustavisi Uzarinda yer-
lasan D oblasti ila asagidan va doguranlari oz oxuna paralel
olan silindrik sathla shata olunmus cismin hacmi dusturu:
V = \\f(x,y)dxdy.
D
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11nhlustmm sahasi diustura:
S = ~dxdy.
D
1 I(ky), (x,y)eD toanliyi ile verilmis (a) sathinin sahasi
e n

0 - jjijl +(zx)2 +(z'y)2dxdy .

1 1hi sixh@r p-p(x,y) olan S 1évhasinin kiitlasi:

m=jjp(x,y)dxdy.
S
I 1 «l6vKasini ox va oy oxlanna nazaran statik momentlari:
Mx = ~pydxdy, My = |jpxdxdy .
s s
0 111 p=p(X,y), S- l16vhasinin sathi sixhgidir.
1 11S l6vhasinin agirhg markazinin koordinatlari:

My M x
Xq ) "
m m

iMinitlii, m 16vhaninkitlasidir.
MM Jcqat integral, inteqral camininlimiti kimi
MNf(x,y,z)dxdydz= lim ~ /(4 K,w,TK)JIYK

v A“>0A=1
hurada, (Ck,Tjk,Tk)e V k,A = maxd(Vk).

1) \'{a<x”b,yl(x)<y<y2(x),zl(x,y)<z<z2(x,y)}
mblasida Gc¢qat integralm hesablanmasi:
b Y20) z2(*>Y)
\x,y,z)dxdydz =jdx J¢  JIf(x,y,z)dz

a  >>i(*) *i(x.y)
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16) Ucqat ititeqralda dayisanlarin avaz edilmasi:
JII/ (x,y, z)dxdydz =JjI/ (X, (u,v,w),y(u, v,w), z(u.v.w))e
\Y \Y

x U(u, v, wldindvdw, burada

x =x(u,v,w),y =y(u,v,w),z = z(u,v,w),(u,v,w) GK
J(u,v,w) - Yakobi determinantidir.

17) V cisminin hacminin hesablanmasi:
V = jjjdxdydz.
v
18) Hacmi sixhgr p=p(x,y) olan V cismmin kutlasi:
m= JJJp(x,y, z)dxdydz .

v

19) Hacmi stuxhgi p(x,y,z)= p=const olan V cisminin agirlul
markazinin koordinatlari:

x0 =y JJjxdxdydz, yo =y jjfydxdydz,

\% \%

zq = —jjjzdxdydz
\
20) Parametrdan asili muayyan integral:
b b{a)
F(a) = J/(x,d)dx,0 (a) = J/(x,d)dx.
a a (ﬁ)

21) f(x.a) funksiyasi D[a<x<b, c<a.<d\ diizbucaglismda
kasilmaz olarsa, onda:

lim [f(x,a)dx - f lim f(x,a)dx,F'(a) = \f'a(x,a)

a "~ a * a a a” a” a
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C C a a ¢C
)" >\ a) funksiyasi f'a (x,a) xususi téramasi ila birlikda
1"/ nsh, c<a<d] dizbucaqglismda kasilmazdirss va a(a) , b(a)
iimKsiyarali [c,d] pargasinda kasilmaz olub; a<a(a)éo,
> 'yy)<h barabarsizliklsrini 6dayarss, onda:
b(a)
o{(r) f(b(a),a)b’'(a)-f(a(a),a)a'(a)+ jfa(x,a)dx
a(a)
) i’ iramctrdan asili geyri-maxsusi inteqrallar:

D1lcla-funksiya:

B{a, /3) = (l- x)P~Ildx.
o]
Dsns xassalari:
I u>0, p>0 olduqda B(a,P) inteqrali yigilir.
*|i>1 va ya <x>I oldugda

B(adi)= Pl B(aJ3-1)

=- -] nB a-\,
B ( p)

a —mg N,jB=«e N oldugda

4 - D



25) Qamma-funksiya:
00
MN{a)= Jjca~»X~xdx.
0
BOsas xassalari:
1. a>0 olduqda I (a) inteqgrali yi§ilir.
00
2. T{m(a) = \xaA In” xe~xdx 3. T (a+1)=al(a)
O

4 I(a)r(l-a) =—

- , O<ax<l1.
sinka

5. n .E W W .
M(a+P)
26) Furye integrali:
o o
f(x) =— ~d/1j/(/)cosN(jc- t)dt.
N -
27) Furye integrahnm kompleks sakli:
o o
W =7
—00 —00
28) Furye cevirmasi:
@®
F)=4== [f(t)e~I1Axdt.
~ -00
29) Tars Furye cevirmasi:

1
(%)= % %@
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oyrixatli va sath inteqrallari

1 Hirinci ndv ayrixatli integral, ayrinin uzunlugu tzra integral
in limiti Kimi:

\f(x,y)dl = lim Yjf(~k,7jk)Alk
AB
"da, {Cj¢,Tik)eMk-\Mk,A=tnaxAlk
'l Ikinci nov ayrixatli inteqral, koordinatlar Gizra inteqral
euminin limiti kimi:

JP(x,y)dx + Q(x,y)dy =
AB

mlim % 1 k. VK)IxK + Q(ZK»Vk )AYK
A>Qk =1
burada (& ,% ) e Mk_\Mk,A = max Alk
"I liirinci va ikinci nov ayrixatli integrallar arasmda slaga:
I All qovsi x-x(t), y=y(t), a<l<p parametrik tanliklari ils
(lildikda:

<) fi
Jdx + Qdy = J(P(x,x(/)),>>(/))x"(0 + Q(x(t),y(t))y'(t))dt
/n a

\' J1B qovsl y-f(x), a”x<b tanliyi ila verildikda:
(B) b
JPdx+Qdy =|(P(x,/ (x)) + Q(x, f(x))f(x))dx
(m a
) Qrin dusturu (konturuy olan D oblastinda):
fdQ aPn



5) Konturuy olan D oblastmm S sahasi diisturu:

S = —"xdy - ydx.
7
6) Oyrixatli inteqral integrallanma yolundan asili olmazsa:

1. D oblastinda yerlasan istanilan gapali y konturu tzra
ayrixatli integral sifira barabardir:

jPdx-Qdy = 0.
r
2. \Pdx + Qdy integrali integrallama yolunun secilmasindan
AB
asih deyil.

3. Pdx + Qdy ifadasi D oblastinda tayin olmus miayyan
u(x,y) funksiyasmm tam diferensialidir.
du = Pdx + Qdy
4. D oblastmda
dP  dQ
ay  BX
7) Birinci ndv sath inteqrali, saih Uzra inteqral caminin limiti
kimi:
n
fff(x,y,z)ds= lim ~ f(~ k,j]lk,Tk)ASk

burada (Ck,?lk,Tk)e S, X = maxd ($K)

8) ©gar S sathi z=z(x,y), (x,y)eD toanliyi ila verilarsa, onda:
Jf(x.y.2)ds =~ F(x,y,2(x,y)1j\+ (2X)2 +(z'y ) 2dxdy

S D

9) ikinci ndv sath inteqrali, normal n vektoru ils
istigamatlanmis hamar S sathi tzra inteqral cominin limiti kimi:
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n
jI(F#i>fc = lim £(F (M *)4 (M *)),
S O->0bl1
"At(Eb*7b'r*)e M = max </(£*)
lit) 1 >,u1ss-Ostrogradski disturu:
dR

{* +2 % dxdydz
dx @y dz
111 Sinks dusturu:
N N
\Nx +Qdy + Rdz= dxdy + arde dydz +
| N dy dz
+ (_dP dR dxdz.
Vdz  dx

1 ) VVklorlar analizi:
I n u(xy,z) skalyar meydanmm qradiyenti:
du- du-: dur
sradu = — r+m |
dx dy dz

I P(Xy,2)i +Q(X,y,2)] +R(X,Y, z)k vektorial meydanm
mn 11 (-cnsiyasi ve rotoru.
A~ dP  dQ fd_R

divF = — +—
dx dy dz
rOtE - 'AP_'qﬂnj +/dQ dPn
dy dz ,dz  dx dx dy

1) [llamilton (nabla) operatoru:

V==14+5% 7+ 2k .
dx dy dz

1) Illamilton operatoru vasitasi ila vektorlar meydanmm
liMiicntlarinin ifadasi:
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1. V operatorunu skalyar u=u(x,y,z) funksiysma tatbiq etdikdi
(ve ya «formal skalyar vurdugda) skalyar u meydanmm qgru
diyenti almxr:

gradu=Vu.
2. V vcktorunu F = P(x,y,2)i +Q(X,y,2)j + R(x,y,z)k wvek

toruna skalyar vurduqda vektorial F meydanmm divergensiyas! j
almir.

div F=(V ,F].
3. V vektorunun F - F(P,Q,R) vektoruna vektorial vuruqdi
vektorial F meydanmm rotoru alimr.

rotF = VxF .
15) Laplas operatoru:

82u ﬂ,& n
ax2  py2  dz2

Riyazi Fizika tanliklari

1) Riyazi fizikanm asas tanliklari (ikidayisanli funksiya ugiin)
1. Dalga tanliyi (yaxud simin rags tonliyi):

ﬂzm 2 ,6'214

a?~a
2. lstilikkecirma tanliyi:
an _ 2.42n
aT =e a?
3. Laplas tanliyi:
42n  A2un
e kg T 0



I linye metodu ila sonlu simin rags tanliyinin:

2
an 20 n  Trd rrt

dtza u X—0 = -1 =0 -

. nliod ve

M .o=/«>8 U =jrw -

I"i".lingic sartlarini 6dayan halli

00

N ann . . ««qa. N . nn
] cos ~+0,,Sm I sm— X
«=n 1 1 I
I-nilvsiyasidir, burada
2/ 2 |
Ay f/'(x)sin— xufx, bn = [/(je)sin—
/[ * / 6hz ' |

111 nryc ¢evirmasinin tatbiqi ile sonsuz cubugda istiliyin
vnyilinu

2
9w 25 U

— = —W
ax2
bniliyinin n |~ 0 =/(x),-00 < x < 00 baslangic sartini 6dayan
linlli

fco
u(x,t) =— p= f/(f)e 4»2df
- 00
liinksiya.ni vcrir.
) Dunira Gglin Dirixle masalasinin Furye metodu ila halli:
n p Rdairssinds

42un +_,u,|/|/\
ax2 py2

--0.

L uplus tanliyinin



sarhad sartini 6adayan hallini

1n n2_ 2
up<p)=— f/I(O0—r- = e F L
2 1, R2 - 2Rpcos(t-) +pr

saklinda g6starmak olar

Kompleks dayisanli funksiyalar

1) Kompleks dayisanli funksianm téramasi:

dz Az—=0 Az 4z-»0 Az
2) Dalamber-Eyler sartlari?
f(z)=u(x,y)+v(x,y) funksiyasi D oblastinda analitik olarsa, on®
an _dv gm _  dv
dx dy’ dy dx
3) Kompleks dayisanli funksiyanm inteqrali, ayrinin uzunlugu
Uzra integral caminin limiti kimi.
n
Jf(z)dz = lim [ ("K)rK - 7udx - vdy + i Judy + vdx,
I N~*°k=1 I I

burada e zk_{zk,Azk = zk - z k_{,X = max\Azk\

4) Kosi diusturu:
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| onin. sirasi:

@
O 2= Y,an(z-4 )n"
n-~-
Itin.nlii an - —  f-—-- ENe .—TdC,r1 = o ,t1,%2,...
2™y (C-z0)
mllunksiyanm ¢ixigi:
Kc*/(z0) = 7— — lim _LI/J\+‘_JL ((z-z0)w/(z)).

(w -1)lz->20

1 'i(i) funksiyasmm Laplas ¢evirmasi:

F(/>) = je ptfit)dt,p =a +ifi.
0
W 1 :ij>las cevirniasmin tarsi:
1 x+7z0
no=r2l—l p'/3g®
X-1CO

Ehtimal nazariyyasi

11 [ vi) B hadisalarinin he¢ olmasa biritiin bas vermasindan
J>wstnlan hadisaya onlarm cami deyilir:

A+B-—-AsjB
"I Avo B hadisalarinin har ikisinin eyni zamanda hokTen bas
mimosindan ibarat olan hadisays onlarm hasili deyilir:

AB=AnB
<Qu)r A hadisasi cit-cit uynsmayan eyni imkanli n hadisadan
mbiiLli tam sistema daxil olan m xtsusi hallara ayrilarsa, onda

I‘; odadina A hadisasinin ehtimali deyilir:
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P(A)=—,0<P(A)<1.
n

4) ©gar A va B uyusmayan hadisalsr olarsa, onda:
P(A+B)+P(A)+P(B).
5) ©gar A va A qarsiligh sks hadisalar olarsa, onda:
P(Z)=1-P(A).
6) ©gar A va B uyusan hadisalar olarsa, onda:
P(A+B)+P(A)+P(B)-P(AB).
7) Ehtimallarm vurma teoremi:
P(AB)=P(A)Pa(B).
Burada Pa(B), B hadisasinin A hadisasinin bas vermasi sorli
daxilinds sarti ehtimalidir.
8) 9gar A va B asili olmayan hadisalar olarsa, onda:
P(AB)=P(A)P(B).
9) ©gar A va B uyusmayan (asili) hadisalar olarsa, onda:
PB(A)= PA(B)=0.
10) Tam ehtimal dusturu:

k=1
11) Bayes dusturu:
P(AKk)PACc (B)
PB(AK)
~P (N1 K)PAK (B)
k=1
12) Birlasmalar nazariyyasinin asas dusturlari:
1. nelementdan dizalan m elementli aranjemanlarm sayi:

K =& -1)[»-(m-1)]= =« _ .
(n-m)!
2. nelementdan dizalan m elementli kombinezonlarin
(birlasmalarin) sayi:
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cCT

|'|_ n(n-\).._ﬂ-(T-l)]: Nrnl\__l)\

Y nelementdan diizalan permutasionlarm
(yerdayismalarin) sayi:
[, =A™ =n(n- 1)...[u- (/2-1)]=n(n-1)..2-1 = n\
i ’) Nyuton binomu dusturu:
(P+4Y)N=PM+c},pn Ig2 +...+ qn.
14 lihtimallann paylanmasinm binomial ganunu:
Pn\jn) —E/p g
1-D1 ,aplas lokal diisturu:
X2 112
Pn(m) « —JL- e 2, <p(X)=-jL=e 2
myjlmpq ylbr
iHiruda 0 < p <\,q'= 1-p,x - > w" .
\ mpq
i)l aplasm inteqral diisturu:
Pn{a<m<b)& ®d(x2)- d(x\)
t2OI
- 1 ~Wdt
biiHula x = W h(x) = 5= g
nfnpq Viwq
I(>) l'uasson diisturu:
jum
Pn(m) ~ rTTg ~? burada p =np
11) Diskret X - {x],x2,...,xr1} tesadufi kemiyyatininriyazi
yO/lumasi:
n
MX= ~XkPk
k-\
Ihhiklu pk =p (X =xK),k =1,2,...,n,p1+ P2 +...+ pn =1
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Osas xassalari:

1. MC=C, C=const, 2. M(XtY)=MXtMY

3. MCX=CMX, 4. MXY=MXMY

burada X va Y asili olmayan tssadufi kemiyyatlardir.
18) Diskret X tasadifi kemiyyastinin dispersiyasi:
DX=M (X-M X)2=MX2-(M X)2.

Osas xassalari:

1. DC=0, C=const, 2. D(XzY)=DX+DY

3. DCX=C2DX, 4. DXY+MX2MY 2-(M X)2(MY)2.
Burada X va Y asili olmayan tssadifi kemiyyastlardir.
19) Binomial ganun ila paylanmis X tasadiffi kemiyyati
m=0,l,2, ...n mimkin giymatlar tc¢ln alariq:

LPn=P(X=m)~C™pm(1- u)"~T,0<p <1
2. MX?np, 3. DX=npq

20) Kasilmaz X tasadufi kemiyyati tgln ahriq:
1. paylanma funksiyasi
X
F(x) - P(roo<X <x)- ~P(t)dt,-00 <x <00
-
burada P(x) sixlig funksiyasidir.
2. Riyazi g6zlame.
00
MX = ~xp(x)dx
-00
3. dispersiya
00
DX= j(X -M X)2P(x)dx.
— 00
21) X tasadufi kemiyyatinin sixlig funksiyasi
(x-a)



Minds oldugda ona normal ganunu ils paylanmis kasilmaz
I inliifi kemiyyat deyilir, burada a = MX,cr =JDX .
'7) \xn} tesadufi kemiyyatlar ardicilhigi

f N
1n 1n
lim P — M XK >B =0vaya
K-] Mk=1
r \
1n 11
lim P 1-y — tM XK<E =1
n ynk=1 a*=1 )

*ibrini 6dadikds, deyilir ki, hamin ardicilhg tc¢in béyuk
tiltullor ganunu 6danilir.
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Cavablar

| fasile dair
Calisma 1.
g 81 f18 10 -17°
A+B=1 5 7 -n=7 -1 9
16) A
6 11, v1z2 .5:
107 94 207N
AB = 26 38 130
v 7 14 3
n20 4 1N f 22
17) o 20 3 20
A+B= 5 5 9 -1 1 -9
0 -3 6 8 -9 4
\V/ > \Y;
A133 43 217
68 5 60
53
23 6
2
-10 3 -50
4 %
Calisma 2.
16) AO(1) =-618, A(B) -136,
' 13 7 56 13 1 55 *
309 103 309 68 68 136
10 13 14 3 5 7
., B-' =
309 206 103 17 17 17
_ou 5 3 5 3
o 103 103, .68 68 136,
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AT = - 249 oo T1T

E 106 1 i f 100 3 5 1
83 249 83 717 717 717
50 37 2 o 156 32 255
249 747 249 ' 717 717 717
40 70 15 68 84 56
v83 249 83 J [ 717 717 717J

(tihisma 3. 3) holli yoxdur. 4) je=1, y=2, z=3. 5) xfy=r-0.

1. i , 99 163 282
('} Ilomyoxdur. Nx=-TT"-, ¥=-T1r» z~
100 100 100 -
Wiy h% 9) jt=I 2, z2=3
» —_— Y= | Z =1, Yy=4, z=o.
115 115 23 ) Y
R L RPN
)T Y 3657755 e e
') holli yoxdur. 14) Sonsuz sayda helli var.
15 vi,y=l,z=Il. 16n'=2, y=—, z=-3.
I'h --1,y=12z=0.
1 115 139 .
<.thsma 4. x=—g, y= o z=0, t= g 2) Sonsuz sayda halli

1 17 17 23
W 3)a=-3¥Y=—"z="—.z="= . 4)x=1, y=1, z=0, t--2.
A 6 6 6 6 ) Y

57 164 251 131 1 3
Gx=— ,y—— ,2=— ,t=—— 7) x=0,y=2,z=-, t=-~
13 13 13 13
K 4 80 74 ¢ 104 9's da halli
X—— ,y=— ,2=— ,tr——. onsuz sayda halli var.
27 y 27 27 27 Y

5 6
10) x=-5,y-1, z=“— t:”— . 11) Sonsuz sayda halli var.
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12) Halli yoxdur. 13) x=-

14) Sonsuz sayda holli var. 15) x = - y

26075 19163

Z 11451° t_ 11451
17M)x =3, y=2,z=1

16) x=1l,y=2 2=3

Il fasila dair

Calisma1l.2) d =3d+2b —2c. 3) d =2d- 2b +c .
4) d=-06 +5b+3c. 5 d=-6«+b+3c.
6) d-2a+3b-2c. 7)d-2d+3b- 2c.
25 109 79
8) d=4a-2b+c.9)d —@——rb+—C.
12 18 24

124 1225 71
10) d =3a+5b+c. 11) d =- a+ + T

12) d=-a--b--c. 13)d =4d +3b+2c.
2 2 2

15) < T2 16) d=2d-3b+c.
23 23 23
17) d =2a+5b-3c.
Calisma 2. 1) Kolinear deyil. 3) Kolinear deyil. 4) Kolincai
deyil. 5) Kolinear deyil. 6) Kolinear deyil. 7) Kolinear deyil
8) Kolinear deyil. 9) Kolinear deyil. 10) Kolinear deyil
11) Kolinear deyil. 12) Kolinear deyil. 13) Kolinear deyil
14) Kolinear deyil. 15) Kollinear deyil. 16) Kolinear deyil
17) Kolinear deyil.
Calisma 3. 2) «0,53. 3)*0,97. 4) «0,81. 5) «0,39. 6) «0,83.
7) «-0,09. 8)0. 10)0. 11) «0,55. 12) «0,52. 13) «0,81,
14)-0,5. 15) «0,45. 16)-0,5. 17) 0,(3)
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<nhsina 4. 1) Komplanar deyil. 2) Komplatiar deyil.

I Komplanar deyil.4) Komplanar deyil. 6) Komplanar deyil.

I Komplanar deyil. 8) Komplanar deyil. 9) Komplanar deyil.
10) I1) Komplanar deyil. 12) Komplanar deyil. 13) Kompla-
muilir.  14) Komplanardir. 15) Komplanar deyil. 16) Kompla-

"Il deyil. 17) Komplanar deyil.
?

17 7 76 8 Y
<uhsma 5. 1) y. 3)10.4)y 5 vy .6)y 7)20.8yvy.

"4 1(,/. 10) — . 11) — .12) 10. 14) — . 15) —
2 6 6 3 6

If)fS2— 17) 13-.
3 3

<'uligma 6. 1) «1,07. 2) « 1,87. 3) «2,343. 4) «1,186. 5) «5,32.
6) « 3,48.7) « 3,95. 8) «5,79. 9) « 2,212. 10) «1,535.
N) «2,918. 13) «7,413. 14) 8,16. 16) «3,85. 17) »1,533.

(ffiyma 7. 1) «0,94, 3) 0. 4) «0,43. 6) «-0,03. 7) «0,94.

A 0,55.9)0. 10) «0,704. 11) «0,58. 12) «0,71. 13) «0,904.
14) «0,03. 15) «0,53. 16) «0,99. 17) «0,289.

Lalisma 8. 1) =Z—Z=~ (x+13=0, y-z=0).
A4 = A 1 = X 4y 11 i = £+2 =£ (x -1 Joy

2 4 -3 0 -3 3 3

5 7
ard=Yed= 2 a2
16 -11 -1* 1 -7 ’
16 9

_— = =- 10 - = - =- =0, z=0

H === = 10 . (y=0,2=0)
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f 49 1 4 3721 n 17 43
5) — ——204 6) 7y,

vi2 12 y 12374 6°9° 18
) 4 7 2/ 5 8 N _4> 10

\3 33 ) 5°5° 5; 3 3 vy

1) _y .y Z912) (1379°28) 13) (*14,0)- 14) (13'14>

47 60 24 " o .
15 jj'ii* j1 -16) (2,-3,6). 17)duz xatt mustavi Uzarimlo

ycrlosir.

Calisma 10. 2) Markazi 0(1,-1) ndgtasindo yarxm oxlari a V
b=4 olan ellipis. 3) Markazi 0(-1,2) ndéqgtasinda yarim oxliii
a=3, b~1olan hiperbola. 4) Tapasi A(l,-2) ndgtasinda paranu ii |

p=i olan parabola. 6) Tapasi A (i,1) ndqgtssinds paraimhl

p=J_ olan parabola. 7) Markazi 0(-2,2) néqtasinda yarim ou
18

lari a=yf2$,b = -JI olan ellipis. 8) Markazi 0(3,1) néqtosiH"



vnrim oxlari a=3, b=V5 olan ellipis. 9) Tapasi A(l,3) nog-
UiNinde parametri p=8 olan parabolanm y-3=0 diiz xattindan
riiigida yerlasan hissasi. 10) Teapasi A(-4,-5) ndqtasinda para-

9
nH-tri p= — olan parabolanin x+4=0 diiz xattindon sacda yer-

Inson hissasi. 11) Markazi 0(2,-1) ndqgtssinds yarim oxlari a-3,
i' lolan hiperbola. 12) Tapasi A(2,3) néqtasinde parametri p=-
I olun parabolanm x-2-0 diiz xattindan solda yerlasan hissasi.

3
IH Topasi A(-7,-5) ndqtasinda parametri p=—2 olan para-

I'olnnin y+5=0 diiz xottindaq asagida yerlasan hissasi. 14) Mar-
I 'mM 0(-3,0) noqtesinda yarim oxlari a-1, b=I olan hiperbola.
I'l Morkazi 0(5,3) noqtssinds radiusu r=3 olan cevra.
If'K>( 1,3,-2). 17) P(-25,1 6,4).



hsma 4. 1) -. 2) -. 3) 0. 5) « 6) 0. 7) 0. 8 9) -3.
Gahsma 4. 1) - 2) . 3) 0.5 « 6)0.7) 0.8 9

11)4. 12) -. 13) 1. 14)  15) 10. 16)9. 17)6.

Calisma 5. 1) 2) 272 . 3) 6-4) y 5 6) — |
7) -3.9) 4. 10) 3 12) " 13) 3 14) 3 15) A 16)— %6'
17)-.

3

6. 2) 50. 3)1. 4) 2. 5)-2, 6) -3. 7) - 8)_t 9) 5
j

10)2. 11) - 12)—8 . 13)8. 15) n/2. 16%-. 17)-1.

Calisma 7. 1)-2k  2)a. 4)— . 5) -2. 6) -—.8)
s+ 2 <

9)-~. 10)i. 11) |. 12)0. 13) -L -. 14) 15) |
6 2 3 COS1 2 2
Calisma 8. na f.2) -15n2 3) - . 4) 6) 0
3ir 2/n23 >

7) ~-L.8)0.9) i.11)64n/2. 12) 1. 13) E 14) 2. 15) |
1rb 2 2

16)12. 17)-", 1
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5 J J

«,lbsma 9. 2) e 2- 3)e *. 3)e n.4) 5) 7)

r

17)
1 1
<nhisma 10. 2) 3)e 2.5)1.6) <2.7)0.8)e29) L
my 1. 11 12) 13) 14) 1. 15) 1. 16)e. 17)—
n 3 yle e
1V fasils dair
mtthsma 1. 2) 7XMOx4+4x3-12x2+2x+3. 3) - (1-x)A1-x2) (I-x3
2 . N 2+2 .1+ 2
N (n 115374140, 47) 252 ) X
a-x2)2
2X +2 5x + 3
bl ... — .T7) ] .= .
N(x2+2x+5)2 2L (x2 +6x +1) 3
2x2  jl+x3 =X 2+2x +12
£if 1
I x vI-x3 X3>/2x + 3
X2 +2 -9x8+93x5-45x%x2
m  — -~ = 11) -
I"'+1)2v (a2 + x+1)2 2f8-x3Jn/8-x
2X n 9x5 +6x2
Wl +x2)4 2yl(1 +2x3)3

H ' 9) 1 10) e. 11) 1 12) edg 13) e. 14) 15) 2.16)e.
e

2

333



AX~"+ 2X2 + 6X —1
14) *16)- 1en 17y !
3-\J(2+ 4x)3 2-yfx 2n/x2+x +3

Calisma 2. 1) xXinx. 2) (18-2x2c0s2x+(x2-2x~9)sin2x-2xc0s'2x
(\ +tgx)(sinx +xcosx )-Xx sinxsee X
(\ +ctgx) 2
3co0s3 3 . 4cos 2 .
4) cossx sin3xtgb6x. b5) S eX 6)-sin&
cos 6x 2 371 +2sin2xy
A covn/ X A
7) 2tgxsecX. 9) 2sin2x. 10) —f= == . 12) sin2x.
4yjxsinyfx

,_43Xsin2x , 3sin2x ... COSX C a1
13) — ====-. 14) — p =1 15

. . 16)
/TY
4TS INX 4> X 1315 1+ cosx

Aarctg Xsifix
Calisma 3. 2) - *+2.. 3) sinxarstgx+xcosxarctgx+—

X ~bdx+5 1+x"
2X
4) , 5)~
Y4 X+ Coll X (\+X)y]2X(|—X)
57/7 X + CYAVX
6) ) S
yj(I- arccosx)2(\ —x2) yfsinbe
2x? " 1+x*
8) arc C/gX . 9)
3yjixarctgx2) 2 1+X 1+ X
oS X
11)- 12) , 11
Xpi4x2 -4 x -1 2 isinx-Sil < X
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1 2C0SX
15) T .16)

) _ 4x
\I\'X4'c\rccos3()® 1+x2 VI-4sin2x.
|

)
21+x2)"

1-
(nhsrna4. 1) — . 2) X .
X (I-1«  x) (V+x)(\V+x )
1 2jc
Il 72 Incos(4x-1) tg(4x-1). 5) -—----m-m-mommmmmmv .6)
xInxIn(Inx) 3In3(x2 -1)
| o 3f3x2+|)r|n2(x3+x+i;
W/«7 X +jc+1 '
) 1 . 11) 1
*9% 4 1°93 (100 x) In1In31n4 nix2 -8x + 15
I . . 1 13)-~— . 14)secx. 15)
J2(\ +x)(4 +x) x2-1 3fx2 -1i;
Inx I +x2-2x2Inx
Wi\ + In2x. * x(l+x2)2

y
».(l«yHa 5. 2) e cov 2x(cos2x- 6  2X,).

M 12-10* s'n 3x InlOsin33xcos3x. 4) ex(cosx +sinx+ 2Xc0SX).

arcsinn/x2 -1
Xe

X In(x2-\)+ O 6)
x2- 1, mJ(2-x2)1.X2 - 1)

'] 8)- «
25+ x)n/x +4 1+x
X \ , 2
1. "In(x+2) In(x+2) +
X+ 2 xInx x2 + x+ 1
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12) xx(1+1Inx). 13) h 1.21¢" x .log3e.

15) ctg(x + NIn cos(x +1) +tg(x + 1) Insin(x +1)

In cos(x +1)

f H
. Cos X . .
16) (sinx)c ] sin xIn sinx

sinx
smx
17)xs cosxInx +
Xy
. 1+ 4 COSn/3
Calismad. 3) . 4)]. 5)0.6) 1.7) ?‘ . 8) 8.9)(.
i 0
. Tulnl
10) ~ + Vi)~ . 12)~1n2erd4\b +»
2 4n/2 ﬂ/32

11
13) -1. 14) > +1n5. 15) 0. 16)e* sinx cos3x(1 + ctgx-3tgx).

arctgx
17) g
n/io+* )3
tie 6x2dx
Calisma 7. 2) - 1+- dx.3) ! o4) X
2n/x 1+ cosx (X3-V 2
6) I larctg x .
f2x+in+"« (2X+1;; R
7) Ixdx 8) x)dx _ sinxcos” x(\ +ctgx - 3tgx)il\

37 +x2j4 2-ylo-x)3

ex +e x)(cosx - sinx
10) ( )(cosx )dx. 11) -3 sin 3xsin(2cos3x)<A

eX COSX +e X Sirix

dx . . )
12) - 13) 2e~x (e " sine ¥ xcose 2 )dx
I +x»
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. 21-nlx
sm ——j=
n) + -X"dx. 16)2cosInxdx. JT1)xex(x + 3)dx.
Ix (I +-\x)
g1 S

<tihsrna 8. \)2n~Isin(2x+ (n-\)-). 2)(-)nd
2 (3X+4)n+*

M I ) " 4)(x2-n(n-\)sin(x+n”~~)—2ncos(x+n”).

) f ni 3 5) i- insin(7x +n—F+ 3”sin(3x + n—)
(3x+1f 2V 2 2
I( Dn 2-n! | .8)-3*2Wlcos(2x+n-).
(2x +1) 2
' 2 1N
U N+ (-)72-*)In"2. 11) (-1)nn! |

vix - 1/+ +xn+ly
IM (-V" + I . 1) (-\)~1\"4...(3n~5)(3n + 2x)
3na+x)n+~
n

<o’ sin(x +n~)22. 16)e*(x +n).17)4" lcos(4x +>[).

sm—
«<ilisma9. 2) 2 .4)-1;0
2 AcosSt—
xInt + tcost 2+r

%) yfl —t 321
fost-tsint a(cost-tsint)3 t3 =
11 MR, 4tg2t. 8) -sin2e*, cos2e‘sinel.
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9) —L S AA~f\~t. 10) -2ctg2t,4ctg2t.
21 4t

j sm2/cosf-sin t 1
7 o ? 3 X
cos/(l +cos /) - sintsin2/ cos t(3cos t-1)
t 1(1

12) -t, -41-t2 . 13) -tgt,-—-mmmmv — 14 )
3acos tsint L 4 /]

15)— — 16)hie-2t 2(2~4e~3t 17)3t3,9e3x.
31 914 1+t 1+ /)3

14+ v2 ~y -1 2
Calismalo. 1) — Y5 2V 4 X7

2+y ex+y +1 5-¥
5, = 51.6)Ix£1. 7)b Uzz, 8)r +]
5x + 2y + 1 | +ev X~y *
9)3M-4jyy 5 W)J 7 12) exsiny-ey sinx
4x2 y-1 VX co5/1-e?x cw\y

13) .1 4)yn~ . 1I5)M trE£E+zZ221z1.
xeN+3jl/ X —y V- x(I+(x+y))

16)f+Z, 2(*2+72>. 17)-/fflt 1
Yy  (X-y) 3asin”cos X

Cahsmall. 3) «0,3572. 4) «0,8471. 5) «0,1618. 6) «1,396.
7) «3,0171. 8) «3,1072. 9) «1,0414. 10) «2,8336. 11) «5,85.
12) «0,6287. 13) «0,7766. 14) « 1,009. 15) «0,9253.

16) «1,9938.17) «1,9955.
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V fasiie dair

<ahsma l.1)i .3)1 .4 5)0.6) £ .7)e. 8)er.9) -L .
)7 )2 );r ) )2 ) ) )128
J2

10)1. 12) +00.13)0. 14) € * . 15) | .16) 17) 0.
<nlisma 2. 1) (0,1) va (2,co) artir, (-°0,0) va (1,2) azalir.

"*(~°° ~\) va (~»°°) artir>(--r, ) azalir. 3) (0,1) artir, (-00,0)

\o (I, co) azalir. 4) (-00,0) va (~-,°0) artir, (0, ~ ) azalir. 6) (0,2)

ni'tir, (-00,0) va (2, 0o) azahr. 7) Monaton artir. 8) (e, 00) artir,
(0,1) va (l,e) azahr. 10) (-1,0) va (l,00) artir, (-°0,-1) va (0,1)

H/ulir. 11) (0,1) artir (1,2) azahr. 12) Monoton azalir. 13) (-co,-2)
3 3

vo (0, co) artir, (-2,0) azalir. 14) (0,—) artir, (—,1) azalir,
4 4

h) (-00,-1) va (3, oo) artir, (-1,3) azahr. 16) (-o00,-l) va (1, 00)
lirlr, (-1,1) azahr. 17) (-co,l) artir, (1, oo) azalir.

<alisma3. 2) Ekstremumu yoxdur. 3) ynacy(0)=4,
v Y(-2)= |- 4) yrar=y(0)=-4, ymrry(l)=-5. 5) ymacy(0)=2,

v oy(2)=W,. 7) ymacy(0)=0, ynyry (I)=-|. 8) yniry(-1)=I.

{%ymt><=y(ﬁ )=O~ ALY HREY(-D)=0, ymrey(5)=0.
1MN)Y™=y(2)=-3. 11)Y ™M=Y(-2)=6"/4, 12) yni,,=y(3)=".
) Y,,.=Y)=l,  y,insy(#)=0-  14) vy, ,=y(])=|\/4,
V ,,2y(1)=0. 15) ymaey(2)=3, yfiircy(3)=0.
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1 Ymax =y(.Q=0’ yi/lLLI:ﬂ4):"‘32'l7)"max :ﬂ0)23’
Calisma 4. 1) ynacy(2)=-. 3) yTax=y("2+2Kn)=1
e

yrr'n:y(Eﬂ + 2&M)—1, kez. 4) Monoton artir.

[ knn n Kn 1
5) Ymex=T ynasy| T + , kez.

Al noo+H7T — 42k K N jfj —20
6) YTT=Y(~+2knl~=¢e4 L YTT=Y 4+2ferJ 264

kez. 8) ytax=y ™ + kez-9) ynx=y~ +AN =
\

n i
=In” +~ +te, kez. 10) ynmacy(k7i)=10, ymrry  k+ 7k =S
2 4 /

kez. 11) ymaey(kn)=V2 , kez . 12) ymeyj” +2br 1550200

ymney 0t 2forJ]<< -1,55e2n |, kez. 13) Ekstremum yoxdur.

14) Ekstremumu yoxdur. 15) yrrm:y(l):;l—- Zin2.

16)7min =><e) = e. 17) YwkK =y(2)=~,ymn =j(0) =0.

e

Caltsma 5. 1) M=13, m=4. 3) M =1, m=0. 4) M=2, m=V2 .

1 25
5) M=?, m=-—2 . 6) M=2, m=-2. 7) M=|, m=-6. 8) M:tf,

m=2. 9) M=I, m =|. 10) M=5, m=0. 11) M=4, m=-4. 12) M H
m=4. 13) M=5, m=-3. 15) M=8, m=-5. 16) M=8, m=0.
17) M=—, m=0.

4
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» <h)ina 6. 1) Cokukluyu asagiyadir. }RUKIUyU asagiyadir.

1 «>yilma ndqtesi yoxdur. 5) (0,0), . 6) dyilmo

2 3
v >

|10i|U>si yoxdur, 7 oyilma nogtasinin absislari:
1, J3-2,X2 =—=2-—/3. 8) ©yilmo ndqtasi yoxdur. 9) (0,0).

" (n/2,?>/2 . 12) (0,0). 13) ayilma noqtasinin absislari:
/

3+ V41 nl/a1-3 ) . .
— X2 =— -— . 14) 9yilma ndqtasi yoxdur.

1.1(0,0). 16)(0,-2). 17)(0,0).
Lnhsma 7. 2) ©yilma ndqtasi yoxdur. 3) 9yilma noqtalarinin
MiNislori:
1 1+ V129 1 1-V129
*1) *—arccos-——-——--—- X34 -+ —arccos— — — 4) (0,0),
2 6 ’ 2 16
K N

1 n,0) (1r,0). 5) ‘ 0. . 6) Cokukluyu asagiyadir. 7) 9yilma
/

noqgtosi yoxdur. 8) 8yilma ndqtasi yoxdur. 10) n—,o (5n_, n

2
11) x<0,4 olduqda cokiiklyl asagiyadir, oldugda c¢okik-
lllyii  yuxariyadir. 12) dyilmo ndéqtslarinin  absislari.
Yy =" l)KE+ kn, kez. 13) (0,0). 14) B9yilma ndéqtslsrinin

ihisisleri: xkeks, kez. 15) (0,0). 16) 17)(4,20).

1 T 1
(uhsma & 1) y=0, x=-1,x=—. 2) y=3x-—. 3) y=X+—.

) y=x+—, x=-—. 5) y-X. 6) y:2x—?. 7) x=%2. 8) y=0.
e e
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9) y=7+7.10) x=0. 13) jt=0, y=x+3. 14) y=0. 15) x=0, y=0.
16) y=2m+1.17)y =2x —
V1 fasila dair

Calismal. 1) 1. 3) 2U (j2+iyf2). 4) 1. 5) L 6) 2~26(-n13+i)\
8) 1.9) 16(1-/4/3). 10)-2. 11)2. 12)512/. 13)-512/.

1-/
14) . 15)64. 16)32/, 17)8 - /8-NT
A(\-i4Db)
3 3nn
Calisma 2. 1) + (cos 0~ {sinx (COS—‘IC+1 sm™
| 8 | 8 81
2) +4 cos4n h/sr'nﬂ( cos— Hsm -
\ 9 9 9 9
5) i,--(xyi3+i)m6) +$2 cos—;1 +|'sr'n—n \Alzpsm :L-ISin-lgn’
24 24, vV 24 ~24 >
n f . n .
N NA(+10),yf2(-cos— +isin— \, yJ2 siIn 1cos—
) ( ).yt2( 12 12. Y 12 12
8) +3/.9)-3, ~(\£iS). K0)-4, 2+2/n/3. 11) 6/.
13) +/,/8bl r4 msﬂ+isin8-'1
9 9 9 9;
) ! a- . . T4l
_isin— r .. H 42 CcoS— + iSin
14 (LLII,Cbslz SN @ o) 5 v 12 12
. n3 — i—nk"
15) £7sj cow— +r«n—
1 8 8

Calisma 3. 2) -O, 7976; 1,4945. 3) +1,1623. 5) 1,371 |
6) 3,3532. 7) 1,2672. 8) -3; 2,08. 9) -2,33. 10) 0,44. 11) 0,39,
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12) --0,6; 0,9. 13) 0,2510; 1,4934. 14) -1,4916.
1'10,7391. 16)1,7692. 17)2,5062.

VI fasile dair
{nhsma l. 1) jEzIlg-3*+c. 2) n~6xc ,c. 3) 5x~2e5* +¢-

N +-—xsin2x+—€0s2x+c.5) —a/x-x2 +fx- —arcsinjx +cm
A 4 8 2 2

‘0 (tgx + Mfa'wx| +c .7) xtgx+In|co.vx| +c.
X ! * i
Nm - ~——+ctgx . 9) -tgx +c.
2, X y 2cos x 2

9 7 . 9
H) (2x +7x+I1™arc(gx-2x-—m(l+x )+c.

1)) —3x2+2|-’x+—3 arctgx+2In(\+x ) +c.
12 2

2 X2 +1 X
1)) xIn(4x  +1)-2x +arctfg2x + ¢ . 14) —-+—-arcctgx+~ +cC
If)x In(x2+ x) + In|x + 1j - x + c.
I/1(x-1)arctgyfx - n/x + c.
nhyma2. 1) n2 +34ar-4. 2) n2 +18 . 3) 10-71. 4) 7tX27t -2.

42
) 52s.6) 72:3te4. 7) t236-6. 9) 129. 10)18-— .
e

) 10e-— . 12)7~ 2. 13)*h2-1.
e 21 3 9

I'D2In22-2In2-~. 16)2In2-— 17)1
4 4 5*
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Eabgmad ) YjsinVazEzenz
2V 2 VXx2+2 -V

2) nf2arctg - In(x+2)+c. 3) -~(iArrccosx,)2 +c .

2 1 1
4) ~ - —In(x2+1) +c. 6) —(arctgxf +c.
7)-i (arccosxjd+ce 8)7 2 +x+| — I(2iAx2+x +\ + X +\)+c m
4 2

9) - e r—In(x2 +1) +c.10) I-/n(x4 +1) + —arctgxl +c «
2(x2+\) 2 4 2

1 | >
Ix2 -x-1 +2—I'an2— x—+2x-1 +c.

X 1
12) —+ —In\sinx +cosx\+c * 13) -—+ (x2 —)Inx + —An? x + ¢ .
4 4 4 3

15) —yj(x+ 133 -6-vix+1+c. 16 "X Lo ¢

17) — - x + arctgx + c.

2x - 2- VI2
Calisma 4. 1) Inx - 2x—2 + In +C
VI2  2x- 2+ n/12

X+2

2) x+-In +2Inx2-4 +c- 3) -In\x+1\--In(x2+\) - +C1
4 2 1 1 4

X—2

4) 2/«|x + 1| - +c.5) c- +C.
2X (x2-\)2

6) -2X +—n (x+2)32 +c.
2 (x+1)’
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) h“6x2—6ln(x2+3)+—j§arctg—¥—?+c.
V3 V3

A b +—1|h +ce 9) 2/a™"2+3x+4"- Marcl/g2x” 3+c-
3 5 x+5 7 n3
1 X 1 i 1
n r1+—I ‘ -+cC.
4 x-2 X1 2x) 2(x-2)
12) X=X -k + 1] _-1/w™X2 +1~+Aarc®  +c
4fXx +W x2 +1) 2 4 4

" " +c. 15) x2+m*% L
-2 X

3x
16). + —arctgx + C.
4(1+x2)2 8(1+xz) 8
+5 1 -
17) X n* e
9(x2+x-2) 27 x+2

('alisma 5.

7 2 14 -~ —
iy 3 B MBI +4Xw35+3—5-‘~lr’1(x+2+‘z(x\ +ax+8)+c
14 6 24 12) 8

X
14) x +3In
X

i) \/12 -In .4) 3(Tnnix - In(\ +ali - yfx2 - arcsinyfx) +c .

I5x +5x-2 15, n/T+X —
> X -+—1n +

) C.
ax yjl +x 8 yjl+x +1

wetflv~ VI~VI- 2 +ce 7) 2r- HV1+1?* - 7In~ JB6— +C*

+1
1, 1+X arctgx 1
K)-In — - -s -+ C.
6 X2 3x3 6x2
1 7 1 <1 a

P x -—ctg x +—ctg x - —ctg X+ ctgx +c.
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10) arctg-yJ LU = +(TJ2 +tg2x +tgx) + ¢ .
mj2 +tg2x

11) —V2n'x - 2x+\ +c. 12)  ~A-arcsinn- — Al-x  +cC.
X 2X 2X
I 1 Y
13) X x (3x+2)+—arctgyjx-I +c.
4x 4

14) — arc(-j2ctg2x) +c.
V2

5 1 3 . 1 .
16)— x sin2x + — sin4x + — sin32x + c.
16 4 64

ViI+xd +x ! V1+ x4
17)—In marctg— —  +c.

4 \[l+x4- x

Calbtsma 6. 1% n.2) —%=. 3)°—. B)71 ) &2
16 4v?2 8 16

7)2-n2. 8) V.2--~ +/ttAAL 9)-. 10)21n2-I.
nl3 1+ n/2 6

8> A 4 In(2+VI)- 141 -

l5)-|-§'5 +77125;. 16)4647.17)2827
19 5 5

2
Calisma 7. 1) trn/2 . 3) —j=. 5) d 6)1. 7) a3 671
3n/3 4 6
8 — . 9)--— >+-In~. 10 - om )|
32 4 9 2 2
f 1l
121762 13)E__ 18" _ g2 15) 29 -d=-
2 4 4 in/3  2n/2y
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Ir2
16)In2.17) e
4
0,h*Ta8. 1)y . 2) 1. 4)SV 6. 5) 6)4,5
) —~~J2+4-j2In2~—arcsin—. 9) — . 10) —. 11) 16.
4 2 3 2 3
N

72 - 1 4
12) —5v3. 13) e+— 2. 14) . 15) 0,75s. 16)§H/r
e

17) 18nn2.
Calisma 9.2) 1n3. 3) i 1. 4) 2n/17 +-1n(4 + n/17j .

< yf2+In(l+J1). 6) N+1n(1+J2)" y) 5f2 _K2-V9
2 8l v

«) 12. 9) Y3-1/2 +”72+ﬁ! - 10) 2(e-e™"). 11) 1n(e + nje2 - 1).
1+113

F) 2nl6. 1) — 15) 4n/3. 16)l +~In3.

J
17)In3 —
" 2
CaUsmalO. 1)4 n/2. 2) & 3)

) W=7172(246),V2=nrn/2('2n/6+—;. 5)

7)— .8) 9) 30i71. 10) 271 11) 1|. 12) —

Ar-|1. 15) 17-.16)36... 17)8..
w>!
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Calisma 11. 1) X/5-n/2 + 2) 3.
{ n/s5+1

3) — M1665n/1665 -1). 4) 2nb2 I2nbax rarcsin -
21 ar - bl

6) in. A ,(2+S). 8)*~
19683 n/3 3

9) JT5-n/2+/»™ ~ M r .j)1. 10) i£ 2b/T3+2/V|3+V|3)
243

11)— na2. \2)27t(4 2 +In(i+y[2)). 13)—  ~—In(2+$)
5 48 32

14) 2na2(2-42). 16)§ ..17)-9(1711/17-1).

r_2

Calisma 12. 2) 18mr. 3) —(e2-1)m 4) A A 5) 7

6)— . 7)<£i+x12. 8)— . 9)—ar. 10) 7271. N) 3m.
7 10 4 2 15

13)—s. 14) —(1-e3wr). 15) 5m216) 64.-17)12.,

Calisma 13. 1) —1n2. 3) —. 4) 5 — . 6) —.
2 8 3n/3 4 41

7) 16. 8) dagilir. 10) 11) yigxhr.12) 2. 13) —. 14) dagiln
ni3 2
15) © 16)1.17]"
2 727 s

Calivsma 14. 1) dagihr. 3) dagihr. 4) yigihr. 5) dagilir.
6) dagihir. 7) dagihr. 8) dagilir. 9) dagihr. 10) yigilir.
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ill 12) dagihr. 13) I+2—1n2. 15) dagihr.  16)dagilir.
M
I7)dagilir.

(uhsma 15. 2) dagihr. 3) n. 4) 2y[2 . 5) -~/n2 . 6) dagilir.

hlagihr. 8)yigthr. 10)) yigihr. H)-~- 12) dagihr.

11 wyigihir. 14)2’\. 15) yigihir. 16)é—. 17)1;1—.

VI fasila dair

1 2
(nltsma 1. 1) zx=—~,z'y = -. 2) zX=——-—T1,
x2 * f*x.-n2
*2 3) 2= ¥ . 7" - X
1 fx-y;2 * O X2+7M27 y X2+y2
, X4 +3x2>2-2xy3 , _y4+3x2y2-2x3y

= 'z>,=

» 7 N =Nxr\y2 -

cmm_ . 8) z* =*[XJM- xyj,z™ =-x2e~".

2 2 dyif A

\ 2 : 2X
Zjf~ . 2X’*Y~~ 2 m2X e
ysin— y sin-—

Yy N

10)" zr =1—cosx—coys- +Losinsin—
Yy Yy X x2 Yy X
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z2'y- 4rcos—cos— —sin—sin—e 11) ZX yln(x +y) + ,
J y2 X X y X X+y

Z'v = x/wfx + > + —--, 12) z* =372 1+ xXY)Y
X +y

zy =xy(l +xy)y 1+(1 +xy)y In(l +xy) . 13) Zx

X + Iny
'y = 1 -ml4) zk=--e *zZ,v=-ye V.
y(x +Iny) y yl
, . 2X 2y
16)z; =3*2+5 4 =10xy-3/.17)r' = :
)z Xy )= Lm®> VT x2+y2
Calisma 2. Dxy((2y3 - Ixy2 +4x2.y)dx + (4y 2x -3yx 2 + 2x3)dy
N 2(xdy-ydx) ydx-xdv . 4xy(xdy - ydx)
(x-y)z2 ° ml-y1)1r - i
« xdy +ydx xdx + ydy dx + 2ydy
I +x V ’ 3 ~ 7 7
10) Y(Y*M*+x(x2—y"N)dy 15) + 2W
fx2 +72>2
16 ) + . ] (MUX +x ) cosxy.
X +>
Calisma 3. 1) (t +t)va’2’t+1) 2)-)-(998;‘ ysmt . 3) -2cht.

5) 37--2tln2x.6) JLt«L. 7)f3 4. M 2f 2~
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FEXTIZEY 1) axya(y2+3xt). 15) dxtey +x2eyst

ex +ey
If.) 3 Ut 17)esin-2f3(cos™- 6/2).
2-X 2ye2x -e 2
Cahsma4. 1) - 2 y y 3)— .4)’\-*2,
J+3 2xe2y -e 2* S—y X-_y
2
y 8)
X2>2-%*2; 1-xy x<>- 1 ex +ey
\) - 1. 10)— . 12) — —+1. 16)2
y 4y y X xe' +e~ -xe'
T-14.
9 ?
(ulisma 5. 1) 2/dx +4(x- y)dxdy- 2xdy.
r \ f \
S (\+xy)dx +2 X ix L dxdy + X 2x 22 - dy2
y yL - tTcy
n
o) 3sinydy 2. 5) - —(xdy2+ 2(x -y )dxdy - ydx2).
(x +y)-
(,,fyi’\2((11 BT
n y- In--— y- 1 7 dx“+2 A Iny—————)f——!—%ifdw
\Xj V. ox x) \Xj\x xzy XA x x
\
-1
XTY gy Y &241 b dxdy +
\X ] 4xXV X a/x o yyly
I ~ dy2.S).... .. W_(j5Lti.(y2¢;g2§y2)__.jgzl dxdy
Jjy 4\ + xy)fiy yxy{\ + xy) \+xy
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9) — -——- — (-2xydx2 + 2(x1-y2)dxdy + 2xydy2).
(x2+y2)2

j o xdx2 +2ydxdy ™3+ (x2-y2)\x2+y2 2
Y2 +>72)3  (X+yjx2+y2)njx2+y2 I

12) + 2 +
X2 ay
+ Inx(Inx - 1) InxIny 12 y~(2x2+y2)dx2 +xydxdy+(x2 +2y2)dy2
Y2 1

14) — 1 ffjf2 - >2JM'2 -dx2) + 4xydxdy).

(x2+ N

i

15) == == == == (W 2(x4 +2x3 -y 4)dx2 +

f2 2 (vaxz 55213

+X(x4- 2x3- y4)dxdy -2 x2y2dy2).

16)2sin 2ydxdy +2xcos2ydy2.17) exy((ydx + xdy)2 +2dxdy).

Calisma 6. 1) 0,98. 2) 0, 98. 3) 10,28. 4) 3,874. 5) 5,003.
6) 104,686. 7)0,005. 8) 1,08. 11) 1,08. 12)-0,03. 13) 1,013
14)3,037. 15) 1,05. 16)1,32 17)0,01.

f 5 N
Calisma 7. 1) Béhran négtslori: (0,0), — ,0 ,(-1,2), (-1,-2).
vV 3 vy
2) 2max :6~4T e 3) zmin = -125 . 4) zmmx=4. 5) Bdhran ndqtosi
6) znmre0, zmae—x+y=1 olduqgda. 7) Ekstremumu
€

1
yoxdur. 8) zmin —“é“' 10) zmax~ 15. 12) Ekstremumu
e

2
yoxdur. 13) zmax —671/3,zfnjn ——6->/3 . 14) zmjn —
€
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15)zr@e51n2. 16)(0,0).17)(2,-2).

144
(ultsma 8. 1) zmn=2. 2) znac4, zmn=-4. 4) zm™— .

N 2max = V2 >zmm~-V2 . 6) an bdyuk z=1, an Kigik z=-1.

7) zna<=arctd7, zniearct§(-5). 8) an boyiuk z=—n/3, an Kigik

/-0. 9) an boyuk z=I, an Kicik z=—8—. 11) an boyuk 7=16, an
kigik z=9.

3
12) znae |. 13) an boyuk z=2, an Kicik z=0. 14) zmac zmre0.

e
15) an boyuk z=128, an kicik z=-4. 16) znac4, znm=-4.

17)

IX fasila dalr

Cahsmal. 1) I[+y2=c(I-x2. 2) y _ ¢ .
AWT2; 2

MO+J25IM+2>=«c2- 4) ~N-1 =06 Xx.5) 2y[y-blx+2yfx-c .
ft) y2=2/«cfl+exj . 7) j2=c(l+e2c). 9) y2+2 =c(1l+x2).
11) xIny=c. 12) y2+4=c(1+X25. 13) gl-y 2 = arcsinx +c.
14) x~y~Incx2. 15) cox=— 16)y = -1n(c-e*).
17) y =csin X-1. g

Calisma 2. 2) y=c(x-D)In(x-1). 3) arctg—=1ncJIx2 +y 2,
X

SIXy +-\jx2 +y 2 =cx4. 6) y=2x+cxJy+x). 7) y=xelx
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8) xIn\cy\=y. 9) (x-y)lnc(x-y) =Db(x-\).
10) (y+1)2=c(s-y-2). 11) y=2xarctgcx. 12) x=y(c-In |y |).
13) y =xx"21ln\x\+c . 14) 2y2—13xy+’\x2+2x—5y:cs

15) (x+y-1)3=c(x-y+3). 16)x2=c2+ 2cy. 11)x2+y 2 =cy.

Calisma3. 1) j,=ilL+JL. 3) y =1+ce 3. 4) y=-xIn2x+cx- |
4 X2 2

6) y=x(c-cosx). 7) y=(c+sinx)co&x. 8) y~c-~x2 9) y=cx3x2
10)y-1nx +—. 11) y=(x+c)ex 12) y = 3+ —.

X X
13) y(l+*)(c+Ul+x|)-te 14) y3-c(3x-1)2 —0.

15) y=-x-x-+c&. Wy =e-xXAc +-
17)» =ce *+ ~(cosx + sinx).

Calisma 4. 1) y(l+cx+21nx)=1.2) y - cx - m.

X2
4

3) y(l+cx+3—1nx):1. 4) y - ~41 n2cx. 5) y=ciinc.* .+tgX.
X

6) J,V/,— =Im 7) y= + 9) j>V*2 +l+ce*2;=1.
X2
/vlc/g)—(
10)=-- . 11) y=cx3x2 12) y = 1+ a..
1.5 2 COS X
=X +cX
3
13) xff2-/ )Y + =i"2.14)y= .
C+ sin X
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1 2 1
16— =ceX +x2+—17)(x +c)_ycosx = L.

Calisma5. 1) x- —=c. 2) (x2+y2)ex-c¢c.3) x2+— =c.
X y

4) — +—xX2y2+— -cCc.5) x+yey -c¢. 6) X-— =cC.
)4 . y 2 ) yey ) <

7) x3y2+7x=c. 8) 2x+1lny-cy. 9)x4 +10x2>2 =c.
11) x+arctg—=c, x=0. 12) x2 +y2 =cx3. 14) x3ey -y -c.
X

15) x2cos2y +y2-c. \6)xey~y2=c.17)— + =c.
2 Y

Calisma6. 1) y =c\Inx+¢2,x=0.3) y =(c\x+c2)2m
D x2+y2=(x+c)2.5) y=="~—\x2+c_
4

R

© CJ'J'2 =l +("cjx+c2j . 7)y =-c\cosx +¢c2- X .
4r

Ky=G+c2c . 9)y=C]cos2x+c2sin2x .

W\) y = (cy+c2x)e2x. 12) y =ex(x-\)n-cxx2 +c2.

T%) 3= -P,x =.=1= —ta’/\\l'/\érpz’\ +cC. 1434 X=psinp,
nx+p2 2 +p +1
V pXinp+pcosp-sinp+c. 15) y=c,X+Cc2XSinx-2C0sX.
U))j=i-x3+c,x2+c2.17)y = ctev .
. 1 m O
Calisma 7. 1) y=c,e'x+c 6x—6 X2 X ————ib—é, fCx/I-x2 oIdua-

ilu 2) y=(c\ +2X)e2x -x 2 - 2x — ,f(x)=3-4x20lduqda.
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3) y-e x(c) +c2x) +e X(4xcosx -x 2sinx+6sinx), f(x)=xV
Xinx oldugda. 4) y-(cx+c2x)ex +x3+6x2+19*+27, f(*)=x3x+I

olduada. 8) y = cnebx +c2e~x X2 f(x)=x2+1 ol-
1 2 10 50 500

dugda. 9) vy =cje3x+c2eM4x +2x2-x-1, f(x)=24x2+ +16x-15

oldugda. y=e3x(cl cOst+chin2x)+ex(4<2—2x—£
)

=enx25x+2) oldugda. 11) =e"2X(c\ cosx+c2sinx)+ j2 - 8jc+7,
f(x)=5x2-32x+5 oldugda. 12) y = e~x(c\ cos2x + ¢2 sin 2x) -
745 26 n

®E X -COSTX + sin 1x , f(x)=2cos7x+3sin7x olduqda.
11726 533 y

13) >»=-e_xfc] cos3x +c2sin3x) + 3% + 12x-36, f(x)=3x2o0l-

dugda. 14) y ~(c\ +c2x)e~2x +(18-6x)e~x, f(x)=(6-6x)e"Aol
/17 2 n
dugda. 15)j; =cje +C2&X+ — cos2x +— sinlx , f(*)~

=eJ(3sin2x-2co0s2x) oldugda. 16)7 =c,e“*+c222 +ex, f(x) =2ex

5 — -JC
oldugda. 17)>"=- —e5 cosx, /(x) =<5 cosx oldugda.

X fasila dair

Calismal. 1) yigihr. 3) y1gilir.4) yigihir. 5) yigihir. 6) yigihr.
7) yigihir. 8)yigihir. 10) yigihr. 11) yigithr. 12)yi1gilu-. 13) yigiln
14A)yigihir. 15)yigihir. 16)yigihir17)yigihir.

\Q/alls,maZ. 1)2.2) 1.3) % . 5) % . 6) o 7) 1.8)1—6.
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43 3 17 5 44 5
9) n) 12) — 13) 14)— . 15) _R 16) 1.
1080 8 8 4 9 24

[7)?

Calisma 5. 1) dagilir. 2) dagihir. 3) dagilir. 5) yigilir. 6) yigihir.
7) dagilir. 8) yigilir. 10) dagihr. 11) yigihir. 12) dagilir.
13)dagihir. 14)y1gihir. 15)yi1gair. 16)yigthr.d7)yigihr.

Calisma 4. 1) yigihir. 2) dagihr. 3) yigihir. 5) yigihir. 6) yigihir.
7) dagihr.8) dagilir. 9) yigilir. 10) yigithir. 12) yigihir. 13) dagihir.
14) yigihir. 15) yigihir. 16) yigihr. 17)dagihr.

Calisma 5. 1) Sarti yigilir. 2) Sarti yigihir. 3) matlaq y1gihr.

4) matleq y1gihir. 6) Serti yigihir. 7) Sorti yigihlir. 8) dagihir.

9) Serti yigilxr. 10) ) matlaq yigihir. 11) yigihir. 13) yigihr.

14) matleqg yigihir. 15) muatleq yigihir. 16) .yigilir, lakin mutlaq
yigiimir. 17)mutlaq yigihir.

Calisma 6. 1) -1 <x<1. 2) |X| <~ .4) (-00,00). 5) (-00,00). 6) [0,

00). 7) bl< 1. 8) (0, 00). 9) |x| < 1. 10) (-«y»). 12) x>1, 13) x>1.

14) K <1, kez. 15) I~K(J\< ﬂ,x N +kKkn, kez.
1 4
16)—1<x<1.17)x<-1 va x>1.
1
Calisma 8. 2) -, X <1.4) -,bl<1.
(1-xI O0-x)-
3N 1 1+x
5 1§ <1.6) =In -X,|X| < 1.
a-x3)2 1
1 1+x
7) - In —larctgx, k1 X >0.
4 1-x 2 11 ex
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* 0 I [0 ) S - * - *1_
Y % Hel- 10 W kNl

12) ~(\-2x)1n(\-2x) +x,\x\<\. 13) arctgx. 14) — I—bl<Ie
2 (\~x)2
15) x+(1-x)In(1-x), |x| <1 16) (x +1) In(x +1) - x.

Jl']} —/’\arctgx+ Lln 1+x
1-x

00 217 00 n+1
Calisma9. 1) £ J _ f-00.00,).2) ET .
00 | " co - 2n+1
3y s ,n f 5)
a=1 ‘ n=1

6) f(-i)"+1—~,hU]-7) 2+X r-1/ 2:Mfer_4~|j [-u;.
9)X + "M x2 +/”Ax3+.../-14;. 10) Xx-~x3+-~-x5+.../-1,1j.

0o r3
11) x+x2-y +..,[-L1j. 12) 1-xU4x6-..., (-1,1). 13) 1xH

. ao 2«+1
+ix2+...,(-\,\). 15 ~“c-1;» —-—.C-*.»;.
92 * 2X21
%>EHT — -»<*<», 17)g— ,-1<x<1.
X1 fasila dair
Caltsma 1. 1) Sadslik lGclin ancaq inteqrallma sirasinm dayis-
0 o2yf\+ty 8 2-y 1 1

masini yazaq. 1) jdy ~dx+ ~dy jt/x .3) Jp  JjX.
-1 -28l+y 0 -2yj\+y 0 -y
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m) jdx \dy .6) jdy jdx . 7) jdyjdx. 8) jdy jdx.

1 2-X 0 °J ° 1~Jy
I s arcsiny 1 x 2 2-X | X
™ |j> jdx . 10) Jg +jdx jecly. 11) jdx jdy .
0 aresiny 0 o 1 0 0 x2
Yy
4 2 6 6-v 3 3-x 11
12) jdy jdx + jdy jdx. 13) jdx jdy. 14) jdyjdx.
0 0 4 0 0 o (N
I x3 1 X 1 Iy o2
15) jdx jdy. 16) jdx jdy.17) jdy  jdx.
o = 0 *2 0
n 2

Calisma 2. 1)~. 3) 4)a-2. 5) 2. 6)
7) (e-\)(en-1).8)-2.9) m=—m10) 11)/n |.
\2) N(9yf3-4j2-~). 13)-6. 15) In— . 16)1.17)(e-1)2.

7 1 64 64

7)— .9 — -/n2. 10)0. 11)-. 13) — . 14)— .
)140 )128 ) )3 )3 )108

1 1 9
15)-. 16)-. 17)-.
) )17,

Calisma4. 1) —ndA52) — . 3) - -4 —. 7)) — .
15 180 6 2 6 48
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1 AT 1 7
8) T 9 7r 10)1L11>3-12)~ - 13)30.14)4.15)—

16)—In2 - — .17)—Tzak.
2 16 3
Calisma 5. l)?. 2) 24. 3)? —4/n4. 4) 4. 5)—3 . 6) 3—+2In2 .

8)y . 995 10)j. Iljife-1/. 12)™ . 13)3/u].
15) 2-n/2. 16)2. \I)mb.

Cahsma 6. 2) ~ . 3) 12. 5) 22ix. 6) 12/-. 7) 8) 27.

9) 10) 3e-9. 11) 40s. 12) 2. 13) 4. 14) 90. 15) L.
16)186-.17)78— .
3 32

19 15 4 7 n
Calisma 7. 1)8. 2) —6rr Vo —211 .4) —n .5 — . 6) —.

3 12 7 8
7) —s9a. 8 — .9)133-a-. 10) — . 12) - . 13) 16.
)4 )6 ) 3 )96 )2 )
14)1ag6c. \5)~(Syf2-7)A6)~AT)".
3 0 3j 0
Calisma 8. 1)2y[2n. 2) 8?r. 3) 48n/2 .4) y<~2n/2-1;.

5)*L(5i5-1). 6) 8(71+4-4n/2). 7)16Tc(4-n/7).9)15n/5-1>.

10) 13. 11) yn/2. 12) 72(71-2). 13) 32. 14) 36m.



Calisma 9. 2) —7=» 3) 2(HH2 FL D g.5p h}1 + U
2nJa 4

P2

7y —J—e 4a . 8) arctg— . 9) a<O0 oldugda -—, a=0 olduqda
2\a a 2

0,a>0 oldugda y. 10) y Ja|. 11) ~arctgaln(\+a?2) .

12) Marcsina. 13) —1n(\+42). 14) ka. 15)n|n—2—'az
I6)arctga £
a 2
CahsmalO. 1) -~7=. 3) . 4H)—n2.5)-—- _
3n/3 ni2 27 *
10
T '? an
6)128r (3). 7)1 /f-1. 8)-~=. 9)ELU W . 10) /g gT
re " 4 uUJ’ 32n/2° 6% ' Bk
2n 3.n/2 r- n
Aro 1) 2L 13) ae. 15) 4= &
Y16 e 2n2 16 212
XI11 fasila dair
Calcwa 1. 1) y/51n2. 2) 24. 3) 2Twi?7. 4) 6)
7)2a2 9)-5n/2. 10)/n~+ 1. 11)-. \2)~-In2.
2 4 2
13)~r730V 730 -i;. 14)/u"r1. 15)r-~1+4.2;3-1
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16) 2.17) 31
1%
Calisma 2. 1)-y|- 2)2.3) y . 4) 8.5)0.6)0. 8) 4rc. 10) 17,5.

11)0.12)— . 13)-/~-. 15)0.16)24. 17)~-(17n/17-575).
2 2
Ca/ijma 5. 1) 3ttR2.2)’\4—. 3) R2 4) 5 5) o1 . 6) 4R2
7) T1ab. 9) 11) 2a2 12) 6Tw2. 13) 3Tw2. 14)
15)—2a 2. 16)?17)—3 .
Calisma 4 1) z=(x+1)In(x+1)-x+xy+y-ey+c. 3) r=1y.x3+y3j+cm

4) z=X3y+X-y+C. 5)Fr =—+—+c-6) r=x3y-y3*+c-b z=-x3yd+cm
X 'y 3

8) z=(x2y22+c. 9) z™xe™+c. 10) z=/«L+J — Y—+cCm
Xty

9 T X—V
11) z=x cosj+j cosx+c. 12) z= — -fc.
x+y /

13)z="~ +2 x V -/+c. 14) z=-—+c.
5 X

16)z =c- cos(x +>).17)z = arctgy—+ C.
X
3 6
Calisma 5. 2) 4 3) 0. 4) tcR3. 5) 5 6) ah(Jla+nh).

7)M((1+4a2)2-1). 8)0.9) 55 . 10
)6((+ )2-1). 8)0.9) - )
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12) — (\25yf5-1). 13)-. 14) -y=n m 15) cR3
420 2

16)4n/6T.17)—
120
Calisma 6. 1) -3. 2) 4tcR3. 3) 3—|za4. 4) . 5) 2—»@4. 6) 0.

7) —TtR3 9) . lO)-—7tR3. 12)3—na4. 13)3-nu4. 14)3—n a4

8n/15 1&M2nR1 4
Cq) a-. 16) -------.17)?uoc.

X111 fasils dair

, max  aau/ . - . 48ax dmt
Calisma 1. % 25|n—|—cos————|———. 3) 3sin : cos .

B} 4sm’ 15%18155mtl c)))) SSm?’—TEcos I ’15 4sm IX cos—r—”—1M

160/ ~ 1 . (2n + Dsax (2n+])mt
15) 2, — 5sm cos .
13 ,,to(2« +1)3 / I

16)J_si,,” cos“ .17)” vy L _Lsglj:D« Sng™th"
100 1 21 n3,=0(2n +1)H | |

2 2
Cahsma2. 1) 4e_4a ?sin3x. 2) 2e~a *sinx.3) 3e~4a2tsin2x.

x 2

5) 2e~25c,{sin5x .7) 3e_4a”™ cos2x. 9) --=J = e 2+4c,2(.
 + 2a2l
4x2
)— 1 p 1+16a2/ . 13) 3e 160 /sin4x.
al 16a2t
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9*2

14) _ _ 1 © 1+36a2t. 16)—j= = = e 4a t+]. I'H2
nbf 36a2t \d4a2t+l
X
2 g 4(a /+1)
Y+1

X1V fasila dair

Calisma 1. 1) Xk: ctgk—7Z kez.2)xk ~ My KN,K <z .
n 4

3) z*= (2fc- 1)oT,fcez. 4) zk- 2k+nztrin2ez.
5) Z2k=2km, z2k+\—(24a +V)m+1In3,Ae z. 6) x=0.
7)22k = 2kn-Nn("jTr2 +1 —a), z2kA =(2k+\)a-Un(n[a2+1 +4),Ker.

8) zk - —+2kk - iIn(3xn/8),k e z. 9) z=\-i. 10)z=/-e.

N \ f n

11) Zk—(?—+2K}'I ,kez. 12) zk= kK— 4,k &z.
2 y \"2 2y

13) Zf - In(\+y[2)+ (2xk+T— m | = 1n(-42

- \)+ (2 kK -—=)T ,k e z .

3P 3?4
16) m(1+V2), -1 +— + , 17)5-3,1 + 4/.

1 2
Calisma 2. 3)(I1+z)ez. 4) —3903 % 5) chz. 6) —. 7) analitik de-
z

yil. 8)analitik deyil. 9)-sinz. 10)thz.11) J . (c+-)r ce:-
c0s2z 2
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12) ez(l-z). 13) e*(zzD.1X*0. 14) q~z2)cosz-z(l +z2)sinz

z2 ’ (I+z1)2
. 2ez s
z,2pb+i. 15) —zk =20& ke z. 16) f’(z)-ez(butin
(ez -V 2

mustavide analitikdir). 17)f'{z) = 3x2- 3y2+ 6xyi (butln
mustavido analitikdir) .
Cahsma 3. 1) i. 2) e(ecos8~cosl)+/e(esin8-sinl). 3) 2(/-1).

5) -2(1+3/). 6) 2ni. 8) 7+19/. 9) (e~+1)/. 10) -7e"2+(3-2/)er.
1
11) -—+sinl+i(~1+cos1) . 12) n=l oldugda 0, n=1 oldugda

2w. 13) -1+chl. 14) 1. 15) 1. 16)--. 17)—
3 e

a2 A
Calisma 4. 2)——i. 3) -j(-sinl +/cosl). 4) -7ti. 5) 2ni. 6) 0.
7) 0. 8) —41T,ch2/. 9) 2ni shl. 10) 27csim. 11) 0. 13) 0. 14) -n.

%8) K2 A

|
— = .16)-—17)aa.
5 ) )A

4
2
Cahsma 5. 1) Resf(l)=I, 3) Resf(~Il)=-"-e, Resf(2)=~.
4) Resf(/)--z—, Resf(-/):z—.S) Resf(0)=-5, Rcsf(l)=e.
6) Resf(2)=5. 7) Resf(/)=-, Resf(-/)= - . 8) Resf(0)=lI,
4 4

Resf(l)=1i, Resf(-1)= -.9) Resf(0)=0.

10) Resf(yJ2,5") ) JResf(- A 5 ):--2/1 5
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3T

II)Resf(-~)=-,Resf ~ "=-. 13)Resf(r—) =—e "4
a3 2 a3, 2 4 4
,on ar
1 1
Resf r?’)K e 4 ,Resf
y 4
3T
Resf /£ j=-e 4, 14) Resf(0)=0, Resf 16—5er
es J=_ ’ =U, -
43 4 »2 16

( s\
15)Resf 1. 16) Resf(0) = 0.17) Re5/(0) = 0,

nil 4
Re n/1
4] n
alisma6.2)->x. 3) — . 5) — .6 . 7) arn/2 . 8) -—
Calis )3 )30)8)16) )8
V3
n x -1 K 1
9)— . 10)0. 11) -(1-e~u). 12) —e~1. 13) sm
16 8 4 s '
2
14) —e-2. 15) —e-9.16)— .17) °
J 4 2 8 3
XV fasila dair
18 8
Calisma 1. 2) . 3) -.4)-
(P+DE p(p* +b6) p(p” +16)
5) P-~ , . 6)— .7) P
pfl?2 +4«2; p+a (p+a)2+p?2
8) pra .9) 2pa 6. 10) T2-“2
(p+a)2+J32 (p2+a2)2 (p2+a2)2
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2) - *» )  P\H*P2f 1o 14— —

(p-1) p(p +4)(p +\s) p +16
15yP +2P+2"' 16) 1 17) 2P +1R- .
2p2(p +1) (p. +a) (p +NDGp +9)
Calisma2.2)— +— — e~*co2t+— e~lsin 21.
25 5 25 25

3) +NH<r'+22-4/+6. 4) (1+/ +y)e*“".

5 (1+2t)e~l-t1+4/-5.6) ~(<I'" -cosf).

7)--£+il+ 3 e—/ cosZ/+—8e sm2h,
25

25 5 25

m 21 2

2 14 . 1 . 2
9) — e cost + —sint — /sin/ — tcost.
25 25 25 5 5

10) —* + — e—3?- —. 11) e*cosSt-—c0s2™ + ~sin2/.
4 12 3 3 6

1 0 1
12) cos2” - sin 2t + —xin2t. 13) 9—(e~3t - 1)—3 e~3t.
4

14) 1-2cosf. 15) 1+1/-1/2+-t3-~e~2t--cos/-isin/.
4 4 6 2 5 5

16)y =ex+x2/17)y =ex(ex-x2- x+1).
XVI fasila dair

Calisma 1. 1) 0,046. 3) 0,97. 4) 0,32. 5) 0,064. 6) 0,00024.
7) 0,77. 8) 0,66. 9) 0,28. 10) 0,37. 11) 0,92. 12) 0,0186.
13) 0,32. 14) 0,218. 15) 0,028. 16) 0,633. 17) 0,97.
Calisma 2. 2) 0,0041. 3) 0,8882. 4) 0,0782. 5) 0,242. 6) 400.
7) 0,9948. 8) 0,147. 11) 0,99905. 12) 0,0206. 13) 15100.
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14)0,0101. 16) 0,117. 17)0,288.
Calisma 3. 1) 4.MX=1; DX=0,5; MY-3,5; DY=2,917.

1-p (\-p)s
a+la? - 9

9) MX=e 2 . 10) MX=~, DX-— 2. 11) MX==
2 4 o

N N N2 ,
3) Mx2— px2_ N2 5 M xPal px=P P2
2 6 12

1 1 0
DX=—. 12) MX,=-, M X ,=-, MXtX2=— . 13) MX=1,75.
4 4 2 4 33

14) MXF -, i=18; MX-16. 15) M(XftX2=7,

M(X,+X2-X3=10,5; 0(X,+X2=2,42; g(X,+X2+X3=2,96.
16) P(0 < X<\) =0,316.\1)MX = 3,5, cr(X) = 1,71.
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